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The equation-of-motion technique has been used to study the optic response functions of a
computer-generated periodic random network containing 1536 ions. Long-range Coulomb effects
were included for the first time. Our results show unambiguously the existence of an LO-TO split-
ting. The long-wavelength LO response function peaks at the band edge in the density of states and
is very sharp, whereas the long-wavelength TO response function peaks at a lower frequency and is
much broader.

PACS numbers: 63.50.+x, 61.40.—a

The vibrational properties of glassy materials, such
as u-Si02 and v-BeF2, have been the focus of a
number of investigations, experimental as well as
theoretical, ' in recent years. The bonding in these ma-
terials has a partially ionic character, so that we may
expect that long-range Coulomb effects play an impor-
tant role in their vibrational properties. This was first
stressed by Galeener and Lucovsky2 almost a decade
ago. They argued that Coulomb interactions lead to a
splitting between long-wavelength longitudinal (LO)
and transverse (TO) optic modes similar to that ob-
served in crystalline materials. These can be observed
as separate peaks in the infrared and Raman spectra of
these materials.

Earlier numerical studies3 on large random clusters
did not give evidence for the separated peaks observed
in the optical spectra of these materials because
Coulomb interactions were not included. More re-
cently Pick and Yvinec4 studied the vibrational proper-
ties of a random system containing polar molecules and
claimed an LO-TO splitting. Their results are mis-

leading and at variance with ours, because they ig-
nored the infinite range of the Coulomb force.

We have used the equation-of-motion technique to
investigate the vibrational properties of a random net-
work with chemical formula unit AX2.s Our results
provide the first unambiguous evidence for an LO-TO
splitting in these systems. Further, we show that in
the long-wavelength limit the LO response peaks at
the band edge in the density of states, as observed ex-
perimentally2 6 in vitreous silica (u-Si02).

A diamond cubic crystal, containing 512 atoms, was
made amorphous by the introduction of topological de-
fects of the kind suggested by Wooten and Weaire. 7

We continued introducing these defects until all Bragg
reflections of the original lattice were reduced in inten-
sity to the general noise level in the static structure
factor S(k) of the system. An additional 1024
twofold-coordinated atoms were then placed along the
bonds connecting the original atoms. Periodic bound-
ary conditions were maintained throughout this pro-
cedure. The atoms were relaxed with a potential

U= —
2 X [rt(h)2 —d2]'+ —X 2 [rt(b, ) rt(4') —d2cosei]2

+ XAt exp-
&Im&

x qtq

p ,
~

& } ~rl

n = 8.5 && 10" dynjcm
p+ =p =3&&104 dyn/cm
d=1.65 A
e =109.5
e =155

A++ =3 =0
A + = 1.0174x 10 erg
p=0.3 A
q+ = —2q = 3.67e
e = 2.10G p(l, l', to) = ((u (l);up(l')) )„, (2)

The first two terms in Eq. (1) describe the energy change due to bond stretching (ct. ) and angular forces (P) and
have the form suggested by Keating. Here rt(b, ) is a vector from an ion l to a near neighbor b, . The third term
describes the repulsion between the ions l, m separated by rt and is necessary for stability when the Coulomb
forces are included. The last term describes the Coulomb interactions between ions with charges qt screened by
the high-frequency dielectric constant e due to the
electronic response of the system. Values of the
parameters are given in Table I and were chosen to TABLE I. Parameters in the potential.

correspond roughly to v-Si02. The structural features
of the network are collected in Table II.

Let G &(I,l', to) denote the usual thermal Green's
function9:
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where n is a Cartesian component of the displacement u of atom l from its equilibrium position Rt, so that
ri=Ri+ui. We assume that the polarizability is due entirely to the ionic charges, so that the longitudinal,
eL (k, c0), and transverse, e, (k, t0), dielectric functions can be written as

el(k, t0) =e — X q q„k kis G &(m, n;c0)exp(ik R „),
mn aP

e, (k, cu) =e — X q~q„k kp G p(m;n; t0)exp(ik R~„),
mn aP

(4)

Here k is the n component of a unit vector parallel to
the wave vector k, whereas k i denotes the n com-
ponent of any unit vector perpendicular to k. In a mac-
roscopically isotropic solid, all choices of k lead to
the same e, (k, c0). The volume of the system is
0 = 1.3.

The equation-of-motion technique allows us to com-
pute the imaginary parts ei"(k, co) and e,"(k, t0) direct-
ly by integrating the equations of motion of the system
in the harmonic approximation with suitable initial
conditions. Details of this technique are described
elsewhere. ' The real parts eL (k, co) and e,'(k, cu) can
be calculated through the Kramers-Kronig relation. 9

The integration of the harmonic equations of motion
requires the evaluation of the long-range dipolar in-
teractions. Following de Leeuw, Perram, and Smith"
we find that the dipolar energy of our periodic system
[i.e., the last term in Eq. (1)] can be written as

TABLE II. Details of the relaxed network.

No. of cations
No. of anions
Box length
Molar volume
Mean nearest-neighbor distance
Mean angle at four-coordinated ion
Mean angle at two-coordinated ion
Mass of anion
Mass of cation

512
1024
28.5 A
27.2 cm
1.65 + 0.04 A
109.5' + 9.8
151.0' + 12,5
16 amu
28 amu

Udd= UEx+ X B [X,q(u (l)]~.0
Here UEK is the usual Ewald-Kornfeld result. ' The
second term describes the depolarizing field and varies
according to shape and surroundings of the system
through the depolarizing factors B ."'3 In particular,
for slab geometry we have that B = 1 if the slab is
perpendicular to the n direction, and zero otherwise.
For a general ellipsoid g = tB = 1.

For finite wave vectors we find that the results ob-
tained for the dielectric function are independent of
the magnitude of the depolarizing field because the net
dipole moment is almost zero for these displacement
patterns.

The variation of the longitudinal and transverse

dielectric functions with wave number is shown in Fig.
1. The frequency is in units of the bare plasma fre-
quency co~, defined by co~~ = (4me~/. 0)g;(q;~/m;).
With the parameters of our model we have &0~ =939
cm '. A noteworthy feature is the well-defined peak
for ~ ) t0~. The peak position at 1.16 t0~ is seen to be
almost independent of wave number for the transverse
dielectric function. The longitudinal dielectric function
has a negative dispersion character in the optic peak
similar to that in many crystals for the high-frequency
modes. This peak in the region m ) l. lt0~ is sharp at
long wavelength, but broadens and decreases in inten-
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FIG. 1. Imaginary parts of the transverse and longitudinal
dielectric functions for various wave vectors k = 27r (0,
0, ~)/L. The resolution is 0.05&v~.
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sity with increasing wave number.
Although at finite wavelength our results are not

dependent on the precise form of the depolarization
field, this is no longer true in the limit of infinite
wavelength. Consider a slab geometry in which the
slab is perpendicular to the z axis, so that B,= 1 in Eq.
(5) and B„=8» = 0. We compute el'(0, cu) and
e,"(0,cd) Where 1Ongitudinal and tranSVerSe nOW refer
to the slab. It is clear then that the depolarizing field
acts to increase the restoring force for longitudinal vi-
brations, but has no effect on transverse vibrations as is
clearly shown in Fig. 2. Note that both e,"(0,cu) and
eL'(O, cd) are smooth extrapolations of the results ob-
tained at finite wavelength. The transverse dielectric
funCtiOn e,"(0, cd) haS a Well-defined peak at rd

=1.17'~ with a width of 0.09 co~ after deconvolution
with the resolution width introduced by the finite-
time truncation in the equation-of-motion method;
eL(0, rd) has a remarkably sharp peak at co=1.33cu~
with a width of only 0.04cu~ after deconvolution.
These results, in combination with the results at finite
wavelength, provide unambiguous evidence for the
existence of well-differentiated transverse- and
longitudinal-optic responses in disordered networks.

In the limit of vanishing wave number the longitudi-
nal and transverse dielectric functions are not indepen
dent. A straightforward electrostatic argument shows
that we can identify e, (0, &d) with the dielectric func-
tion e(o)),

e, (0, rd) = e(rd),

whereas

61 (0, Cd)

e(rd)
'

We have demonstrated Eq. (7) to be correct directly
by using the fact that the depolarizing potential in Eq.
(5) is separable. '4 The imaginary part of the right-
hand side of Eq. (7) has been included in Fig. 2 and
agrees well with eL'(O, cd)/e within expected compu-
tational limits.

In addition we can show from the definitions in Eqs.
(3) and (4) that

VT' 0) E'I,0)
f+ OO

dQ) &t (0, rd) = rd&,

whereas a combination of Eqs. (3)—(5) yields

These two equations are conveniently combined and
become

( ')i —( ') =

Where (rd2)L and (cd2), are the SeCOnd mOmentS Of

the transverse and longitudinal responses. Relations
between higher moments and moments at finite k can
also be derived. '4 A sum rule similar to Eq. (9) has
been derived earlier for crystals containing several ions
per unit cell. '5 Both Eqs. (8) and (9) have been
checked numerically. These relations can be used to
extract effective charges (from co~2) and e in disor-
dered systems and should be useful in processing ex-
perimental data.

If we regard dielectric response of the system as be-
ing due to the two ionic sublattices moving rigidly
against each other, then we would expect a single
Sharp peak at (cd ),'i2 = 0.98cd~ in the tranSVerSe
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FIG. 2. Imaginary parts of the long-wavelength limit of
the transverse and longitudinal dielectric functions and the
loss function Im[ —e /e(cd)]. The resolution is 0.03m&~.

FIG. 3. Density of states with the peak frequencies in the
transverse and longitudinal responses in Fig. 2 indicated by
TO and LO. The resolution is 0.03co~.
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response and a single sharp peak at (o&2) Ltt2 ——1.25co~ in

the longitudinal response. This is clearly not the case
as can be seen in Fig. 2.

In Fig. 3 we show the density of states p(to) for the
network:

where there are 1V terms in the I summation. It is
characterized by a broad band for co ( c0~ and a peak at
to = 1.15co~, i.e. , close to the TO peak frequency.

The transverse modes produce a peak in the density
of states but the longitudinal peak merely serves to de-
fine the upper band edge in the density of states~ (see
Fig. 3). These observations agree with experiments on
v-Si02 and v-Ge02. The polarized spectrum resem-
bles et (0, cu) but is distinct from it. Changes in the an-
isotropic bond polarizabilities that we have not con-
sidered probably make important contributions to both
the polarized and depolarized Raman spectra. An extra
peak is seen in v-Si02 and v-Ge02 in the region
between the LO and TO peaks. This is probably due to
optically inactive modes in this frequency region of the
kind found in crystalline quartz. '6 The parameters in
the potential would have to be further refined to give
this peak. '7

Further comparison of the computed results with
experimental data reveal inadequencies in the rigid-ion
model. The experimental dataz show two separate
peaks in e"(co) for co ( co~ rather than the broad peak
at co =0.7'~ in our result. A simple ionic model is in-
sufficient to account for the experimental results in
this frequency region. This has been noted in connec-
tion with lattice dynamics of the various crystal modifi-
cations of Si02.' Also the charges q; are expected to
vary a little from site to site. This would lead to more
of the density of states leaking through into the dielec-
tric response. ' '

We hope that these numerical calculations will help
to bridge the current gap between theory and experi-
ment in disordered ionic materials and lead to the
development of tractable effective-medium theories
that will facilitate the interpretation of experiments.
Some very preliminary attempts have been made in
this direction. zo The k-dependent dielectric response
should be investigated with electron-energy-loss spec-
troscopy.
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