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for Anomalous Conduction on Fractal Structures
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We analyze infrared-optical measurements on gas-evaporated gold blacks, performed by Harris
many years ago. The data agree quantitatively with recent theories for anomalous conduction on
fractal structures. The frequency-dependent conductivity obeys o« w®’ below the relaxation fre-
quency for electrons in a single particle. This is consistent with the conductivity exponents for per-
colation clusters and for diffusion-limited aggregates.

PACS numbers: 78.30.Gt, 72.15.Cz, 78.20.—¢

The purpose of this Letter is to demonstrate that
far-infrared absorption in properly prepared gold
blacks, studied by Harris and co-workers!~? as far back
as the 1940’s, shows all the features expected®’ for
anomalous conduction on fractal structures and,
hence, constitutes a striking confirmation of current
theoretical notions.

Recently, there has been a lot of theoretical interest
in anomalous conduction on percolation clusters and
conspicuous dependences on frequency w have been
predicted* > for the dielectric function and the conduc-
tivity. Percolation clusters have a fractal (self-similar)
geometry for length scales L in the range® a
<< L << &, where a is a ““microscopic’’ distance and
¢ is the percolation correlation length. At o < w,,
where wg ! is the time it takes the electrons to traverse
a distance ¢, the conduction is classical and yields a
constant conductivity o. At w; < w < w,, where w, is
a frequency determined by the microscopic distance,
anomalous conduction occurs and the conductivity fol-
lows the power law**

0,~wl/(s+l)’ 1)

where s describes the divergence of the dielectric con-
stant at the percolation threshold p., and ¢ describes
the dependence of the dc conductivity above p.. At
® > w,, the conductivity is determined by the micro-
scopic properties. The frequency range within which
Eq. (1) is obeyed is largest at p. and gradually shrinks
when one departs from p,, as clearly seen in recent’
model calculations. Computations on another fractal
geometry, the so-called Sierpinski gasket, showed
qualitatively similar results,® which gives credence to
the belief that the features outlined above may be
universally valid for fractal structures. It should be
noted that anomalous diffusion on percolation clusters
gives a frequency dependence which is different from
the one in Eq. (1). In anomalous diffusion one
neglects capacitances on bonds connecting different
clusters, as discussed by Gefen, Aharony, and Alex-
ander.® We believe that Eq. (1) is pertinent to optical

and electrical measurements.

The numerical values of the exponent in Eq. (1) can
be estimated for certain fractal structures. For three-
dimensional percolation clusters it is known that’
s =0.75 and'® + = 1.94, which gives /(s +1) = 0.72.
For other fractal structures one may use the rela-
tions!!" 12

t/V=1+Drw"Df, (2)

s/v=(D;—1)/2, (3)

where v describes the divergence of ¢ at p,, Dy is the
fractal dimension, and D,,, is the random walk dimen-
sion. Diffusion-limited aggregates'® are characterized
by D;,~24 and D, =3.33, which gives ¢/
(s+1)=0.73.

Generally, experimental vindication is meager for
the theories of anomalous conduction on fractal struc-
tures. The work reported!> !¢ until now has been con-
fined to frequencies below 10’ Hz, but w, may under
certain conditions be sufficiently large that optical
measurements, particularly in the infrared, can be
used to obtain conclusive results. Below we will prove
this point by analyzing data on gold blacks reported by
Harris et al.1=317

The gold blacks were produced by evaporation of Au
in the presence of 3 Torr of pure N, gas.'®* Highly
porous coatings, with Au volume fraction f as low as
0.002, were formed. Transmission electron micro-
graphs showed rounded Au particles with radius r ~ 5
nm aggregated into chains and clusters. The state of
aggregation was dependent on the deposition condi-
tions. We note that gas-evaporated Fe, Zn, and SiO,
samples have a fractal structure with'” 1.7 < D, < 1.9,
but it is not clear whether the same D, applies to
Harris’s gold blacks.

Harris et al. measured spectral optical properties in
an extremely wide wavelength range,">!”20 from the
near uv to the far ir. For our comparisons with theory
we relied on the transmittance 7, reflectance R, and dc
conductivity o4 tabulated in Harris’s comprehensive
monograph.> The overall reproducibility of the data is
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good, which testifies to the quality of the investiga-
tions, particularly since gas evaporation is often a diffi-
cult technique with regard to reproducibility. We con-
verted the values of 7 and R to a frequency-dependent
absorption coefficient a(w) times a thickness 4. This
is proportional to the optical conductivity o (w) by

alw)d=Qwd/c)k(w)
= (egcpf) "N (W/4)o(w), 4

where 7 = 1 + ik is the complex refractive index, W/A4
is the weight per area, p is the density of the material
forming the particles, c is the velocity of light, and ¢
is the permittivity of free space. Figure 1 is a log-log
plot of o versus wavelength A for a series of gold
blacks. The specific values were obtained by use of
W/A as stated in the figure, f=0.002, and p as for
bulk Au. We note that o joins smothly with o in the
long-wavelength limit for the most-conducting sam-
ples.

The optical conductivity is consistent with the
theories for anomalous conduction on fractal struc-
tures, as we will show now. At A > 10 um we find
that o falls off with increasing wavelength. The two
specimens with lowest oy yield an unambiguous
power-law dependence according to

g(w) ~ A7~ w? )
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FIG. 1. Optical conductivity as a function of wavelength
for gold blacks. The data are based on Harris’s measure-
ments (Ref. 3) on a number of samples, referred to by dif-
ferent symbols, with similar weight per area but widely dif-
ferent dc conductivity. The inset table states parameter
values together with Harris’s sample designation. Arrows at
the right-hand part denote og4. for the most conducting sam-
ples. Curves represent free-hand fits to the data points. The
results employ Harris’s recordings of specular transmittance
and reflectance. It can be shown from his results that the
diffuse component is not of importance for our arguments.
Two data points are given at A =15 um for some of the sam-
ples. This can be explained by the use of different spec-
trometers at A 2 15 um.

where p was found by linear regression analyses to be
0.703 and 0.717. This is precisely the expected perfor-
mance for anomalous conduction on the fractal structures
mentioned earlier. For the samples with higher oy we
find an initial decrease of o according to an approxi-
mate power law, followed at longer wavelengths by a
gradual approach to o4.. These samples appear to have
a crossover to classical dc conductivity at A\, =~ 80 um.
At A <10 um we find o =300 Q! m~! for all sam-
ples.

The high-frequency cutoff of anomalous conduction
occurs at w,, equal to the inverse relaxation time for
electrons in a single metal grain. Assuming diffuse
scattering in spherical particles we have?!

w, = vg/r, 6)

where vg is the Fermi velocity. Gold particles with
r=5nm give a crossover wavelength \,=7 um,
which is in excellent agreement with the results in Fig.
1. As o4 goes up, the particles tend to be increasingly
contiguous, and hence we expect that their ‘‘effective
radius’’ becomes larger. This could explain the empir-
ical finding that A, seems to shift towards longer
wavelengths in the samples with highest o4.

In conclusion we have analyzed Harris’s old infrared
measurements on gas-evaporated gold blacks, compris-
ing particles in electrical contact, and verified that
these data provide a striking confirmation of recent
theories for conduction on fractal structures. The fre-
quency dependence of the optical conductivity can be
understood from the conductivity exponents for per-
colation clusters and diffusion-limited aggregates. The
onset of anomalous conduction coincides with the re-
laxation frequency for electrons in a single particle.
We remark, finally, that particles connected through
tunnel barriers are expected to show a behavior analo-
gous to that of the present gold blacks, albeit w,
should lie at a lower frequency.
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