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Tricritical Effect of Attractive and Repulsive Forces on a Single Polymer Coil
in a Poor Solvent
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Ualues of the reduction in swelling of a single coil in a poor solvent are calculated for the
continuous-polymer model, by use of the renormalized theory. These values are compared to
light-scattering measurements of Perzynski, Adam, and Delsanti. The results support recent
theoretical studies of anomalous effects associated with the tricritical state of a polymer chain and
ultraviolet divergences. In fact, this comparison provides the first experimental evidence of the ex-
istence of a tricritical state for polymers near the 8 temperature.
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When the temperature T of polymer solutions decreases, the effect of attractive forces between monomers be-
comes conspicuous: The sign of the second virial coefficient becomes negative and the size of the coil smaller than
that of the equivalent Brownian coil. The reduction in swelling is, however, small and therefore attractive forces
are not the only forces acting on the segments; stabilizing repulsive forces are also present and it is interesting to
determine as exactly as possible the effect of these forces. This occurs in the vicinity of the Flory or 8 temperature
T„, which in this paper is defined as the limit TF = T, (N —~), where T, (N) is the critical phase separation tem-
perature of chains with N monomers.

%e shall use the continuous model defined by the probability weight
t

dr b ~'
P I r j = exp ——, ds ——

Jl ds J ds'5(r(s ) —r(s') )
ds 2 o o

where r(s ) is the configuration of the chain, and S the
Brownian "area" of the chain, proportional to the
molecular mass M. The coefficients 6 and c corre-
spond respectively to the two-body and three-body in-
teractions. The end-to-end mean square distance of
the Brownian-model chain (b = c = 0) is

(R ) =dS; (2)

z = bS'1'(2m) "', y = c(2sr) (3)

Let R be the average squared end-to-end distance of
the coil. The swelling

W= R'/(R') (4)

has been calculated by one of us for T near TF by two

here d = 3. b is a function of T: At TF, b = 0, and

b (0 for T & TF. (It may look surprising that b =0
for T = TF but actually b is not a pure two-body in-
teraction and the elimination of short-range divergent
three-body terms amounts to a shift of the two-body
interaction parameter b.) We assume c ) 0 to be in-

dependent of T. Therefore the real chain is not exactly
Brownian at the 8 temperature Tz.

The dimensionless interaction parameters are de-
fined by

pS tS tS
ds J ds' ' ds" 5(r(s ) —r(s') )h(r(s') —r(s"),

o o &o
)

different methods, using field theory' or, more direct-
ly, the continuous chain-model2 (1), and renormaliza-
tion theory. 3 A first-order perturbation calculation
(linear approximation) gives

WL = 1 —4n y + —,
'

z, (5)

but the exact tricritical calculation yields

W = A (y ) (1—",, 7r h ) + —', z ( h/y ) 1"3 (y ), (6)

where A o and A 4 are regular functions of y, with
Ao(0) =34(0) =1. Here h is the three-body osmotic
coefficient' [the dimensionless third virial coefficient;
in the linear approximation (5), one has simply h =y].
It depends on the molecular weight':

h = I/44m In(S/so), (7)
where so is a small cutoff area, corresponding roughly
to the size of a monomer. Thus, in practice
(N )) 1), we take S/so = N, where N is the number
of monomers of the coil.

For infinite chains, A = 0, and at their 0 point Tz
(z =0),W=Ao(y). This residual swelling cannot be
measured, and it is appropriate to define the real swel-

linggtt =R'/Ao(y)dS:

(8)
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b, = —42/JM. (12)

~we have set
A (y)/A (y) = A„(0)/Ap(0) =1;

we note, in particular, that the second term has a nega-
tive sign [see also Eq. (5)]}, in contradiction to
Stephen's result' as was noted in Ref. 1, and we shall
see that this nonobvious fact has interesting conse-
quences. [The origin of these negative signs is weil

understood theoretically (terms obtained by analytic
continuation in dimension d) ]. Let us note also that
the coefficient of h in (8) contradicts that of Cherayil,
Douglas, and Freed: It is here ten times higher.
%hen z & 0 the third term accounts for the reduction
in swelling of the coil. Comparing Eqs. (8) and (5) we
see that the coefficient of z in (8) is reduced by a tri-
critical factor (h/y)+". It will be emphasized that the

experiments demonstrate the existence of this reduction

and this will be our main result. It is also of interest to
compare Eqs. (8) and (5) to the formula a la Fiory, ~

~5/2 ~3/2 & 33/2z + 31/2 x 8y~- 3/2f f
where ~f is a global swelling. (The coefficients have
been obtained by assumption that the monomer distri-
bution is Gaussian). For a given set of values (z & 0,
y & 0), the swellings obtained from (9) are very dif-
ferent from those given by (5) and (8). In particular,
for z & 0, we have always gf ) 1, whereas values

WL & 1 and&/t & 1 are possible.
~e propose to compare results (,&), (g), any (y)

with light-scattering data from Perzynski's thesis
concerning dilute solutions of polystyrene of mass
M~=1.26x 106 in cyclohexane. However, we first
need the values of b, c, and h and we shall determine
them independently.

Values of b for the polystyrene-cyclohexane solution
are derived from the swellings observed'p at tempera-
tures above TF and from the precise theoretical swel-
ling curve of des Cloizeaux, Conte, and Jannink. "
The result

b =2.918—(896 K)/T nm

is assumed to be valid for lower temperatures, and it
gives b = 0, for T = TF = 34 'C, in agreement with the
definition TF= T, (S —00). The values given by (10)
are about 10% higher than the corresponding values of
Ref. 10 obtained with the crude Flory swelling formu-
la.

The value of c will be determined by comparison of
experimental values of T, to simple predictions of the
Flory-Huggins approximation'2 (continuous version).
Experiments give for polystyrene in cyclohexane

10'/T, = 3.257+ 47/~~,

and therefore the critical value b, of b is, as a result of
(10),

Now c can be obtained from the equation

c=b, S/4, (13)

which follows from the critical-point equations
BII/BC = 0, BzII/BC2 = 0, where II is the osmotic pres-
sure given in terms of the number C of chains per unit
volume, by the crude equality

IIP= C+ —,
' bS C + —,'cS3C3. (14)

Since S and M are proportional, Eqs. (12) and (13)
are consistent with our assumption that c is constant.
To get it, we finally need the conversion relation

S =2(A)M, (15)

where" for polystyrene (A) =8.3&&10 4 nm'/dalton.
Thus we find for polystyrene in cyclohexane [see (3)]

c =0.73,

y = 0.0029.

(16)

(17)

It is difficult to evaluate the error involved in approxi-
mation (14) and therefore the error in c. However, an
independent similar value of c has been derived by
Perzynski, using directly the osmotic pressure mea-
surements of Stepanek et al. '4 for semidilute solutions.
It reads in our notation" c = 0.76.

We now need the value of h where h = I/44rr
x ln(S/sp) . Actually, S/sp is (approximately) the
number of monomers of molecular mass m =104.
Thus, for the sample M„= 1.26x 106, S = 2090 nm2,
and S/sp = M„/m = 1.21 x 10". Therefore,

h =7.7x10 4. (18)
Note that a logarithmic function like A varies slowly
and therefore an error in sp has minor consequences.
On the other hand, the swelling data of Perzynski
have been given for T in the range 301-308 K. The
useful values of z are calculated by putting in (3) the
corresponding values of b [given by (10)] and S (first
column of Table I). Now, using these values of z, y
(17), and h (18), we calculate the corresponding
theoretical swellings Wf(9), g L(5), and ~R(8) (see
Table I).

The physical quantity measured by Perzynski,
Adam, and Delsanti is precisely the gyration swelling
WG = RG/RG ( T, ) where RG is the average squared ra-
dius of gyration, and T, a reference temperature. The
value of T& ( T&

——35 C) chosen by Perzynski is not far
from TF 34'C (see Table——I and Fig. 1'6).

Consider first the temperature TQS) at which the
end-to-end swelling is unity. Its limit is the Flory tem-
perature T~(S ~) = T„=34'C. For finite molecu-
lar weights, the Flory model gi~es Tg (S) & TF (Fig.
1), a result which could look natural. However, a
quite different result is obtained by use of the continu-
ous model, which takes into account the ultraviolet
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TABLE I. The various swellings calculated or measured for different temperatures, for polystyrene of mass M = 1.26&& 10
in cyclohexane. Parameter 6 is calculated from Eq. (10), and z from Eqs. (3) and (14).~F is the Flory swelling (9).~t is cal-

culated from (5),~q is the renormalized swelling calculated from (7) and (8),g~ is the experimental swelling taken from
Perynski's thesis, and+~ L and g~ q are respectively the linear and renormalized gyration swellings (18) and (19).

10 It)

(nm ')
End-to-end swelling Gyration swelling

~G,L WG.~

308
307
306
305
304
303
302
301

0.89
0

—1.05
—2.01
—2.98
—3.95
—4.92
—5.87

0.026
0

—0.0305
—0.058
—0.086
—0.115
-0.143
—0.17

1.08
1.04
0.97
0.88
0.75
0.46
0.29
0.22

1

0.96
0.92
0.884
0.845
0.81
0.77
0.73

1.01
0.99
0.96
0.942
0.915
0.89
0.87
0.85

1

0.97
0.95
0.931
0.912
0.855
0.81
0.756

1

0.967
0.928
0.893
0.857
0.82
0.784
0.75

1

0.98
0.955
0.934
0.912
0.89
0.867
0.846

divergences. Figure 1 shows that Tg(S) & T„, for S
finite. A consequence is that the "dividing line" in-
troduced by de Gennes'7 is found to be exactly in the
opposite half-space from what was initially predicted.
Note in Fig. 1 that for our sample, the linear theory
yields TQS ) —TF = + 1 'C and the renormalized one
gives +0.5'C.

The most interesting result concerns the curve of
reduction in swelling. Figure 1 immediately shows
that the Flory model is unrealistic. The continuous
model represents much better the experimental reduc-
tion in swelling. We take here for the theoretical
curves the reference temperature T& of the experimen-
tal data where g G

= 1; this is achieved, according to

Wo L
= Ra/RG ( T) ) = 1+ „,(z —zt), (19)

where zl is the value of z for the reference tempera-

the considerations just above, by shifting the line~„
to the right by 0.5', and ~L by O'. Then Fig. 1 shows
that the slope of ~~ is too large. On the contrary, a
good agreement is found with the renormaiized eurve~R
(for 303 K » T ~ T„).

%e can still improve the comparison by calculating
the theoretical gyration s~elling. The linear approxi-
mation is

I

302

I

30[

I

306

TtK]

308

T,

FIG. 1. Calculated end-to-end swelling for values of the
parameters z, y, and h given in text. ~f, swelling derived
from the Flory theory [Eq. (9)[. Wt. , swelhng in the con-
tinuous model: linearized theory [Eq. (5)].~~, swelling in
the continuous model: renormalized theory [Eq. (8)).
Crosses, experimental values obtained by Perzynski (Ref. 9)
for the gyration swelling g G of polystyrene in cyclohexane,
M = 1.26x 106. Dashed line, theoretical reduction in swell-
ing after shift of W~ to the right in order to obtain
~q =&6=1; at the same temperature T~ =35 C.
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FIG. 2. Calculated gyration swellings for values of the
parameters z, y, and h given in text; crosses, measured gyra-
tion swelling, as in Fig. 1. Calculated and measured swel-
lings are normalized to unity at the same temperature
T[ ——308 K.
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ture Tt = 35 'C. On the other hand, the renormalized
gyration swelling~'8 reads

W, „=I+',,", (h/y)""(z —:,). (20)

)z i & h' 2(y/h ) "xconst. (21)

Thus using (17) and (18), we find ~z ~
& 0.045 x const.

The constant in (21) is not exactly known, but, assum-
ing that its value is unity, we find from Table I that
(21) gives 305 K & T ~ TF. Actually a good agree-
ment is found in the range 303 K & T » T„(Fig. 2).
Note" that 303 K is the critical phase separation tem-
perature of our sample. Below 303 K, the reduction in
swelling is stronger, as expected (collapse).

We thank M. Adam, M. Delsanti, and R. Perzynski
for interesting discussions. Laboratoire Lion Brillouin
is a Laboratoire commun du Commissariat a 1'Energie
Atomique et du Centre National de la Recherche
Scientifique.

(Note that the numbers', ,", =1.2762 and —', =1.3333
are rather close. ) WG t and WG „are given in Table I
and Fig. 2. Again the line WG L is too steep andWG tt
is in good agreement ~ith the data. Thus, the main ob-
servable effect is the renormalization of the coefficient of z
i n g G tr (or ~it ) by a tri cri tical factor (h /y ) /" = 0.62.

Let us finally consider the range of validity of the
tricritical theory. It is predicted' to be valid for T
close enough to TF.'

38. Duplantier, J. Phys. (Paris) (to be published).
4%e have found (Refs. 1 and 2) A p(y) = 1+~37ry +. . . ,

and in this article ~e have y = 2.9 & 10 ', and so
A p (y ) = 1.0044.
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