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Unbinding Transitions of Interacting Membranes
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Molecular membranes in aqueous solutions interact via van der %aals, hydration, and electro-
static forces. In addition, thermal fluctuations of the membranes generate long-range effective
repulsion. A systematic theory of the interplay among these interactions reveals a continuous
phase transition from a state where the membranes are bound together to a state ~here they are
completely separated. In three dimensions, this unbinding transition is driven by fluctuations.
Quantitative correlations with data for lipid bilayers suggest that it can be observed experimentally.

PACS numbers: 87.20.Cn, 64.60.Cn, 82.70.—y

V„(i)=A„exp(- I/I „) (2)

with typical values' AH = 0.2 J/m2 and AH = 0.3 nm.
The electrostatic energy, Vs, for two charged mem-
branes also decays exponentially, i.e.,

Va ( I) =AE exp( —I/lE)~ (3)

for I greater than the Debye length3 A.E~ I/JX, where
X is the ionic concentration in the aqueous solution.
Within the Debye-Huckel approximation, one has
AE~ P(JX ~ rrgJX, where $o and o.o are the electro-
static potential and the surface charge density at the
membranes. 3 The last term in (1) represents the van
der Waals interaction energy resulting from different
polarizabilities of the hpid and the water molecules.

Flexible membranes, such as lipid bilayers in water,
often cohere to form stable aggregates of vesicles or
multilayer lamellar phases. ' The cohesion necessary
for the stability of these phases is provided by long-
range van der Waals forces. '2 These attractive in-
teractions are balanced, at short membrane separation,
by strong repulsions arising from hydration forces' for
uncharged membranes and, in addition, from electro-
static forces'3 for charged membranes. In some sys-
tems, the separation of the membranes does not fully
reflect a balance between attractive and repulsive
forces because there is insufficient water to fill larger
gapa between the membrances; such constrained situa-
tions will not be considered here. Instead, we assume
that the membranes are allowed to equilibrate in ex-
cess water; then, their mean separation should be
determined by the intermembrane forces.

For two parallel membrane segments a distance I

apart, the total interaction energy per unit area can be
written

V(l) = VH(l) + VE(l) + Vs (I)

in which the hydration energy, VH(l), has the empiri-
cal form'

This energy can be written, for I & 0.3 nm, as'4

Vs (I) =- W 1 2 + 1
(4)

12m l2 (I + 8)' (I + 25)'

where'2 the Hamaker constant W = 10 ' —10
and 5=4 nm denotes the membrane thickness. For
large I, this implies4

Vs (I) ——WS /I .

Now, the total interaction energy (1) has a
minimum at I = I & ~ provided that W & 0. Thus,
one might expect that two membranes always cohere
as a result of their van der Waals attractions. Howev-
er, both uncharged5 and charged6 bilayers have been
found which seem to separate indefinitely far when al-
lowed to equilibrate with excess water. These observa-
tions may be explained in terms of an effective steric
interaction7

(6)

resulting from thermally excited undulations of the
membranes as proposed by Helfrich. 7 The parameters
ks, T, and ir are the Boltzmann factor, the tempera-
ture, and the rigidity constant of the membranes. Note
that the steric interaction (6) decays more slowly than
the van der Waals attraction (5) for large I. A repul-
sion similar to (6) arises from the fluctuations of
domain walls and interfaces. s

The steric repulsion (6) was originally derived under
the simplifying assumption that the membranes do not
interact through any other forces. This is, of course,
not the case for real membranes: Here, we report on a
systematic study of the interplay between the direct
microscopic forces (1)—(4) and the steric interaction
(6). We establish the existence of continuous phase
transitions from a state where the membranes are
bound to a state ~here they are completely separated.
The properties of these transitions cannot be obtained
by simply superposing (1) and (6). Indeed, such a su-
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perposition would indicate a first-order transition while
we predict critical behavior with characteristic ex-
ponents.

For three-dimensional systems, our results have
direct applications. For uncharged membranes with
Vz(l) =0, one may vary the Hamaker constant W by
changing the polarizability of the aqueous medium. '

We predict that the mean separation of the membranes
diverges as

when H approaches, from above, a critical value
W, & 0. %e have determined both 8', and the urIiver-

sal critical exponent

p = 1.00 + 0.03 (8)

when X, X,+ where the critical exponent Q is again
given by (8).'0 As an example, we estimated X, for a
2:1 electrolyte at room temperature with AH ——0.2
J/m, XH =0.3 nm, Pa=40 mV, W=6x10 ~' J, and
8 = 4 nm, obtaining X, = 84—10 mM for a rigidity con-
stant K= (2-20) x10 '9 J. These values for X, are
consistent with the experimental data6 on dipalmitoyl-
phosphatidylcholine (DPPC) bilayers in CaC12 solu-
tions. However, the rigidity constant of these bilayers
which, at room temperature, are in the gel phase is not
known and, therefore, we cannot make a definite pre-

from a special renormalization-group calculation. The
critical value W, depends on temperature T and on the
parameters AH, XH, 5, and K. For room temperatures
and AH = 0.2 J/m2, XH = 0.3 nm, and 8= 4 nm, we ob-
tain W, = (6.3-0.61) && 10 2' J as the rigidity constant
K varies within the range (1-20) x 10 ' J. For egg
lecithin, for instance, one has'9 K= (1-2) &&10 '9 J
which leads to W, = (6.3-4.1) x 10 2' J.

Experimental results on the separation of egg lec-
ithin (PC) bilayers have been somewhat controversial:
While one experimental group claims that these
membranes separate completely in excess water,
another group found a finite mean separation. How-
ever, these two groups also differ in their estimate of
the Hamaker constant: The former5 quote W= (2.3
-3.8) x10 ~' J, and the latter' W = 8.2x10 2' J. It
is remarkable that these two values for W bracket the
critical value W, = (6.3-4.1) x10 2' J predicted by
our analysis. Further experiments could well reveal
the transition directly.

For charged membranes, the phase diagram is more
complex since the ionic concentration X and the elec-
trostatic membrane potential Po play a role. Suppose,
for example, that $o stays roughly constant as X is
varied. Then, there is a critical concentration X, such
that ihe mean membrane separation diverges as

diction for X, .
To outline the analysis yielding these results, con-

sider two roughly parallel membranes which may
represent the contact region of two vesicles or two
lamellae within a multilayer phase. For the lamellar
systems, we ignore next-to-nearest-neighbor interac-
tions between membranes. Such interactions are ex-
pected to affect the values of W, and X, but should
not affect the universal properties at the unbinding
transition. We will also neglect finite size effects and
suppose these membranes to be infinite in extent.
Likewise, we will ignore their internal structure and
denote their distance from a reference plane by lt(x)
and l2(x) ( l~(x), where x is a (d —1)-dimensional
coordinate in this plane. Thus, our model is restricted
to membrane configurations without overhangs. The
interaction energy per unit area for these configura-
tions is V(it —!2) with V(l) given in (1). In addition,
the undulations of the membranes lead to a total elas-
tic bending energy per unit area" '

(10)

where H[l] ='72i+ 0(('71)3'7) is the mean curva-
ture. If the nonlinear gradient terms are ignored, '5 the
effective Hamiltonian or free-energy functional for the
membrane configurations can now be written as

H{l ] =) d 'X [ 2~('7 -I) + V(l) }/k T

with 1 = i&
—i2. This Hamiltonian implicitly contains a

high-momentum cutoff A =1/5 (8 being the mem-
brane thickness) .

The effective Hamiltonian (11) resembles the inter-
face models studied in other contexts such as roughen-
ing and wetting transitions. Indeed, these models
differ from (11) mainly in the form of the bending en-
ergy: For interfaces separating different thermo-
dynamic phases, this energy per unit area is ~ ('7l)'
whereas, for membranes, it is ~ (72l )2.

For wetting transitions, three different scaling re-
gimes have been found' ': (i) a mean field (MF) re--

gime for d & dl', (ii) a weak fluctuation (W-FL) regime
for dt & d & d2', and (iii) a strong fluctuation (-SFL) re-
gime for d2& d. In the WFL regime, the phase
boundaries are as in MF theory but the critical ex-
ponents have nonclassical values. In the SFL regime,
however, these phase boundaries are shifted and the
critical exponents acquire nontrivial universal values.

As shown below, the membrane model (ll) also ex-
hibits three such scaling regimes, the borderline
dimensionalities being dt ——5 and'9 d2 ——3—, for the in-
teractions (1)—(4). Since d, ( 3, unbinding transi-
tions of membranes in three-dimensional systems are
nontrival, belonging to the SFL regime.

Within mean-field theory (MFT), the average
separation I = ( I) of the two membranes follows from
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i) V/Bl ~-,.= 0. This length scale becomes large for small

values of 8'. Thus, within MFT, an unbinding transi-
tion occurs only for W 0+, i.e., one finds the criti-
cal value 8', =0. In addition to I, the configurations
of the membranes will be characterized by correlation
lengths, (~~ and (~, which enter into the difference
correlation function

~C(x) =-,' ([l(x) —i(0)]').
Within MFT, one has

kaT t.
ac(x) = yd —

1@ I eiP x

~p(g (2~)d —1 p4+( —4'

where the longitudinal length is given by'

[
—1{d2V/dl2) ]

—1/4

(12)

(13)

(14)

The correlation length g~, on the other hand, is de-
fined via

g2 =((l —i)') =ac( ) (15)

and measures the thermally induced roughness of
membranes. In the limit I ~, the MFT expression
(13) for 5C (x) yields g ~

—const for d & 5,
—In((~~A) for d=5, and

—(k T/~)' 'g" ~ ' for d ( 5 (16)

f = ~(( /g' )'= k T(k T/K)'/'g

where the last term holds for d & d, = 5 with

i = 2(d —1)/(5 —d).

(17)

(18)

This term in the free energy represents an effective
repulsion between the membranes as a result of their
fluctuations.

Now let us assume that the effective free energy f is
given simply by the sum f'= f, + V with f, from (17)

Then, one can show by a systematic perturbation ex-
pansion around l=i that MFT is valid but only for
d ~ 5. However, the relation (16) remains valid
beyond MFT. To see this, consider the limiting case
W= 0. The repulsive forces then dominate and the
membranes will be completely separated. Therefore,
the fluctuations will be controlled solely by the bend-
ing energies (10).' In this case, the difference corre-
lation function (12) behaves like AC(x) —(kaT/
g)x5 ~ for d ( 5. On the other hand, when g~~ is fin-
ite, scaling implies b, C (x)f I~

0 (x/(~~ ) which
leads, via (15), back to the relation (16).

Let us now estimate the bending free energy for typ-
ical configurations of the membranes. These config-
urations consist of humps of longitudinal and
transverse dimensions g~~ and (, g~~

'/' (compare
Refs. 17 and 18), and lead, via the Laplacian term in

(11), to a bending free energy per unit area

and V from (1). In this way, one recovers the results
of MFT for d & di =5. In the MF regime, l )& (
near the transition. Now, suppose that one has I = (i .
Then, for d & di = 5, the repulsive terms in V(l), see
(2) and (3), can be neglected relative to f, as given by
(17), and one finds a WFL regime where

y = —,
' (5 —d)/(d —d, ) (19)

E(z, l) = —,
' V'" "(z —l)+ —,

' V'" "(z+I) (21)

%e have studied successive iterations of this RG by
numerical methods starting with initial interactions
V(l) as given by (1). In this way, we have determined
the critical parameters 8, and X, for d = 3 as

for W 0 with d2=—3 —,'.'9 The same results follow
from a self-consistent perturbation expansion of (11)
along the lines of Ref. 16 which fully confirms the
simple minimization procedure for d ) d2 = 3 —, .

The relation l —g, implies that the separation of
the membranes is driven by their fluctuations. Since
these fluctuations become more pronounced for lower
d, this relation should also hold for d ( d, = 3—, . Us-

ing l —(~ in (17) precisely reproduces the steric in-
teraction' (6) when d =3. However, it is apparent
from (19) that d =dz=3 —,

' ) 3 is another boundary

dimension since p ~ when d 3 —', +. By analogy

with wetting transitions, ' ' we take this to imply a
SFL regime for d ~ d2 where the unbinding transition
now occurs at a nonzero Hamaker constant W= 8',) 0 rather than at W = 0 as in the MF and the WFL
regimes. For 0' & 0'„ the van der Waals attractions
are sufficient to bind the membranes together while,
for W & W„ the membrane fluctuations overcome
the attractive forces so that the membranes separate
completely.

In order to determine W„ the critical value of the
Hamaker constant, or any other critical parameter, one
may appeal to renormalization-group (RG) techniques.
We have used a modified version of Wilson's approxi-
mate recursion relation. " This RG method has al-

ready been usedz2 for the SFL regime of wetting tran-
sitions: A comparison with exact results available for
d =2 showsz2 that it gives critical exponents accurate
to within a few percent. When this RG approach is ap-
plied in the present context, both the real-space coor-
dinate x and the fluctuating field l are rescaled with a
factor b & 1: x x/b and l i/b~ with )= (5 —d)/2.
Then, a partial trace over the short-wavelength fluc-
tuations leads to a map of the function space of in-

teraction energies V(l) into itself. This map is given
by the approximate nonlinear recursion relation23

Vt"&{i)= —b' 'ln((2/W~)) dxe "-' "'"]
(20)

with z = b~) and
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described above; see (7) and (9). The universality of
in (7) and (9) follows from the fact that, in

d =3 & d2, all transition points are mapped under the
RG onto the same nontrivial fixed point. 2

In summary, we have analyzed theoretically the ef-
fect of fluctuations on the interactions between mem-
branes and, hence, predicted a continuous unbinding
transition which seems to correlate well with current
observations, although further experiments should be
performed.

We are grateful to Michael E. Fisher and Ben Wi-
dom for their kind hospitality and helpful discussions.
We thank Geoffrey Grinstein, Marilyn Schneider, and
Daniel Wack for stimulating interactions, and Michael
E. Fisher for a critical reading of the manuscript. The
support of the National Science Foundation both
through the Condensed Matter Theory Program and
through the Materials Science Center at Cornell
University is gratefully acknowledged.

~»On leave from Sektion Physik der Universitat
Munchen, 8000 Munchen 2, %est Germany.

&&~On leave from Service de Physique Theorique, Centre
d'Etudes Nucleaires de Saclay, 91191Gif-sur- Yvette Cedex,
France.

'A review is presented by R. P. Rand, Ann. Rev. Biophys.
Bioeng. 10, 277 (1981).

L. J. Lis, M. Mc Alister, N. Fuller, R. P. Rand, and V. A.
Parsegian, Biophys. J. 37, 657 (1982).

3J. N. Israelachvili, Intermolecular and Surface Forces
(Academic, Orlando, Fla. , 1985).

4This expression is valid for nonretarded van der %aals
forces. For I ~50 nm, retardation effects should become
important leading to V~(l) ~ I/I', but this would not change
the critical behavior for d = 3 predicted by (7)-(9).

~%'. Harbich and %. Helfrich, Chem. Phys. Lipids 36, 39
(1984).

6L. J. Lis, %. T. Lis, V. A. Parsegian, and R. P. Rand,
Biochemistry 20, 1771 (1981).

7W. Helfrich, Z. Naturforsch. 33a, 305 (1978).

SM. E. Fisher and D. S. Fisher, Phys. Rev. 8 25, 3102
(1982).

M. Schneider, J. T. Jenkins, and %. %. %ebb, unpub-
lished.

~OThe unbinding transition might also result from a change
in the rigidity constant K. Such a change can be produced,
for instance, near the main fluid-gel transition or by addition
of some impurities; see, e.g. , S. Leibler, J. Phys. (Paris) 41,
109 (1986).

t tW. Helfrich, Z. Naturforsch. 28c, 693 (1973).
'~F. Brochard, P.-G. de Gennes, and P. Pfeuty, J. Phys.

(Paris) 37, 1099 (1976).
~ P.-G. de Gennes and C. Taupin, J. Phys. Chem. 88, 2294

(1982).
t4W. Helfrich, J. Phys. (Paris) 46, 1263 (1985); L. Peliti

and S. Leibler, Phys. Rev. Lett. 54, 1690 (1985); D. Forster,
to be published.

~5For a single free membrane, the nonlinear gradient terms
may renormalize the rigidity constant; see Ref. 14. %e as-
sume here that the fully renormalized rigidity constant is
finite. Furthermore, power counting shows that the non-
linear gradient terms are less important than the interaction
terms which arise from V(l).

60. M. Kroll, R. Lipowsky, and R. K. P. Zia, Phys. Rev. 8
32, 1862 (1985).

7R. Lipowsky and M. E. Fisher, Phys. Rev. Lett. 56, 472
(1986).

tsM. E. Fisher, Faraday Symp. Chem. Soc. (to be pub-
lished), presents a review of this work.

9The boundary value d2= 3~ applies to the asymptotic

behavior (5) for the attractive part of (1). For general
V,«, (l) ——I/I +', one finds d2= (5o +7)/(o +3).

2 In this way, one may also confirm that the minimization
procedure is applicable for the dependence of I on the exter-
nal pressure P which leads to an extra term Pl in (I). Thus,
l~ p

' '+" with 7 given by (18) as P 0+ for complete
separation and d & 5.

2tK. G. Wilson, Phys. Rev. B 4, 3184 (1971).
R. Lipowsky and M. E. Fisher, to be published.

30ur approximate RG procedure preserves the form of
the effective Hamiltonian (ll). Details will be presented
elsewhere.

In view of the numerical result (8), one might speculate
that P= I in d = 3. In this case, hyperscaling would imply
the specific-heat exponent a = 0.


