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Two-dimensional MHD simulations are carried out which demonstrate that the cross-field ther-
mal conduction near the magnetic axis controls the structure of sawteeth in tokamaks. In simula-
tions of discharges with good central confinement, skin currents form at a finite radius causing the
safety factor g to fall below 1 away from the magnetic axis. Both normal and compound sawteeth
are produced which have many features consistent with experimental observations.

PACS numbers: 52.30.—q, 52.55.Fa, 52.65.+z

Sawteeth! are a common feature of nearly all
tokamak experiments. The central temperature drops
in a sudden crash and then rises slowly until the next
crash. In Kadomtsev’s sawtooth model> when ¢(0)
=¢g(r=0) < 1, the m=1 tearing mode grows to large
amplitude, driving q(0) above 1 and flattening the
central-temperature profile. Here, the safety factor is
q(r) =rB,/RBy, where B, and By are the toroidal and
poloidal magnetic fields and R is the major radius.
After the crash Ohmic heating increases the central
temperature (and conductivity). The central current
density J(0) then increases and ¢ (0) [« J(0)~!] falls
until ¢(0) <1 at which time the cycle repeats. In
MHD simulations in which the electron temperature T
was evolved self-consistently, however, sawteeth were
only seen as a transient before decaying away.’ In
these computations, however, parallel thermal conduc-
tion «; was not included. Recently we have carried
out computations with x;; and have shown that the de-
cay of the sawteeth was caused by the formation of an
m=1 convection cell at the center of the plasma
column.* For sufficiently large values of «, periodic
sawteeth were produced which were in accord with the
Kadomtsev model.

While the qualitative features of the sawteeth in our
simulations were consistent with the experimental
measurements of normal sawteeth, there were a
number of significant discrepancies with the observa-
tions. Moreover, we were never able to produce the
compound sawteeth which were reported in the Doub-
let III tokamak® and the Texas experimental tokamak
(TEXT)® and are now observed in the larger
tokamaks.” 8

In the present manuscript we show that the nature
of the sawteeth in our simulations can be changed by
altering the form of the perpendicular thermal conduc-
tion «,, which was previously taken as a constant. In
particular, we consider a simple model in which «, is
small near the magnetic axis and is large at the plasma
edge. The sawteeth then differ significantly from the
original Kadomtsev model: ¢ remains around or above
1 near r=0 but falls below 1 at a finite radius as a
result of the formation of skin currents. Our simula-
tions reproduce many features of the experimental ob-

servations including both normal and compound
sawteeth.

Our calculations are based on the reduced resistive
MHD equations for helical perturbations in cylindrical
geometry,’

dV3i¢/di—uVie=B-VJ, 1)
Vig=J-2n/m, ()
/9r=B-Vo+nJ, (3)

where d/dt=9/dt+v-V, Jis the axial current, and
the velocity v and magnetic field B are given by
v=2ZxV¢ and B=z+ (nr/m)0 +zx V¢, with ¢ and
¢y the stream function and helical flux function,
respectively. The equations are written in normalized
units:  t/7,—t, aV,—V,, R3/0z— 98/9z and
nTact/4ma’— v, where ca=(B2/Mn)Y? is the
Alfvén velocity, 7, = R/c, is the Alfvén time, 7 is the
resistivity, u is the viscosity, a is the minor radius,
27 R is the periodicity length in z, and n/m =1 is the
pitch of the perturbation (m 3/0z= —nd/986). The
resistivity is evolved self-consistently with the tem-
perature by use of the classical relationship n =7/ T%2
with

dT/dt—k V3T -k, (B-V)2T=QnJ?, (4)

where «, and «; are the perpendicular and parallel
rates of thermal conduction, Q = a?B2/4wnTR? is the
ratio of the resistive time to the Ohmic heating time,
and T/T— T with T an arbitrary normalization for T.
The parameters «;, €, and 7 are time and space in-
dependent. The perpendicular conduction is taken to
be

kK, =k, 0(1+a|VT?), (5)

where ko and a are constants. Since at the present
time there is no accepted theory of anomalous trans-
port, there is no theoretical justification for the expres-
sion given in Eq. (5). However, this form results in a
larger value of «, at the edge than in the center (x ;)
as is experimentally observed and allows the central
region of small k, to adjust with the width of the tem-
perature profile. The parameters «, y and a control the
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widths of the J and T profiles which result once a
steady-state sawtoothing plasma column has been
established. A large value of «  or a corresponds to a
narrow profile and vice versa.

We solve Egs. (1)-(5) by expanding in harmonics in
the poloidal plane, finite differencing in the radial
direction (with typically 50-150 radial grid points),
and then advancing the equations with a semi-implicit
scheme. The number of harmonics retained at any
given time during a run is adjusted automatically to
maintain accuracy. Typically only three harmonics are
kept between sawtooth crashes while during a crash up
to nine harmonics are retained.

In Fig. 1(a) we show 7(0), 7(0.20), and T(0.28)
versus time for a typical run with a constant k;
(a=0). Other parameters are Q =1, «k; =060,
K, 0=3.7%x107% and #=p =2.0x1075. In presenting
the data in Fig. 1 we have rotated the plasma column
with a period of 240 to model the corresponding rota-
tion in the actual experiment. Thus, the traces in Fig.
1 model the time dependence of the signal from an
electron-cyclotron-emission measurement of the local
temperature. The three traces exhibit the qualitative
features of normal sawteeth: The periodic crash of
T(0) is closely followed by a rise in 7(0.28). The os-
cillation in 7(0.20) preceeding the sawtooth crash is
caused by the m/n =1 magnetic island which grows to
large amplitude and drives the hot central plasma to-
ward the wall. In Fig. 2 we show cuts of the (a)
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FIG. 1. Evolution of the electron temperature for (a) nor-
mal sawteeth and constant «; at r =0, 0.20, and 0.28; (b)
normal sawteeth with small « ;o at =0 and 0.48; and (c)
normal and compound sawteeth with small ko at r=0,
0.50, and 0.75.

2478

current profile and (b) temperature profile halfway up
the sawtooth rise (curves 1), just prior to the crash
(curves 2), and just after the crash (curves 3) [see ar-
rows in Fig. 1(a)]. Only the interior (r < 0.5) of the
plasma column is shown so that the detailed profiles
can be more clearly seen. Before the crash J is peaked
with J(0) > 2 so that ¢(0)=2/J(0) < 1. After the
crash J is flattened with J(0) <2 so that ¢(0) > 1.
The temperature is also peaked prior to the crash and
is flattened afterwards.

These sawteeth are consistent with the Kadomtsev
model.2 However, there are a number of discrepancies
with the experimental observations. First, the rate of
rise of T(0) in Fig. 1(a) decreases significantly during
the sawtooth rise, producing distinctly rounded
sawteeth. Perpendicular transport near the magnetic
axis begins to conduct energy out of the center and
this reduces 87(0)/9¢ In experimental observations,
on the other hand, 7(0) typically rises uniformly until
the crash. Rounded sawteeth are seen occasionally,
but are not the norm.

Second, recent electron-cyclotron-emission mea-
surements of the electron temperature on sawtoothing
discharges in the Princeton tokamak fusion test reactor
(TFTR) indicate that the profiles are often distinctly
hollow just after the sawtooth crash.!® In Fig. 3 we
show typical experimental measurements of T(R)
during the rise of the sawtooth (dashed), 21 ms later
just before a sawtooth crash (solid), and 12 ms later
after the crash (dotted). In our simulations with con-
stant k; the m =1 tearing mode causes the hot central
plasma to mix with the colder plasma at larger radii,
producing final temperature profiles which are nearly
flat across the center. Hollow profiles have only been
observed when the convective flow dominates parallel
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FIG. 2. Evolution of J and T profiles during normal

sawteeth (a),(b) with constant «; and (c),(d) with small
k0. The dashed curve in (c) is the g profile.
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FIG. 3. Electron-cyclotron-emission measurement of the
electron temperature profiles in TFTR.

conduction, i.e., k), is unrealistically small.

Third, we have never been able to produce the com-
pound sawteeth that have recently been seen experi-
mentally, even after having varied %, Q, and « o over
a wide range.

We now demonstrate that by simply reducing «,
around the center of the plasma column by decreasing
K,o and increasing o we produce both normal and
compound sawteeth in which these discrepancies are
eliminated. In Fig. 1(b) we show T(0) and 7(0.48)
versus time for a run with Q=1, «, =40, ko
=7.5%x107% a=0.27, and H = =1.0x10*. Several
sawteeth preceeded those shown in Fig. 1(b). In all of
the sawteeth the rate of rise of T(0) is nearly constant
until the crash, consistent with observations. In Fig. 2
we show cuts of (¢) Jand (d) T after the crash, during
the rise of the next sawtooth, and just prior to the next
crash [see arrows in Fig. 1(b)]. After the sawtooth
crash, the T profile is distinctly hollow and gradually
becomes flatter during the rise of the sawtooth. The
hollow temperature profile after the crash causes skin
currents to develop. Just after the crash in Fig. 2(c),
the central current is reduced with ¢ > 1. Note, how-
ever, that J is not flattened around r =0. During the
rise of the sawtooth, skin currents grow stronger and
become more pronounced. The g profile just prior to
the crash is also shown in Fig. 2(c). The skin currents
cause ¢ to fall below 1 away from the magnetic axis
while ¢(0) > 1. The magnetic islands which grow on
the resulting double g profile do not grow to the mag-
netic axis if g (0) is sufficiently far above 1.!! Howev-
er, the results presented in Fig. 1(b) are for a rather
large value of resistivity (n ~10~%) so that the time
scale for the growth of the magnetic islands'>!?
(~n~Y3) is comparable to the time required for
q(0) to fall to unity. As a consequence, the magnetic
island of the tearing mode grows until it expels the en-
tire central plasma and produces a normal sawtooth
crash.

The formation of the hollow temperature profile
after the sawtooth crash can be simply understood.
Since ¢(0) ~1 in the vicinity of the magnetic axis,
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FIG. 4. Profiles of (a) T, (b) J, and (c),(d) ¢ during com-
pound sawteeth [Fig. 1(c)]. The evolution of ¢ is shown
during (¢) the normal crash around =1.8x10* and (d) the

subordinate crash around r=2.0x 10

very little helical flux links the hot central plasma
[from Eq. (2), V2¢ =0]. As the hot central plasma is
expelled from the center, it cannot reconnect with the
cold plasma at larger radii so that no mixing of the hot
and cold plasma occurs. The central plasma simply
redistributes as a hot ring as seen in Fig. 2(d).

Compound sawteeth occur at lower values of the
resistivity. In Fig. 1(c) we show T(0), 7(0.5), and
T(0.75) for a run with Q=1, «,; =100, «,,
=1.0x10"% a=0.2, and H=p=1.0x10"5 The
data are rotated with a period of 400. Several sawteeth
preceed those shown in Fig. 1(c). Of the four
sawteeth shown, the first and third are compound and
the second and fourth are normal. The period of the
compound sawteeth is approximately 50% longer than
that of the normal sawteeth. Bursts of MHD activity
are clearly visible in the middle trace beginning about
halfway up each of the compound sawteeth. A corre-
sponding heat pulse associated with this subordinate
crash appears on the outer trace. The central tempera-
ture is unaffected. The successor oscillations from the
subordinate crashes have much longer lifetimes than
the successor from the main crashes.

Figure 4 illustrates the nature of the alternating
normal-compound sawtooth cycle which appears in
Fig. 1(c). In Fig. 4 we show cuts of (a) T at 1
=15x10* and #=187x10* and (b) J at 1,
=1.75x10* and 1,=1.97x10* At the beginning of
the first normal sawtooth at ¢, the central temperature
is only slightly hollow. During the rise of this
sawtooth, skin currents form as can be seen at #,, just
prior to the crash. Cuts of the helical flux are shown
in Fig. 4(c) at several times around this crash. The ra-
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tional surface ¢ =1 is defined by 9y//dr =0 (excluding
the origin). Two ¢ =1 surfaces form around r=0.37.
The double tearing mode growing on this ¢ profile will
remain localized away from r=0 and therefore will
not affect 7(0) if Y, > ¢ (r=0), where Y, is the
secondary minimum of ¢ at the outermost rational sur-
face.!! In Fig. 4(c) Y, drops until Y, < (0) so
the mode grows until it encompasses the magnetic axis
and produces a normal crash. The skin currents at this
time were too weak to cause a subordinate crash. Just
after this crash at t; the temperature profile, shown in
Fig. 4(a), is distinctly hollow (see previous discussion)
and consequently by ¢4 rather strong skin currents
[Fig. 4(b)] have formed. Cuts of the helical flux func-
tion around this time are shown in Fig. 4(d). In this
case PYoin >> ¥ (r=0) so that the mode is localized
away from the magnetic axis, and therefore produces a
subordinate relaxation. This subordinate crash is
caused by a localized m/n=1 resistivity-gradient-
driven mode rather than the double tearing mode. At
t=2.1x10% after the subordinate crash, both 7 and J
are rather flat and by the time of the main crash at
t=226x10* only a very small skin current has
formed. The m =1 mode therefore grows until it en-
compasses the entire central region and flattens 7 and
J

The formation of compound sawteeth requires a
skin current as well as a sufficiently small value of
resistivity so that the time scales for resistive-mode
growth and background-profile evolution are well
separated. In our simulations the minimum resistivity
is of the order of 107°. The development of skin
currents requires a flat or hollow temperature profile,
which is controlled by «, ¢, the central rate of perpen-
dicular conduction. In particular, the parameter
K oTn/r?, With 7,=(HQ)~! the central Ohmic heat-
ing time and r; the sawtooth inversion radius, appears
to determine the existence of skin currents. For the
run with 7 =10~ shown in Fig. 1(b) the skin currents
are moderately well developed. At larger values of k ¢
or smaller 7; no skin currents are observed and the
sawteeth eventually become rounded for sufficiently
large k,o. For smaller ko or larger r; the skin
currents are more pronounced. A run with #=10"7
similar to that shown in Fig. 1(c) but with a narrower
profile (x,o=1.08x10"%) produced weaker skin
currents and did not form compound sawteeth. It
should be emphasized that a peaked impurity profile
can also cause skin currents. In future studies we will
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investigate the role of impurity dynamics, the range of
parameters over which compound sawteeth appear,
and the scaling of the sawtooth repetition and crash
times with n so that our results can be extrapolated to
the present high-temperature tokamak regime where
n~10-6-10"3

We have shown that the cross-field thermal conduc-
tion near the magnetic axis controls the structure of
sawteeth in tokamak discharges. In our simulations
normal sawteeth occur when moderate skin currents
form which drive ¢ below 1 at a finite radius away
from the magnetic axis. The resulting sawtooth
crashes can produce hollow temperature profiles. In
simulations with low edge g (broad current profiles)
and very good central confinement, strong skin
currents develop and produce compound sawteeth.
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