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Resonance due to a Local Spin Rotator in High-Energy Accelerators

S. Y. Lee and S. Tepikian
Brookhaven 4'ationaI Laboratory, Upton, New York J1973

(Received 23 December 1985)

A method of solving the spin equation in a large circular accelerator with a local spin rotator
("snake") is proposed and compared with a numerical simulation of the spin tracking. We found
that (1) the envelope function of the snake structure plays an important role in the spin restoration
in passing through the resonance, and (2) a new type of spin depolarization resonance, called snake
resonance, appears.

PACS numbers: 29.25,Fb, 02.70.+d, 03.50.Kk

Preservation of spin polarization of a particle beam
to highest energy [e.g. , at the Superconductivity Super
Collider (SSC)] is an important problem in accelerator
physics. ' The spin of a particle in a circular accelerator
will precess about a vertical axis as a result of the guide
field B with frequency yG with respect to the azimu-
thal angle 8, where y is the Lorentz relativistic factor
and G=(g —2)/2 is the Pauli anomalous magnetic
moment. ~

Besides the vertical field B to guide the particle
around the circular accelerator, strong-focusing quad-
rupoles are needed to confine the beam particles to a
small size. The beam particles will then execute beta-
tron motion around the central orbit. 4 This betatron
oscillation has a frequency called betatron tune v,
which is defined to be the number of oscillations per
revolution. Particles displaced vertically from the cen-
tral orbit in quadrupoles will experience horizontal
fields, which gives rise to small perturbing kicks to the
spin orientation of the particle. These perturbing kicks
are normally unimportant unless the precession fre-
quency is in phase with the kicks. This is a resonance
condition. Resonances arising from the accelerator
structure are called intrinsic resonances. The one of
concern here will appear when the precession frequen-
cy yG = kP + v, where k is an integer and P is the
periodicity of the machine. At the resonance, the
kicks to the spin orientation add up every turn (or
periodic structure). In addition, some perturbing kicks
arise from the randomly distributed alignment errors
in the magnets. These kicks repeat every turn in the
accelerator, and therefore a resonance occurs when the
precession frequency becomes an integer. The largest
resonance (e( of most of the accelerators in operation
or in the design stage has been compiled recently, 5

where the resonance strength (e( is the Fourier ampli-
tude of the perturbing kicks. In dealing with a low-
energy machine such as the Brookhaven National
Laboratory alternating-gradient synchrotron or the
CERN proton synchrotron, where l~l & 0.15, a tune
jump and orbit corrector has been used to correct each
spin resonance separately. 6 For a higher-energy
machine, such as the relativistic heavy-ion collider

with
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(RHIC), the CERN Super Proton Synchrotron (SPS),
and Tevatron (Fermilab) with (e( ( 0.75 and the SSC
with (e( & 8, the conventional method becomes im-
practical.

"Snakes" were invented to cure the depolarization
resonances. A snake is a combination of horizontal-
and vertical-field dipoles to rotate the particle spin by
n radians about a horizontal axis locally without per-
turbing the particle orbits outside the snake. With two
snakes, the spin is up in half of the accelerator and
down in the other half of the accelerator. The spin
tune of the machine is therefore —,'. This would allow
the acceleration of particles without their passing
through resonance. s to A simplistic view is that the
perturbing kicks due to half the accelerator are can-
celled by the perturbing kicks in the other half. This
paper is concerned with the case where these perturb-
ing kicks add rather than cancel.

The spin-transfer matrix for the two-component
spinor wave function for polarized particles in the ac-
celerator encountering a single spin-depolarizing reso-
nance can be expressed as"

y(ef) =—r(ef, e, )y(e, ), .

where 9; and &f are the initial and final angles around
the accelerator,

r(ef, e, ) = aC [n- SC(ef —e,.)/2]
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and where a „K,and e are respectively the Pauli ma-

trices, the resonance position, and the resonance
strength, and 5 is the distance between the spin pre-
cession frequency yG and the depolarizing resonance
kick frequency K.

The spin wave function at the snake will be
transformed locally according to

with respect to the horizontal outward direction x or
a; and 0, and ii,+ are angles before and after the
snake.

For the simplicity of our discussion, we assumed
that there are N, /2 pairs of @(,$2 snakes evenly distri-
buted in the accelerator at

Ho, 0o+ 2vr/N„. . . , Ho+ (N, —1)2m/N, .
i(ni2)S, a

The snake configuration can be generalized easily.

0) de„otes the s„ake ax, s The spin-transfer matrix through a pair of snakes

r (0O+ 47r/N„HO) = t ((1O+ 47r/N„HO+ 27r/N, )S(@p)t(0o+ 2m/N, , (10)S(@()
= —C(@t—@2) + 2b cos($2 —p —K&0 2K7r—/N, ) C(@t—p —KHO 2K'—/W, )

—2ab cos($2 —P —K&0 2K—m/N, ) S(pt —n+ 2K'/N, ), (4)

~here the components of r can be obtained easily from C and S matrices with r» = r(2 and r22 = r( (. The parame-
ters, a, b, n, p, and 5, varying slowly with respect to 8, are taken to be constant in obtaining Eq. (4). Without loss
of generality, we now assume that the spin is tracked through the accelerator with a @t and 42 pair of snakes. The
spin-transfer matrix after the n th traversal of the $ t, $2 pair of snakes is

We shall propose a linear-response approximation to solve Eq. (5), i.e. ,

T(2(&„+()= —e' ' ' T(2(8„)+r(2(8„+(,8„)(—)"e

To first order, the spin-transfer matrix for passage through the pair of snakes n times has the following solution:

2K'. sin(n( ) sin(n(+)
T(2(&„)=i2ab( —)"exp i $(+n — + (n —1)(@t—$2) —C . + C~ (6)

W, 2 sin( + sin(+

with

C+ = exp[ +i [$2 —P —K90 —2K'/N, + (n —I )( ~] ],

(+ = @(—P2 + 2K+/N, = (2m/N, ) (~, + K).
The polarization of the beam is given by

which will fall within the envelope function of

(S) = 1 —8a2b2. (9)

Figure 1 compares the polarization, obtained from the
numerical-simulation program written by Buon'2 and
Courant, '3 turn by turn with the envelope function of
Eq. (9). The spin-tracking program of Buon and
Courant' ' uses equally spaced quadrupoles, dipoles,
and snakes to simulate the spin kicks in the accelera-
tor. The agreement between the theoretical result of
Eqs. (8) and (9) and the numerical result is good.
Around the spin resonance, the envelope function has
many nodes where (S) =1 and ab=0. These nodes
play an imporant role in the spin restoration after pas-
sage through the spin resonance. In other cases, ~hen
the polarization is lost because of the snake reso-
nances, the node position remains unchanged (but

(10)
At the resonance, the depolarization driving force is
proportional to n, the number of traversals of snake
pairs. Figure 2 shows the final polarization from the
spin-tracking simulation for particles passing through a
single resonance of an accelerator with two snakes as a
function of the fractional betatron tune at resonance
strength of 1.93. Besides the first-order resonance at
g+ = kyar, there are higher-order snake resonances.
We note that the width of the snake resonance at beta-
tron tune —,

' is about 0.1. This resonance width can be
seen intuitively from the resonance driving force of

l

(S) may no longer be 1).
When the condition (+ = km, k = integer, is satis-

fied, the perturbing kicks due to the spin resonance for
passage through two snakes add up. This is the first-
order snake resonance condition. The driving force
for the spin depolarization is

sin(n(+ )/sin(+.
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TABLE I, Snake resonance at v, = ~ for t~o snakes.

Fractional part of E
(v, +K)

3(v, +K)
3(v, +3K)

3(v, +5K)

1

T
1

1

l

T8

70

13
TIN

23
To

The width of mth-order resonance, corresponding to
"j~= integer, is approximately O. llml. Up to the

fifth-order resonance, the spacing between successive
resonances is about 0.02; therefore the tune spread of
the machine must be maintained within the spacing
between these resonances. We found that the critical
resonance strength e, for two snakes is about e, = 3 at
an appropriately chosen tune. However„at the third-
order resonance (e.g. , v =28+ —,', ), the critical reso-
nance strength becomes e, =0.75. This indicates that
two snakes are sufficient for RHIC, SPS, and Tevatron
and the snake resonance up to third order is important.

In conclusion, we have developed a systematic
method of analyzing the particle spin in the accelerator
with snakes. The theoretical calculation agrees very
well with the numerical simulations. Because of the
snakes, the polarization of the particles can be restored
after passage through the spin resonance provided that
the snake resonances are avoided. The snake reso-
nances of order m due to the concatenation of m pairs
of snakes at g'+ "j7r = integer come from the beating
between the spin tune due to spin resonance and the
snake tune of the snake configuration. These snake
resonances are clearly observed in the numerical simu-
latlOn,

Our method of analysis can be applied directly to the
polarized proton beam in SSC, where the resonance
strength at the top energies is about ~e ~

= 8. At an ap-
propriate choice of the betatron tune, six to twelve
snakes may be needed for polarized protons. Howev-
er, since the width of the snake resonance is propor-
tional to N, j2, or equivalently the snake superperiodi-
city P„it is preferable to have a lower snake super-
periodicity. The snake configuration should be chosen
to cancel the imperfection resonance in linear order.
Careful analysis of this problem could be addressed in
the SSC lattice design for polarized protons.

This work was done under the auspices of the U.S.

Department of Energy.

&Proceedings of the Workshop on Polarized Beams at the
Superconducting Super Collider, edited by A.D, Krisch
(American Institute of Physics, New York, to be published).

2V. Bargman, L. Michel, and V. L. Telegdi, Phys. Rev.
Lett. 2, 435 (1959); M. Froissart and R. Stora, Nucl. In-
strum. Methods I, 297 (1960); E. D. Courant and R. Ruth,
Brookhaven National Laboratory Report No. BNL-51270
(unpublished) .

3S. Tepikian, S. Y. Lee, and E. D. Courant, Part. Accel.
(to be published), and Brookhaven National Laboratory Re-
port No. BNL-36264 (unpublished); S. Y. Lee, S. Tepikian,
and E. D. Courant, Brookhaven National Laboratory Report
No. BNL-36265 (unpublished).

4F. D. Courant and H. S. Snyder, Ann. Phys. (N. Y.) 3, 1

(1958).
5E. D. Courant, S. Y. Lee, and S. Tepikian„ in Ref. 1.
T. Khoe, R. L. Kustom, R. L. Martin, E. F. Parker, C. %.

Potts, L. G. Ratner, R. E. Timm, A. D. Krisch, J. B. Robert,
and J. B. O'Fallen, Part. Accel. 6„213(1975); E. Grorud,
J. L, Laclare, G. Leleux, A. Nakach, and A. Ropert, in High
Energy Spin Physics —j982, edited by G. M. Bunce, AlP
Conference Proceedings No. 95 (American Institute of
Physics, New York, 1982), p. 407.

7Ya. S. Derbenev and A. M. Kondratenko, Dokl. Akad.
Nauk SSSR 223, 830 (1975) [Sov. Phys. Doklady 20, 562
(1976)I; Ya. S. Derbenev, A. M. Kondratenko, S. I. Sered-
nyakov, A, N. Skrinsky, G. M, Tumaikin, and Ya, M. Sha-
tunov, Part. Accel. 8, 115 (1978).

88. W. Montague, Part. Accel. 11, 219 (1981), and Phys.
Rep. 113, I (1984).

9E. D. Courant, Brookhaven National Laboratory Report
No. BNL-28510 (unpublished).

&OK. Steffin, Deutsches Elektronen Synchrotron Report
No. DESY-PET 78-11, 1978 (unpublished).

~S. Tepikian, in Ref. 1.
~2J. Buon, in Ref. 1.
~3E. D. Courant, in Ref. 1.




