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The problem of thermalization of quarks and gluons in relativistic nuclear collisions is considered
in a way that minimizes the explicit dependence on the details of the soft QCD interaction. With
nuclear transparency and distributed contraction as essential inputs, it is found that, ~hen the col-
lision energy is asymptotically high, the average initial temperature is in the range 300-500 MeV
and the thermalization time has a lower bound of order 0.15 fm/c.

PACS numbers: 12.38.Mh, 13.85.Hd, 25.70.Np

A central question in heavy-ion collisions for the
formation of quark-gluon plasma is the initial tempera-
ture that can be attained, and closely related to it is the
question of the length of thermalization time. To treat
the problem from first principles is difficult because of
the intractable nature of soft QCD interactions. At-
tempts have been made in the past to estimate the
values from the phenomenology of hadron-hadron and
hadron-nucleus collisions or by hydrodynamical con-
siderations. We shall give in this paper a considera-
tion of the problem via a very different approach, viz. ,
on the basis of partons from the beginning of collision
to the time when thermal equilibrium is achieved.

In order to elucidate the issues involved as clearly as
possible, we shall make simplifying assumptions on
those physics inputs that are not crucial, such as flat
and limiting parton distribution in pp collisions, no
cooperative nuclear effects, very high collision energy,
etc. , all of which can be relaxed upon fine tuning. The
two basic inputs that are directly responsible for the
result are nuclear transparency and distributed contrac-
tion (to be explained below) at the parton level These.
two properties are themselves subject to quantitative
improvements, but the main thrust of our observation
is that to first order they lead to a limiting temperature
at asymptotic energies. Furthermore, its value de-
pends on the nuclear size according to A '~6.

During the thermalization phase there is evolution
toward local equipartition of longitudinal and trans-
verse degrees of freedom in each small space-time cell,
but no significant global transverse motion. We may
therefore consider the one-dimensional problem of an
average longitudinal tube colliding with another, the
proper length of which, when averaged over impact
parameter, is L = 4R& j3, where 8„=1.2A 'l3 fm.
Consider the c.m. system for an A +A collision at
asymptotically high energy and let the tip of the light
cone be located at the intersection of the nuclear tra-
jectories. If Y is the rapidity of the nuclei, then the

spatial extension of the overlapping tubes at t =0 is
L jcoshI; which we shall take to be vanishingly small
even on the scale of a fraction of a fermi.

For t & 0 there are partons in the forward light cone
at all rapidities y: —I'«y ~ Y. Since hard interac-
tions among the partons are unimportant compared to
the soft ones for the dominant process during thermal-
ization, the partions with small y for proper time v & 1

fmjc could not have originated from the high-y region
in the nuclei. They must be the wee partons already
contained in the representation of the nuclei, and are
taken from virtual to real states by the collision. We
therefore focus on the initial state which is a space and
momentum distribution of the partons obtained by
smearing the parton distributions of the nucleons in
the nuclei in a way consistent with the uncertainty
principle. To prepare that initial state before thermali-
zation, we shall first switch off the interactions among
all partons and regard the free partons as emanating
from the initial nucleons, after the hadron bags are
broken by the collisions, according to a rapidity distri-
bution F(y) per nucleon appropriate for soft proc-
esses. The precise form of F(y) is not important,
since reasonable variations would not affect the final
conclusion. For clarity's sake, we shall assume that
F(y) is scaling and flat, i.e., F(y) =Fo, a constant.
Of more importance is to recognize that the justifica-
tion for regarding this initial distribution of all partons
in the colliding nuclei as being relevant to the starting
point is based on nuclear transparency at the parton
level.

The next issue of great importance is the spatial dis-
tribution of the partons. While the nuclei are each
contracted to a longitudinal length of L jcoshI; the
partons cannot all be contained in such contracted spa-
tial quarters since most partons have y && K For
y =0 we expect the uncertainty in longitudinal posi-
tion I to be of order 1 fm, the typical hadronic length
scale. If we apply the Lorentz factor consistently for
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each value of y in the central region, then all partons
with the same y occupy a spatial extension of l/coshy
at t =0. In the no-interaction case, the free partons
with rapidity y have parallel world lines spanning a
world sheet which at t = 0 is bounded between
+ i/2coshy. Evidently, except for y = I; most par-
tons occupy a spatial extension outside the contracted
nuclear disks, as first pointed out by Bjorken. This is
as required by the uncertainty principle. We refer to
the spatial smearing described above as "distributed
contraction, " again a property of the partons.

Consider now a space-time cell at proper time ~ and
spatial rapidity q, defined such that t =icoshq and
z =7 sinhq. Furthermore, we shall switch off the par-
ton interaction and consider first the case of free
streaming. Because of its particular location in space-
time, there is only a limited range of y in which free
partons can pass through the cell. From the geometry
of the problem, it is straightforward to show that the
lower and upper limits of that range are q

—6 and
q+ b, respectively, where

d =sinh '(l/27)

T'»" (v, q) = m
'
n (L /l ) dy P (~, qy )u" (y )u" (y ),

where nn = N/L, the nucleon density, and I

P (r, gy ) = Fpe(y —
71 + b )e(q+ b, —y ).

Similarly, for the current density we have
t FJ»(., &) = (n„L/i)„dy P(., ~, I')u»(y). (6)

In the following we shall have need to consider the
transverse components of T'"". For that, the more
complete expression for T'"" should involve an in-
tegration over the three-momentum k so that kT can
be averaged as well. To enable the partons to have fi-
nite rapidities, they are assumed to be massive,
k'=m2; after the averages are performed, the limit
m 0 may be taken, if desired. Omitting the details,
we assert here that the result can be put in the one-
dimensional integral form of (4) and (6), if T'"", J'»,
and nN are given their meanings as densities in three-
space and if

u» = (coshy, u, u, sinhy ),

where u'= ((k')'& "'/m, ' m,' = (m'+ (k,') ) '". Note
that u"u„=m /mT'2 0 as m 0; thus T„'» —0 in
that limit. From (4) and (6) we have the energy den-
sity e' and parton density p' (in the co-moving frame)
for the free-streaming case

~'= T' =2mT'n~hB(4),
p'= J' =2n~ sinhA,

n, =n F L/l, B(b, ) = —', [1+(sinh25/2h)]. (9)

Note that the range is independent of q, hence, we
have Lorentz invariance along the 7 hyperbola.

The energy-momentum tensor at the (7, q) cell can
be expressed in terms of the kinematics of the partons
that pass through the cell3 4:

T»"(7, q) = Xj d~' k„»(d/d~') z„"5'(z—z„(, ) ),

(2)

where Z"= (t,z), Z„"(~')= (v'coshy, 7'sinhy+(), k„»
= mTu», u» = (coshy, stnhy ), and

Here ( is the displacement of the world lines from the
tip of the light cone and f+ ——+ l/2coshy. N is the
average number of nucleons in a tube of proper length
L. Depending on whether y is positive or negative we
write F(y) =Fpe(+y)e(I'+y). From (2) and (3)
we get (with the use of a prime to denote the free-
streaming case)

(4)

We now turn on the QCD interaction and ask what
in the foregoing discussion should be changed. The
parton distribution, of course, must change because of
thermalization. Let us use 7; to denote the proper
time when the quark-gluon system becomes ther-
malized. Then for 7 ~ ~;, the parton distribution
& (~, 71,y ) should be one appropriate for a system in a
thermal equilibrium; for simplicity, we take it to be
Maxwellian,

(r, 71,y ) =~p exp[ —p cosh(y —
71 ) ],

P(~) = mr/T(r)

To solve the thermalization problem is to understand
how the parton distribution evolves from P (7, q,y ) to
~(r, q,y ). That is a separate issue which we need not
consider here. 5 The expressions for T"" and J» can
be obtained from (4) and (6) by the replacement of P
by M inside the integrals and mT' by mT. In the co-
moving frame they give

~= T"=2t {I+[K,(p)/pKp(p)]],

p = J =2nqKt(p)~p/Fp,
T"=T"=t, T"=2t K, (p)/pKp(p),

~here the parton mass m has been set equal to 0, and

p, =mTn~apKp(P)L/l =mTn, Kp(P)P p/Fp. (13)
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6=3@, i = 1, 2, 3. (15)

This is consistent with the hydrodynamical form for
TP P

T~ = (6 +p )it~it pg+ (16)

as it should be, and with T„" = 0 for ideal fluid.
The normalization factors Fo and Pp are related by

the requirement p'= p which is equivalent to the re-
quirement that all the soft partons that are to be creat-
ed by interaction are contained already in the distribu-
tion P (y ) and that the switching on of the interaction
only redistributes the parton density in rapidity space.
We then obtain from (8) and (11)

Fosinh& = M()&i(P). (17)

We now make the key step in this paper by requiring
that at v;,when thermalization is complete, we expect
e(r, ) = e'(r;), independent of the detailed properties
of soft QCD interaction. This is based on the simple
notion that the redistribution of the parton density in

rapidity space should be consistent with energy conser-
vation and Lorentz invariance, i.e., q independence of
e(r) on a 7 hyperbola, on the assumption that by nu-
clear transparency the partons in the fragmentation re-
gion do not diffuse in y space into the central region.
Of course, if the interaction strength were zero, there
would never be any thermalization. This and other in-

teresting observations will be commented on below,
after the consequences of the above requirement are
derived.

From (8) and (11)-(15)we have

e'/p' = mT'LLB (6)/sinhb, e/p = 3T. (18)

If we simplify the first expression by the assumption
that r;/i (( 1, to be verified a posteriori, we have
e'/p'= mT'I/4~, . Equating it to e/p yields

T, v; = mT'1/12, (19)

where T, = T (7; ) . This is our first result that is in-

dependent of the hadronic scale, since mT'I is of order
one.

From (10)—(17) we can further obtain
=6n~T; sinhh. Equating this with the Stefan-Boltz-
mann formula

e;=3aT,4, a = —,', n2(16+ —", Wf),

K (p) are the modified Bessel functions.
An important aspect of a thermalized system is that

in every co-moving frame there is equipartition in the
longitudinal and transverse degrees of freedom. Mak-

ing that imposition in (12) yields6

2Z, (p) = pI~.', (p),

the solution of which is p= 2.4. It follows from (11),
(12), and (14) that for a thermal system

we obtain, with the help of (1) and (9),

T, v, =nttFOL/a =3 l

4a 2Y' (21)

where the second expression follows from considera-
tions of hydrodynamical flow, ' 5/2Y being the co-
moving entropy of the system. It has been exploited
for the diagnostic of the quark-gluon plasma. 7 Here it
is related to the parton densities of the incident nuclei.
In the following their connection with the multiplicity
of particles produced will be discussed. Equation (21)
is our second result.

Combining (19) and (21) gives the main result:

T= 12ngFOL) 1 12Fp

amrl (mrl)'/2 am' 1.2 fm

mT'I
(22)

To give numbers we assume that the basic hadron
length scale I is —m ', and that the "intrinsic" par-
ton transverse mass mr' is —3m„; thus mrl —3.
Furthermore, if we use the reasonable values
n~=0. 14 fm 3, Fo ——5, and Wf =3 (a =5.21), we get
the initial temperature and thermalization time

T, =180~'i' Mev,

7; = 0.272 'i6 fm/c. (24)

dN
(A +8- ~+X) = 1+ R~ 4FO

(25)
Rg c

For A = 8, we get dW/dy = hA where h = Fo/c. Using
Fo= 5 yields h = 1.4. This is a very reasonable predic-
tion for an average event, both in height and in 3
dependence.

The A dependence is very weak. a For 16 «A «238,
we have 300 «T; «500 MeV and 0.1 «r, «0.2 fm/c.
The values obtained are only averages; large fluctua-
tions are, however, always possible experimentally.

The small value for 7; justifies the approximation
v; && I used earlier. It does not imply inconsistency
with the uncertainty principle because most partons
that give rise to the high temperature in the cell at 7;
and q=0, say, have y —sinh 'l/2v, , so that their
contracted uncertainty hz is approximately 7;, not I.

The partons with y —0 and hz —l contribute negligi-
ble thermal energy to the cell.

Experimentally the combination T; r; in (21) is
determined by particle multiplicity. The height of the
rapidity plateau at zero impact parameter for 3 +8

n +X is dN/dy (b =0) =5/2cI'where c =3.6, on
the assumption of isentropic expansion and hadroniza-

tion, and A~ ~ Rz. %hen this is averaged over b, we

have, by use of (21),
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It is known that at high energies the total cross sec-
tion is increasing and the multiplicity increases faster
than logs. These nonscaling features are accounted for
by letting Fo increase as logs. The initial temperature
increases proportionally to Folz and thus nonscaling ef-
fects help in the attainment of high temperatures.

The method used to derive the quantitative results is
to calculate first the energy density «'(~) by assump-
tion of free streaming; it decreases as 7, according
to (8). For the thermalized plasma, e(7) decreases as

4/3, as is evident from (20) and (21), or from hy-
drodynamics. We determine r; by the intersection of
the two curves, reasoning that interaction makes the
plasma cohesive and that therefore after thermaliza-
tion the expansion will follow the slower curve. Ignor-
ing interaction before i; evidently results in an un-
derestimate of r; Thu.s, (24) should be regarded as a
lower bound. Notice that if the physical coupling
strength were weaker, the hadronic parameters ntt and

Fo would presumably be smaller, while mT'l remains
unchanged. It then follows from (22) that T; would be
lower and 7; longer, as one expects on physical
grounds.

It is interesting to compare the above bound with
the value of ~ for which T'"(~) are equal for all three
components, a conceivable condition that approxi-
mates local equilibrium. From (4) and (7) we find
that the condition implies (for m =0) stnh25 =45,
whose solution corresponds to a =I/2. 67=—0.5 fm/c.
This value is not a reliable estimate of the thermaliza-
tion time because, for one reason, it is independent of
A; nevertheless, it serves as a useful insight into the
short time scale in which the longitudinal and
transverse components of T'"" become equalized even
in free expansion. Interaction should shorten that
time.

A way of understanding the origin of our result that
the initial temperature is independent of collision en-
ergy as it becomes very large (apart from nonscaling
effects) is to recognize the following. In our picture of
relativistic nuclear collisions the spatial extensions of
the opposite-going fast (valence) quarks are contracted
to infinitesimally thin disks, but they do not interact
effectively. On the other hand, the slow (wee) partons
that do interact strongly are not spatially contracted.
Since T is a measure of the thermal energy of an in-

teracting system, there is no mechanism to increase
the energy density indefmitely no matter how high Y

is. Evidently, nuclear transparency and distributed
contraction at the parton level are the basic properties
responsible for our result.

To conclude, we have described the A + A collisions
in the parton basis incorporating the basic phenomeno-
logical features of h +h and h +A collisions, but
without assuming any specific thermalization dynam-

ics, and we have obtained a lower bound on the ther-
malization time on the order of 0.15 fm/c and an aver-
age initial temperature in the 300-500-MeV range at
large Y. The result is interesting as well as encourag-
ing for the purpose of creating quark-gluon plasma and
deserves further study.
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