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Saturation of Beat-Excited Plasma ~aves by Electrostatic Mode Coupling
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The nature of plasma &eaves which are resonantly excited ~hen two laser beams beat in a
rippled-density plasma is explored both theoretioally and experimentally. A theoretical model is
presented which, for commonly encountered experimental parameters, predicts rapid saturation of
the high-phase-velocity beat wave at an amplitude below that expected for relativistic detuning.
Results of experimental studies of this process are presented.

PACS numbers: 52.35.Mw, 52.35.Fp, 52.40.Nk

It has been suggested that the extremely large elec-
tric fields of a relativistic (u~ —c) plasma wave may
be used for ultrahigh gradient acceleration of parti-
cles. ' Of fundamental importance in this acceleration
scheme is the maximum electric field to which the
plasma wave can be driven and the duration for which
it can be made to remain coherent. Such a plasma
wave has recently been excited by collinear optical
mixing of two lines of a CO2 laser in a 10'7-cm 3 plas-
ma. Thus far, relativistic detuning has been believed
to be the dominant plasma-wave saturation mechanism
with this excitation technique. In this paper we show
that if the beat-wave excitation process is considered
in the presence of a weak density ripple of wave
number k, , the plasma wave, by coupling to a number
of secondary electrostatic modes of frequency top and
wave number kp + nkt, can saturate at an amplitude
well below the relativistic detuning limit. We then
present conclusive experimental evidence for this
mode-coupling process in a beat-. excited plasma.

Our work differs from previous work by other au-
thors who have studied the evolution of resonantly ex-
cited plasma waves with pump but without the ripple3
and with the ripple but without the pump. 4 5 In this
paper we consider the beat excitation of electron plas-
ma waves in the presence of a density ripple. We be-
gin with the Eulerian3 6 equation for the plasma-wave
electric field in the absence of collisions when driven
by the ponderomotive force of the beating laser
PU1TlPs,
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where E is the wave electric field normalized to the
cold-plasma wave-breaking amplitude E„,d= mc/top;e
eno is the ripple depth (fixed ions); k„ is the ripple
wave number; c2=3kT,/m, ; n =eE&/mtaj is a mea-
sure of the jth laser pump intensity; and top and kp
satisfy the frequency and wave-number matching con-
ditions, atp = b coi~„and kp = +hk„„„. Experimen-
tally a ripple with k, —2k',„is produced by stimulated
Brillouin scatter (SBS) of the laser light. For cold plas-
mas we take c, =0 in Eq. (1) and look for solutions

which satisfy E(t =0) = E(t =0) =0. An exact solu-
tion is readily obtained and can be written in the form

E(x, r) = X a„(t)exp(iO„) + c.c., (2)

where +„=(k~+ nk;) —oint and the coefficients a„(t)
describe the slow time-scale evolution of each k (4„)
component of the total electric field. From Eq. (2) it
is obvious that, in addition to the beat-wave com-
ponent Wo, an infinite number of secondary coupled
modes are excited. We expect saturation of the beat
wave when the rate of energy coupling from the beat
wave to the secondary modes equals the rate at which
energy is supplied to the beat wave by the pumps.

The saturation mechanism is graphically illustrated
in Fig. 1 which shows the numerical solutions of Eq.
(1) with and without the density ripple. The beat-
wave driver is incident from the left and has just
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FKJ. 1. Spatial evolution of the beat ~ave with and
without a density ripple from numerical solutions of Eq. (1)
with nta2=3 x 10 4 and kt/k~ = 5. The spectra are taken at
the left-hand side of the box. (a) No ripple: e =0. (h) With
ripple: ~ =0.04.
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reached the right-hand boundary. s For the homogene-
ous case (e =0) a coherent beat wave is seen to grow
secularly in time (linearly ramped in x) and the
Fourier spectrum shows a single mode at k = k~ as ex-
pected. In the rippled plasma case (e = 0.04), higher-k
components are excited as predicted by Eq. (2) and,
although the peak amplitude of the wave form still ex-
hibits secular growth with the same growth rate, the
relative size of the beat-excited plasma wave ('Po com-
ponent) is reduced. In Fig. 2(a) we have plotted the
time histories of the various k components obtained
from the exact solution of Eq. (1). The beat-wave
component ('Po) is observed to saturate as the
higher-order modes begin to grow at the expense of
the beat wave. As the ripple amplitude is increased
[Fig. 2(b)] the beat wave is seen to saturate at lower
amplitudes and at earlier times.

Analytically we find that the beat-wave component
grows as

with saturation amplitude given by

E,«(W qi, cold) =0.701(aia2/~) (6)

at a time T~, ('II'+i, cold) =7.7(ecu~) '. The results
presented in Eqs. (3) and (5) remain valid for times
t (& 2m(e co~)

' and thus accurately describe the ex-
act numerical solutions well into saturation (Fig. 2)
even for moderately large e. In addition, the short
time scales on which the coupling and saturation occur
justify our original assumption of fixed ions for any
reasonable e.

To treat analytically mode-coupling saturation of
beat waves in warm plasmas we assume only one mode
coupling (an assumption to be justified below) and
truncate the series in Eq. (2) at n = +1. Substitution
of this form of a solution into Eq. (1) yields equations
for ao and a qi and hence the saturation amplitudes.
In particular we obtain

E(eo(x, &) )
= (aia2/2e) Jo(scour'/2) d(~capt'/2), (3)

E,«(+0, warm) = a,a,f(p)/~,

E„,(%"+i, warm) =aia2/e,

(7)

(8)

with saturation amplitude given by

E,«('Po, cold) =0.735(aia2/a)

at a time Ts«(+O, cold) =4.8(~co~) '. Similarly, the
first coupled modes ('p + i ) are found to grow as

E(++ t(x, r ) )

= ( + aia2/2~) [Jo(~~ r/2) —1].
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FIG. 2. Temporal evolution of the beat ~ave and coupled
modes with uia2 = 3 x 10 . (a) Evolution of beat wave and
first two coupled modes (4„, n=0, +1, +2) for ~=0.08.
(b) Temporal evolution of beat wave for several ripple am-
plitudes ~.

where f(P) =a+(I+p )(2+p ) '/ and p is a ther-
mal parameter given by p = (3/~) (k, Ad )2. Note that

lim E «(+o) =0.707(ata2/~),
p 0

in excellent agreement with the cold-plasma estimate
of Eq. (4). This is expected since, at the time of sat-
uration of the beat wave, the higher-order modes con-
tribute little to the total electric field as shown in Fig.
2(b). This justifies the truncation used to obtain Eq.
(7), since p = 0 provides a worst-case check of this ap-
proximation. Neglecting pump rise times we find that
saturation by mode coupling dominates over that due
to relativistic detuning whenever aia2 & [1.6e/
f(p) ] 2. For example, in the case of a modest ripple
size of 4'/0, if we assume that @=2 and ai=a2 it is
seen that saturation by mode coupling dominates un-
less a ) 0.04 or 1(CO2) )4X 10'3 W/cm2. Although
this requirement may be altered somewhat when pump
rise times are considered it is apparent that the mode-
coupling mechanism can be quite important in
moderate-intensity or shorter-wavelength laser experi-
ments.

Experiments have been performed specifically to
detect and characterize the frequency and wave-
number spectra of the coupled modes predicted by the
above model. A CO2 laser pulse (2-ns FWHM and 1-
ns rise time) containing both the 9.56- and 10.59-p, m
lines with energies 4 and 8 J, respectively, is used. An
f/7. 5 ZnSe lens focuses this laser pulse onto a pre-
formed hydrogen plasma (n, —10'7 cm 3, L —2 mm,
T, —30 + 10 eV) whose plasma frequency is tuned to
match the frequency separation of the two laser lines.
This optical configuration gives a focal spot size of
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—250 p, m and a focal intensity of —10'3 W/cm2

(aio'2 —3x10 ). The frequency and wave-number
spectra of the excited electrostatic modes are mapped
out by use of ruby-laser Thomson scattering at various
discrete scattering angles such that
= irk, „»i =

i
+ nk, )

Figure 3(a) shows an example of a Thomson scatter
frequency spectrum containing spectral lines which are
shifted to the blue (+3k, ) and shifted to the red
( 3k j ) by a&~ and 2'~, where co~ corresponds exactly
to Ace|„,„,. These shifts are measured relative to the
central peak, which is due to scatter from the third
harmonic of the ion acoustic density ripple
(3m„~0, 3ki). The modes with frequency 2'~ are at-
tributed to mode coupling of the second harmonic of
the beat wave. Figure 3 (b) summarizes schematically
the modes which have thus far been observed. We
have previously reported detailed Thomson-scattering
measurements2 9 of the high-phase-velocity beat-
excited plasma wave at a scatter angle of 7 mrad
(b,k,„»=k~). Other modes observed include the ion
acoustic density ripple (measured at e —4'/o) and its
harmonics as well as a number of forward (+ i n (k, )
and backward ( —

i n ik, ) propagating modes with fre-
quencies co~ and 2oo~. The k spectrum of the beat
wave, as well as that of the low-frequency modes at
nk„was determined to be discrete. In the discussions
which follow we focus our attention on those modes
which exhibit the signature of beat-wave mode cou-
pling; that is, modes which are fundamental in co and
harmonic in k, (k~ + n k, ~ nk, since i k» i && i k, ).

An obvious requirement for the excitation of cou-
pled modes is the coexistence of the density ripple and

the coupled modes. This condition has been verified

by simultaneous time resolution of both the co —co„
and cu —oo~ features of the Thomson scatter spectrum
at a scatter angle which is sensitive to modes with

k =k;(4'+&). The results of this measurement are

presented in Fig. 3(c) which clearly shows the simul-

taneity of the SBS-induced density ripple and the first

coupled mode. "
We have estimated the time-integrated amplitudes

of the beat wave and coupled modes using first the

Bragg scattering formula2 to estimate n/no and then
Poisson's equation to estimate E(V„). In Table I we

compare the predicted and observed electrostatic field
amplitudes. The theoretically predicted amplitudes
follow from the saturation values calculated above for
cold and warm plasmas [Eqs. (4), (6), (7), and (8)]
where, for warm plasmas, we have taken p =2 and

a, o.2=3&&10 as in the experiment. For reference
we also compare the predicted beat-wave saturation
amplitude for relativistic detuning. The measured am-

plitude of the beat wave is ~ (3-9)'/o. 2 Theoretically
we expect a saturation amplitude of —8'/o for relativis-
tic detuning (including pump rise time") and —3'/o

for mode coupling. Thus the measured beat-wave am-

plitude is consistent with both the relativistic detuning
and mode-coupling saturation models. However, ob-
servations of the coupled modes and the fair agree-
ment between their theoretically predicted and experi-
mentally measured amplitudes is strongly suggestive of
the importance of the contribution of the mode-

coupling saturation mechanism in our experiment.
Another possible contribution to the observed elec-

trostatic modes is the mode coupling of plasma waves

produced by counterpropagating optical mixing
(CPOM). ~ CPOM can occur when one incident laser
line mixes with the SBS from the other laser line. This
situation can be modeled by replacement of the driver
in Eq. (1) by the CPOM equivalent. In this case the
directly excited mode is the 'I ~ t plasma wave, and the
first coupled mode is a beat wave ('Po). The satura-
tion field amplitudes scale as a&u„kI/2k~ where a& is
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FIG. 3. (a) Frequency spectrum of Thomson-scattered
ruby-probe beam light at Ak, „b„= +3k, . (b) Summary of
electrostatic modes thus far observed. These modes exhibit-

ing the signature of coupled modes are indicated by solid
dots. (c) Time-resolved Thomson scatter frequency spec-
trum of the SBS density ripple (left-hand side) and the first
coupled mode (right-hand side).

Experiment
Relativistic

detuning
Cold-plasma

mode coupling
%arm-plasma

mode coupling

E(q'o)
(ohio')

&(+i)
('k)

0.09—0.9

0.5

0.8

TABLE I. Summary of theoretically predicted and experi-
mentally estimated electrostatic field amplitudes for the beat
wave (Wo) and first coupled mode (++&) for T, =30 eV
and e =0.04.
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the u, /c associated with the Brillouin-scattered pump
component. This gives CPOM saturation fields which
are about four times as large (measured SBS reflectivi-
ty = 4/0, k/k~ —20) as in the collinear optical mixing
case. However the experimental measurements,
E('P+t) —(0.09—0.9)'lo, are below this prediction.
This is perhaps due to incoherence of the Brillouin
backscattering "putnp, "2 thermal effects, or overes-
timation of CPOM driver amplitude due to the rela-
tively large size of the SBS scatter volume compared to
the beat-wave excitation region. Since theoretically we
expect E( Ij'+t) —4E(+o), the CPOM contribution to
the beat wave is believed to be negligible.

Beat-wave saturation by mode coupling can be
avoided by elimination of the ripple (short laser pulses
or T, = T, plasmas) or by thermal quenching of the
coupling (p &) 1). In cold-plasma, long-pulse experi-
ments, the mode-coupling saturation mechanism can
undergo self-stabilization. As the coupled modes
grow, plasma heating can occur through wave-particle
interactions, thereby quenching the coupling. Ulti-
mately relativistic detuning will dominate when the
plasma is heated to the point where p —0.9
x e/(nto. 2)2~ . This self-stabilization mechanism has
been observed in particle simulations. ' For early times
the beat wave grows much as seen in the numerical
solutions shown in Fig. 1(b), and the k spectrum clear-
ly shows the excitation of coupled modes. However,
at later times we observe abrupt quenching of the cou-
pling concomitant with the onset of particle heating
observed in electron phase space.

Mode coupling can also be important in laser fusion
experiments where ion- and plasma-wave instabilities
are simultaneously excited. The coupling between the
ion and plasma waves can lead to quenching of high-
frequency instabilities, ' which are a source of pellet
preheat as a result of the generation of hot electrons.

Saturation by mode coupling is not expected to af-
fect the excited-wave amplitude in nonresonant
schemes such as the plasma wake-field accelerator. 2

However, the high-phase-velocity plasma-wave energy
can rapidly couple out (T 2~/~co~) to the higher-k
modes, " 5 thus limiting the number of wavelengths
available for acceleration.

We thank Professor J. M. Dawson and Professor
F. F. Chen for useful discussions. This work was sup-
ported by U.S. Department of Energy Contract No.
DE-AT03-83ER40120, National Science Foundation
Grant No. ECS 83-10972, the Lawrence Livermore
National Laboratory University Research Program,
and Los Alamos National Laboratory University Grant
No. 344-6905.

T. Tajima and J. M. Dawson, Phys. Rev. Lett. 43, 267
(1979); C. Joshi et al. , Nature (London) 311, 525 (1984);
P. Chen et al. , Phys. Rev. Lett. 54, 693 (1985); R. Briggs,
Phys. Rev. Lett. S4, 2588 (1985).

2C. E. Clayton et al. , Phys. Rev. Lett. 54, 2343 (1985),
and SS, 1651 (1985); F. Martin et al. , Phys. Rev. Lett. SS,
1651 (1985).

3Norman M. Kroll er al. , Phys. Rev. Lett. 13, 83 (1964);
D. Montgomery, Physica (Utrecht) 31, 693 (1965); R. A.
Stern and N. Tzoar, Phys. Rev. Lett. 16, 785 (1966); M. N.
Rosenbluth and C. S. Liu, Phys. Rev. Lett. 29, 701 (1972),

4W. L. Kruer, Phys. Fluids 15, 2423 (1972).
5P. K. Kaw er al. , Phys. Fluids 16, 1967 (1973).
6The Lagrangean equivalent of Eq. (1) yields an electric

field which does not differ appreciably from the Eulerian
result when we consider electron excursions consistent with
our experimental parameters.

~Further details will be presented in a forthcoming publi-
cation.

sThe driver force in Eq. (1) has been multiplied by a tem-
poral step function which propagates across the box with
velocity c.

9C. E. Clayton, C. Darrow, and C. Joshi, Appl. Opt, 24,
2823 (1985).

~OThat this was a coupled mode and not a coincidentally
resonant Raman scatter plasma wave was verified by opera-
tion of the laser on a single line, whereupon the amplitude
of this mode fell below detection threshold.
"D.Forslund et al. , Phys. Rev. Lett. 54, 558 (1985).
'2C. E. Clayton et al , Phys. Rev. Le. tt. 54, 1652 (1983).

A. B. Langdon, B. F. Lasinski, and W. L. Kruer, Phys.
Rev. Lett. 43, 133 (1979); C. J. Walsh, D. M. Villeneuve,
and H. A. Baldis, Phys. Rev. Lett. 53, 1445 (1985); C. Al-
drich et a/. , Los Alamos National Laboratory Report No.
LA-UR 85-2099 (unpublished) .

2632


