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Shear Thickening and Turbulence in Simple Fluids
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In 1984 Erpenbeck observed a shear-induced alignment of particles into strings in nonequilibri-
um molecular-dynamics simulations of shear flour in the hard-sphere fluid. In this paper ee sho~
that this effect arises from the use of a thermostat which assumes a stable linear velocity profile.
The use of a thermostat which does not bias the streaming velocity profile causes the string phase
to vanish.

PACS numbers: 47.25.—c

To date all ther mostatted nonequilibrium
molecular-dynamics (NEMD) simulations of shear
flow assume that the temperature, Ttt, for the shearing
system can be define from the equation

dNka Ttt = (Xm (vt —nxyyt) 2) (I)

In this equation d is the number of dimensions while
N is the number of particles. The term n„yyt is the ex-

pected streaming velocity for particle i Onc. e the form
of the streaming-velocity profile is established it is a
simple matter to use peculiar velocity scaling, ' the
Gaussian isokinetic method, or the Nose method to
thermostat the shearing system. We should point out
that for the Gaussian method, the peculiar kinetic en-

ergy is a constant of the motion and therefore the en-
semble average employed in (1) is unnecessary. We
shall t:all all thermostats which operate under some ex-
pected streaming-velocity profile profile-biased ther-
mostats.

At small shear rates and low Reynolds number, the
Lees-Edwards shearing periodic boundary conditions4
do indeed lead to a planar velocity profile of the form
assumed in (1). Recently, however, simulations by
Erpenbeck, 5 Woodcock, 6 and Heyes, Morriss, and
Evans7 have been performed at very high shear rates

I

where the Reynolds numbers (8 =prnyL2/g) have
been very large (103-105). The assumption of a linear
streaming-velocity profile under these conditions is ex-
tremely dubious. Suppose that at high Reynolds
number the linear velocity profile assumed in (I) is
not stable. In a freely shearing system with Lees-
Edwards geometry, this might manifest itself as an S-
shaped kink developing in the velocity profile. If (1)
is used to define the temperature, the thermostat will

interpret the development of this secondary flow as a
heating up of the system. The thermostat would ex-
tract sufficient heat from the system to prevent this.

For simulations at high Reynolds numbers one
needs a thermostat which makes no assumptions what-
ever about the form of the streaming-velocity profile.
The thermostat should not even assume that a stable
proflle exists. These ideas led us to develop what we
call a profile-unbiased thermostat (PUT). We use the
Irving-Kirkwood definition of the local peculiar kinetic
energy density, E~ (r, t), s as a basis for defining a local
profile-unbiased measure of the temperature. In a d-

dimensional fluid where local thermodynamic equili-
brium holds the local temperature is related to the
peculiar kinetic energy density and to the local stream-
ing velocity by the equation

E~(r, t) = d[n (r, t) —1]k&T(r,t)/2 = X—,
'

m [v, (t) —u(r, t) ]25(r;(t) —r). (2)

and

n(r, t) = g&(rt(t) —r) (3)

n(r, t)u(r, t) = Xvt(t)S(rt(t) —r). (4)

In Eqs. (2)-(4) 5 is the Dirac delta function. In an ac-
tual simulation it must of course be realized by a finite
representation. In our numerical work we use finite
square area elements with an area chosen so that on
average, they contain two particles. If local thermo-

T(r, t) is a measure of the instantaneous temperature
at position r at time t n(r, t) and .u(r, t) are the usual
instantaneous measures of the number density and
streaming velocity at r, t,

dynamic equilibrium does not hold then there is little
that we can say about a microscopic definition of the
thermodynamic temperature. Indeed the status of
thermodynamics applied to such systems is still uncer-
tain. It is true, however, that the peculiar kinetic ener-

gy per degree of freedom is used universally in com-
puter simulations as a "kinetic" definition of the tem-
perature. Furthermore, its maintenance at a constant
average value is a necessary condition for the attain-
ment of a steady state.

In principle any of the three schemes mentioned
above could be used to thermostat the system. Be-
cause of the discontinuous nature of this definition of
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the temperature [(2)-(4)j we rescaled the peculiar
velocities of each particle at every time step in such a
way as to keep the average of temperature of the simu-
lation, TU(t) =fd"r T(r, r )/ V, constant.

The system studied was 896 soft disks with

@(r)= e((r/r)i2 (5)

at a temperature ka TU/~ = 1 and a density pa.
=0.9238. The potential (5) was truncated at a dis-
tance 1.5o. This system was chosen because it has
been studied extensively before. 6 7 9

Figure 1 shows the shear viscosity as a function of
the logarithm of the shear rate. All units are reduced
in units of m, a. , e. The crosses show the earlier results
obtained with the linear-profile thermostat. The cir-
cles show the new results obtained with the profile-
unbiased thermostat. The low-shear-rate "turnover"
regime has been described before. 9 We have argued
that secondary flows are responsible for the turnover,
but the kinetic energies involved are so small com-
pared to thermal kinetic energies ( —50lo) that we be-
lieve that they are little affected by the linear-profile
thermostat.

At high shear rates the viscosity falls very sharply
with the formation of the string phase. The string-
phase behavior is highly nonergodic with a viscosity
which depends upon how the system was prepared.
Different preparative histories lead to different
numbers of strings being formed parallel to the
streamlines. Once a certain number of strings have

formed that number is essentially preserved by the
high-speed grazing collisions between particles in
neighboring strings. As has been reported by Wood-
cock, 6 the initial transients associated with formation
of the strings can lead to transient shear-thickening
behavior.

A typical instantaneous snapshot of an atomic
configuration in the string phase is shown in Fig. 2. A
reasonably complete picture of this phase is given in
Ref. 7. One indication of the lack of realism of the
results obtained by use of profile-biased thermostats is

given in Fig. 1 of Ref. 7. This figure shows an atomic
snapshot at a shear rate which is close to the transition
from the homogeneous to the string phase. Figure 1

of Ref. 7 shows the implausible coexistence of string
and amorphous phases. This coexistence is implausi-
ble because these two phases must be described by dif-
ferent thermophysical properties. In particular, they
must have different shear viscosities. It is easily seen
that unless the thermostat exerts stabilizing stresses on
the system, the coexistence of two phases across a re-
gion with a linear velocity profile is impossible. In
such a circumstance the condition for stability of two
phases is that the stress rather than the strain rate
should be constant across the cell. The streaming-
velocity profile would, in this circumstance, not be
constant across the interface of the two coexisting
phases. It is the assumption of a stable linear profile in
the formulation of the thermostat used in that work
which in fact stabilizes the coexistence observed in
Ref. 7.

It is easy to see at a microscopic level how the stand-
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FIG. 1. Viscosity as a function of the base-10 logarithm
of the shear rate for a t~o-difnensional soft-disk fluid. The
standard NEMO algorithm leads to the formation of a string
phase ai high shear rates. This phase's existence is brought
about by the assumption of a linear velocity profile in the
formulation of the thermostat. This assumption is incorrect
at high Reynolds numbers.

SHEAR RATE = 17.78

LINEAR PROFILE THERMOSTAT

FIG. 2. Instantaneous atomic configuration within the
string phase. This phase is stabilized by the linear-profile
thermostat and disappears ~hen a profile-unbiased thermo-
stat is used instead. The streaming velocity is parallel to the
x axis while the velocity gradient is parallel to the y axis.
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ard thermostats can contribute to momentum transport in fluids. The equations of motion for planar Couette flow

with either a Gaussian or Nose thermostat can be written in the form'0

dri/dt = pi/m, dpi/dt =Fi —a (pi/m —n~'yyt) . (6)

The thermostatting multiplier a takes on different forms depending on whether the thermostat is Gaussian
isokinetic/isoenergetic or Nose in form. If J(r, t) = mn(r, t)u(r, t) is the local momentum density, Eqs. (6) im-

p&~'

dJ(r, t)/dt= —V (P+puu) a—X(p/m n—„py)S(r, r—) (7)

The last term on the right-hand side of (7) influences the momentum transport. For steady-state planar Couette
flow at any Reynolds number, the profile-biased thermostat forces the velocity profile to be linear with

X(p,/m —n„yy)8(r, —r) =0, for all r. This does not happen for our PUT thermostat. Instead of Eqs. (6) we
have

dr, /dt = p/m, dp/dt = F, a[p—,/m —u(r, t))8(r, —r).
Differentiating the momentum density using (6') we find that instead of (7) we have

(6')

d J(r, t)/dt = —'7 (P+puu) —a X[p /m —u(r, t) ]5(r, —r) = —V (P+ puu). (7')

Provided that the "delta functions, " &(r, —r), are
small compared to the characteristic lengths of inho-
mogeneities in the fluid properties, the profile-
unbiased thermostat does not contribute to momen-
tum transport. It may be thought that these results
contradict the proof by Evans and Morriss" of the
identity of Green-Kubo response functions for
Newtonian and Gaussian isothermal dynamics. There
is, however, no contradiction because the Green-Kubo
response pertains only to the limiting small-field re-
gime with a Reynolds number of zero.

The viscosities obtained by use of the profile-
unbiased thermostat agree at low shear rates (or Rey-
nolds numbers) with the results obtained by use of the
linear-profile thermostat. At high Reynolds numbers
the PUT system shows extreme shear thickening. This
is not a transient phenomenon. Looking at snapshots
of atomic configurations (Fig. 3) reveals that in the
shear-thickening regime there is comparatively little
long-range positional order. The system is homogene-
ous and, relative to the biased profile configuration,
iSoiropiC.

In Fig. 4 we can see that there is a high degree of lo-

SHEAR RATE = 37.?8

PROFILE UNBIASED THERMOSTAT

FIG. 3. Atomic configuration observed at the same nomi-
nal shear rate, temperature, and density as Fig. 2. The con-
figuration was generated by use of a thermostat which
makes no assumption whatever of the form, or even the sta-

bility, of the streaming velocity field. The streaming velocity
is parallel to the x axis while the velocity gradient is parallel
to the y axis.

SHEAR RATE =17.78

PROFILE UNBIASED THERMOSTAT

FIG. 4. Instantaneous velocity vectors for the configura-
tion shown in Fig. 3. For display purposes the velocities
shown are taken relative to the linear profile n„yy. The
velocity vectors show a high degree of local correlation.
Convective momentum transport dominates the system.
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cal velocity correlation which has no effect on the tem-
perature TU. Temperature is a measure of the fluctua-
tions of particle velocities about the local streaming-
velocity field. The degree of turbulent convection
found in PUT systems in the shear-thickening regime
can be seen by comparison of the temperature TU with

that based on an assumed linear velocity profile, Ta.
Below the transition to the thickening regime these
two temperatures are equal. At a strain rate of 17.78,
Tq is approximately 24. The unbiased temperature TU

is of course equal to the set value, 1.0. The ratio of
these two values provides a measure of the enstrophy
of turbulence in the system.

Within the shear-thickening regime, the viscosity
shown in Fig. I is computed by inclusion of contribu-
tions to momentum transport from convection. This
value is the same as that computed from the energy
balance equation:

flow. This indicates that for low-Reynolds-number
flows, thermophysical properties are remarkably in-
sensitive to the details of the thermostatting mechan-
ism. Thus low-Reynolds-number simulations that are
thermostatted by profile-biased or profile-unbiased
methods would seem to provide a well-defined realistic
statistical mechanical model of the corresponding ex-
perimental systems. On the other hand, future NEMD
simulations of high-Reynolds-number flows will have
to employ profile-unbiased thermostatting together
with local definitions of thermophysical properties in
order to yield results which are not dictated by the
form of the assumed velocity profile used in the ther-
mostat. Clearly the simulation should predict the
correct streaming-velocity profile. It should not be
predetermined by assumptions made in the formula-
tion of the thermostat.

(dE/dt) =qsy2 I'. (8)

This equation defines the so-called eddy viscosity q~
The eddy viscosity is not a true thermophysical proper-
ty. Its value is dependent upon the Reynolds number
as well as upon the thermodynamic variables of tem-
perature, density, and shear rate. The laminar viscosi-
ty is deftneds as the ratio of the appropriate element of
the pressure tensor to the strain rate as observed in a
free-streaming coordinate system.

The PUT system is ergodic with properties which are
independent of the preparative history. Indeed, to
check this point we started one run using the profile-
unbiased thermostat from a string-phase configuration.
After equilibration to the steady state it was indistin-
guishable from systems which had been prepared sole-
ly with use of PUT thermostat.

We have pointed out that for high-Reynolds-
number flows, thermostats which assume a specific
streaming velocity profile can lead to spurious results.
Within the laminar-flow regime, profile-unbiased ther-
mostatting leads to results identical to those obtained
by the assumption of a linear profile for planar Couette
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