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Could There Be a Planck-Scale Unitary Bootstrap Underlying the Superstring ~
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It is proposed that the superstring and its spectrum may not be fundamental but may themselves
correspond to an approximate solution to a self-consistent dynamical theory built from the basic
principles of S-matrix unitarity, analyticity, and crossing. In particular, it is shown that a simple ap-
proximate dual unitary scheme based on these principles does generate linear Regge trajectories and
selects closed (rather than open) strings.

PACS numbers: 11.17.+y, 11.50.Ge, 12.10.6q

Superstring theory has recently shown considerable
promise as a way of unifying all the known particle in-

teractions. ' 3 It has been stressed by Witten, among
others, that one of the deepest remaining problems is
to "find the fundamental principle that impels it."

String theories first attracted general attention over
ten years ago when they were found to be equivalent
to dual-resonance models (DRM), which were them-
selves solutions to a program for finding consistent
zero-width-resonance-dominated S matrices con-
strained by analyticity, crossing symmetry, and vertex
factorization. Unitarity is violated in such a partial
"bootstrap, " but can be built up perturbatively
through higher-order loop diagrams.

An alternative view is to regard DRM themselves as
approximations to fuii dual unitary bootstrap (DUB)
amplitudes, which have finite-width resonances and al-

ready contain at least a subset of loop diagrams. 5 6

(DUB) Regge trajectories and amplitudes are generat-
ed dynamically from infinite sets of coupled integral
equations, with each member of the DUB mass spec-
trum arising as a bound system of all allowed combina-
tions of members of the same spectrum. If such a
DUB amplitude is found to have approximately linear
Regge trajectories and to be dominated by relatively
narro~ resonances at lo~ energies, it can clearly be ap-
proximated by a DRM amplitude, and hence by a
string, since both (DUB and DRM) amplitudes then
satisfy the constraints on which DRM's are based, at
least approximately. This would also, in effect, ex-

plain why a string arises in the first place.
One should get the same final (unitary) amplitude

starting from either (DUB or DRM) amplitude if one
could correctly bring in all loop corrections in each
case, at least in a domain where such a program is
meaningful. The dual-topological unitarization frame-
work5 7 was an example of such a program in the case
of planar DUB amplitudes. Simple approximate four-
dimensional (4D) DUB calculations did in fact gen-
erate linearly rising leading Regge trajectoriess and rel-
atively narrow low-energy resonances dynamically and
therefore did lead to (open) strings as approximations.
Of course, as is well known, a complete anomaly-free
4D string theory with finite or renormalizable loop
corrections has never been found. However, DUB
schemes can be readily generalized to higher dimen-
sions for both planar and nonplanar amplitudes. We
shall see that we again generate linearly rising leading
Regge trajectories within simple approximate calcula-
tions. Coupling calculations are much more difficult
and have not as yet been carried out for D ) 4; on the
basis of experience with D=4, however, we conjec-
ture that they should again lead to relatively narrow
low-energy resonances. We are then again led to
(open or closed) strings as approximations.

In order to be able to identify such strings with the
ones currently discussed in the superstring program,
we have to check if the latter can have couplings
strong enough to sustain (and arise from) a unitary
bootstrap. If we use the equations of Kaplunovsky, '
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for example, we find that quantum (or loop) effects
are of the order

gIpA ) gtpMSI, —g42 (M„„/M„p)6,
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where M„m~ and M„, are the compactification and
string-tension mass scales, A is an effective cutoff, and

gIp and g4 are the 10D and 4D gauge couplings. Thus,
if we are to have even a marginal mass-scale hierarchy

M„,P M„~ of the type required for the usual simple
supersymmetry compactification program, and if
g42 —noUT —10 (GUT denotes grand unified the-
ory), as required by A&cD —100 MeV, the quantum
effects can certainly be of the order of unity and there-
fore large enough to sustain a bootstrap. For example,
o.GUT=10 2 and M„,=2M„v gives gI2pA6) 0.64
—1

The requirement that we have a superstring which is
tachyon and anomaly free and finite in at least some
perturbative sense has narrowed the possible theories
to a small number of open and closed strings in ten
dimensions. The latter may themselves arise as partic-
ular solutions to the 26D closed bosonic string. " It
would be desirable to find further fundamental re-
strictions and perhaps eventually reduce the options to
a unique theory. If there is a unitary bootstrap under-
lying the superstring it should hopefully be able to pro-
vide such restrictions; and we do indeed find, as we
shall see below, that at least in the present simple ap-
proximation scheme, only a nonplanar bootstrap can
consistently satisfy our equations, whereas a planar
one does not. Since the former should give rise to
closed strings4 as approximations, whereas the latter
should provide the dominant dynamics generating
open ones, 4 8 the present (precompactification)
scheme effectively selects the closed superstring.

Let us begin with the planar bootstrap, which in-
volves summation of all possible planar graphs. For a

W(s, t, () = I'(t„()5(s—s, ) + b(t, ()v '"&(s —s)&

with H(x) =1 for x ) 0, and zero otherwise. We are
assuming that the lowest exchange a comes from the
ground-state particles z, together perhaps with possible
background coming from low-s zz, zzz, . . . exchange;
the latter would shift the effective mass ~s, of a away
from the mass m, of z. The Regge term bv takes into
account all the higher (s ) s) contributions to
(a, . . . ) in the sense of average Regge-resonance
finite-energy sum-rule duality relating Figs. 1(a) and
1(d):

tX % —5
ds [I 5(s —s, ) —bv e(v) ]v = 0 (5)

for a given t, g, where S =max(SI+S2, 53+ S4), N is

(~) (&)

FIG. 1. Approximation to the sum of all possible planar
graphs for moderate t.

given process 12 34 at moderate t, this is approxi-
mately equivalent to the infinite ladder sum of Fig. 1,
where s, t, u are the usual Mandelstam variables and (
represents all the other independent (angular) vari-
ables for a given dimension D. In Figs. 1(b), 1(c), . . .
the ladder exchanges must themselves have the form
of the entire sum of Fig. 1, and the masses of the ver-
tical-line exchanges (a, . . .), (b, . . .), (c, . . .),
. . . must be bounded to avoid double counting, say,

between Figs. 1(a) and 1(b). We will formally associ-
ate a coupling parameter @ with each of these latter ex-
changes.

If we then take the Mellin transform of the s-

channel absorptive part 3 (s, t, g) of Fig. 1,

AJ(t, ()= ds v i 'A (s, t, $),
where v is the usual crossing-symmetry variable —,

'

x (s —u), or

(2)v=s+ —,'(t —Xm ),
and construct a [1,N] Pade approximant for the ex-
pansion of A, in It, we obtain, s for a given t, (,

~J = &J/[I — I dyy ~ G(y)], (3)

where the m, and S; are the masses and spins of the
external particles, y =v/v„v, is Eq. (2) at s = s„and
W& is the transform (1) of Fig. 1(a), which we will ap-
proximate by

(sp —s), (4)

l

an integer ~ 0, and S —N ~ 0 for the zeroth-
moment sum rule.

Equation (3) becomes exact for a factorizable
model, even for Pade [1,N] - [1,1], in which case the
denominator integral is just the Mellin transform of
Fig. 1(b) divided by W, . Such factorizability should be
a reasonable approximation because of the average du-
ality between vertical-line exchanges like (b, . . . )
and factorizable t-channel Regge behavior. s

If we now require the vanishing of the demonimator
in Eq. (3) to give a (Regge) j-plane pole at j=a(t)
with residue b, we obtain, using Eqs. (4) and (5),

y (a+N+ I —S ) '=6=—ln(y/yp)+ J dy G(y)y 'lny „dy G(y)y
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n(t) = S —N —1+ (e —I)/In(v, /vo). (8)

This minimum yt ( =y yo), which is also the only
one giving a unique n, corresponds to the highest s-

channel vertical-line production multiplicity when we
expand Eq. (3) in powers of its denominator integral
and take its inverse Mellin transform to obtain
1 (s, t, ().8'3 In a string picture this would be
equivalent to maximization of the breaking of the
string as it is stretched. Since the energy of an unbro-
ken string rises rapidly with length, such maximal
breaking corresponds to a minimization of energy in
the s channel.

Since st and so are bounded, positive, and (presum-
ably) monotonic in t, and since st ) so, Eq. (8) gives a
linear a(t) for large t. Now if the mass or masses
making up (b, . . . ) and (c, . . . ) in Fig. 1(b) are ap-
proximated by a single effective mass m„, the thresh-
old of this graph should be roughly equal to s = so if
we are to avoid double counting between Figs. 1(a)
and 1(b). We therefore have so=4m„2. Now in the
case of Fig. 1(b), for example, the AFS high-s
behavior arising from the intermediate state cut by line
I of Fig. 2(a) begins to be canceled by higher inter-
mediate states, such as the one cut by line II of Fig.
2(b), at a threshold s =9m„2.' We might therefore
expect the peaking of Fig. 1(b) to occur below this at

In the case of 4D planar graphs it is well known that
two-Reggeon Amati-Fubini-Stanghellini (AFS) singu-
larities are absent on the physical sheet. ' This gives a
rapid falloff for large s (or y) of Figs. 1(b), . . . and
hence of G(y)y ", which should therefore be peaked
in y with an appropriate constant X. The same result
can be readily seen for sums of Feynman graphs for
general D by use of Feynman u-parameter methods to
analyze their large-s behavior, which then arises, e.g. ,
from end-point contributions of loop integrals as long
as D is such that individual graphs converge. '2 If they
do not, the absence of AFS singularities should still
persist for any well-defined sums of graphs by analytic
continuation in D.

The peaking of y ~G(y) permits us to sets

lny = lny~,

within Eq. (6), with an u-independent integrand peak
position y =yt, and hence an o.-independent C
=in(yty/yo). We will assume that the dynamics re-
quires yt (and hence st) to take on the lowest value
capable of giving a solution for a from Eq. (6), which
then gives

l l I I l

+ e ~ ~

(a) (b)
FIG. 2. Different intermediate-state contributions to Fig.

1(b), represented by the sets of lines cut by the dashed lines
I, II, . . . .

s = s~ ( 9m„, or st/so & —,'. Equation (8) thengives

n(v=s) & S —N+8,

with 8 = 1.12. This result does not appear to be modi-
fied much by finite-peak-width corrections to the ap-
proximation (7). If, for example, we take

y "G(y)~8(u+ f) H(u— f), —

~here u = (y —y~)/(yt —yo) and 0 & f( 1, we recov-
er Eq. (7) in the limit f- 0. But even in the
maximum-width limit f= 1 we obtain Eq. (9), with
8 = 0.94.

All consistent anomaly-free tachyon-free super-
strings so far have Q»J»2 ground states (z) with
mass m, =0.' 3 If we apply Eq. (9) to zz zz, for ex-
ample, we find that, since N is an integer and
S —N~0 in Eq. (5), and since 8 =1, we cannot
have any zz channels which would be able to generate
simultaneously all the correct 0» J» 2 ground states
coupled to this channel, as required. It is not possible
for n(0) = a(v = s) =0 to be consistent with Eq. (9),
for instance. We conclude that planar bootstraps (and
hence open strings) are excluded by our scheme.

In the case of the nonplanar bootstrap (which leads
to closed strings), nonplanar graphs play an important
role from the beginning. Figure 1 can be generalized
in the usual way to deal with such graphs, and we are
again led to Eqs. (I)—(2), but this time for modified
absorptive parts A and with

N N+n, (10)
since we can now have either n =0 or n =1 for the
lowest-moment sum rule (5), depending on the signa-
ture of the output o(t).'4 AFS-type singularities are
now present on the physical sheet and should lead to
the effective large-s behavior s "~ for Fig. 1(b), etc.
We will assume that this persists down to moderate s
and take'5

G(y) = Hy ""'~(y —ytt)

I in Eqs. (3) and (6). Equations (3) and (10) now give

[u(t)+I+N+n —S ] 'y =in(yyo/yg)+[a(t) —a„ps(t)] (12)
where ~AFs is associated with Fig. 1(b), etc. , and not with the full amplitude.

Since ~AFs(t) is itself calculable from n(t), Eq. (12) is a "functional" equation for u(t) which cannot have a
solution unless stt = so and s is given a moderate t dependence in such a way that o.(t), and hence n„Fs(t), are
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linear in t .With y=expi I/[P+v, / (s —s, )l }, we
obtain"

~(t) =5 —N —n+ c+2u'v„ (13)

with c=Plnf —1, 2a'=lnf/(s —s ), and lnf= f—1/(1 —~AFs/o. ). Strictly speaking, this derivation
breaks down at v, =0, since the Mellin transform (1)
leads to a spurious singularity at v, =0 with our ap-
proximations. However, by simultaneously consider-
ing more than one process and using the above deriva-
tion only in the (overlapping) t regions where it is
valid for a given process, one can argue that an equa-
tion like Eq. (13) should apply for general t.s

As is well known, for a given linear ot(t), the inter-
cept o.AFs(0) depends on the dimensionality D, but the
slope result nAFs=n'/2 does not. 4 We therefore ob-
tain Inf =f—2=1.147. With P= 1/lnf, for example,
c =0 and we have a moderately slow t dependence for
s. A consistent superstring-spectrum solution with
n (v = s ) = S —N —n and s, = m,2 = 0 is then possible.

An even slower t dependence for s can be obtained
with P = —,', which gives c = —0.4265. A consistent
superstring-spectrum solution with n(v = s) = 5
—N —n and m, =0 is again possible, but this time
with a' s, =0.2133. In other words, the exchange a
must include some zz, zzz, . . . background in addition
to a. Such a background is, of course, absent in a
string theory, but we must remember that the string is
merely an approximation to a more fundamental
theory here.

In conclusion, we see that, at least within the con-
text of the present dynamical framework, a su-
perstring-type infinitely rising Regge-trajectory spec-
trum arises quite naturally. We also saw that it selects
a nonplanar solution and hence a closed-loop string.
This suggests that an underlying bootstrap, where each
member of the spectrum is a bound system of all al-
lowed combinations of members of the same spec-
trum, may both justify a string spectruin in the first
place, and select the correct specific theory, hopefully
uniquely. But, clearly, much better calculations will be

needed to confirm this, taking full account of the de-
tails of the loop integrals of Figs. 1(b), 1(c), etc. , and
calculating couplings at the same time. Finally, the
bootstrap may help in unraveling the compactification
problem; this was not even attempted here but will be
needed to establish proper contact with experiment.
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