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In quantum-beat and Hanle-effect experiments, spontaneous-emission events from two
coherently excited states are strongly correlated. A doubly resonant laser cavity driven by such
atomic configurations can have vanishing diffusion coefficient for the relative phase angle.

PACS numbers: 42.50.4+q, 42.55.Bi

In many areas of modern physics ultrasmall displace- differentially affected by the external influence of in-
ments are measured by placing a lasing medium in an terest (e.g., a gravity wave or a Sagnac frequency
optical cavity, and sensing a frequency shift associated shift).
with the change in optical path length caused by vari- However, the atomic transitions driving the two op-
ous effects, e.g., the motion of a mirror. In such ex- tical paths are strongly correlated when the upper lev-
periments the frequency shift is typically determined els |a) and |b) are prepared in a coherent superposi-
by beating or heterodyning the light from the tion as in quantum-beat® or Hanle-effect® experiments.
variable-frequency laser with that from a companion In the quantum-beat case the coherent mixing is pro-
reference laser. Examples include the laser gyro- duced by a strong’ external microwave signal as in Fig.
scope,! the precision measurement of thermal- 1(a). In the Hanle-effect example, the levels |a) and
expansion coefficients,? and proposed variations on |[b) can be taken to the ‘‘linear polarization™ states
existing laser gravity-wave detectors.3 formed from a single ‘‘elliptical polarization’’ state as

The limiting source of quantum noise in such exper- shown in Fig. 1(b). The fields 1 and 2 emitted by the
iments is often spontaneous-emission fluctuations* in atoms of Fig. 1(a) will differ in frequency while fields
the relative phase angle between the two lasers. In this produced by the atoms of Fig. 1(b) will differ in polari-
Letter we show that diffusion of the relative phase an- zation.
gle between two such laser modes may be eliminated In both cases discussed above the heterodyne beat
by preparing a laser medium consisting of ‘‘three- note between the spontaneously emitted fields 1 and 2
level’”” atoms, and arranging that the two transitions shows that they are strongly correlated.® To see this,
lay — |c) and |b) — |c) drive a doubly resonant cav- consider the atoms of Figs. 1 interacting with a quan-

ity; see Fig. 1. In this way the optical paths may be tized field. The state vector is given by

ly) =ae” "®|a,0) +8e™"*15,0) +yile 1) +ysle 1), 6))

where |1,) is the state 4, |0), i=1,2, and 4,' (4;) are the creation (annihilation) operators for photons having fre-
quency v;. Now the expectation value for the electric field operator E,

~ ~ i k - —

Ei(rt) =ede’ MY, )

calculated using Eq. (1) is easily seen to vanish since the states la), |b), and |c) are orthogonal. Similar argu-
ments show that (E,) likewise vanishes. However, the cross term® does not vanish:

(WIETE lw) = e1exyiya{cle)expl —i(ky = ky) -t +i(vy—wy)t]. (3)

That is, the spontaneously emitted photons at v; and v, are correlated.

Motivated by the preceding arguments we are led to investigate diffusion in the relative phase angle when such
(three-level) lasing atoms are prepared in a coherent superposition of the upper two levels, and are placed in a
doubly resonant cavity as in Fig. 1. The quantum theory of such laser configurations may be conveniently cast in
terms of the following equations of motion involving Langevin quantum-noise operators* for the systems of Figs.
1. In both cases the operator equations of motion are found to be

a;= —1'(91‘1/1)51+a151+a1252€i¢(')_71¢31+311(51»51T) +B1,(d1,a1 33585 ) +F1 (1) + G, (1), (42)
(52= —i(ﬂz“V2)éz+d2&2+a21ﬁ1€—i¢(t)—7262+Bzz(62,ﬁ§ ) +,821(&2,d;;c31,é;r ) +ﬁ2([) +éz(f) (4b)

When the coherent mixing of levels |a) and |b) is produced via a microwave signal having frequency wy, the
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phase angle ® is given by
CI>(t)=(V1—v2~w0)t-¢, (Sa)

where ¢ is the (microwave determined) atomic phase
difference ¢, — ¢,. In the case of polarization ‘‘label-
ing”’ of fields 1 and 2 as per Fig. 1(b) the phase angle
is

CI)([)=(V1—‘V2)t”'¢, (5b)

where ¢ is again the relative phase between levels |a>
and |b) but determined this time by the state of ellip-
tical polarization of the pump light used to excite the
atoms.

The frequencies Q;, i=1,2, are the empty-cavity
frequencies while v; denotes the actual lasing frequen-
cies. The detailed form of the linear gain constants
(a; and «,) and the cross-coupling coefficients («;,
and a,;) need not concern us here; however, we note
that they are determined respectively by the diagonal
and off-diagonal elements of the atomic density ma-
trix.

The nonlinear self-saturation and cross-coupling
terms are denoted by B;; and B;, and will not be
necessary for the purposes of this paper. The linear
loss rate is ;. Finally, the quantum Langevin-noise
operators F; and G are associated with the gain, cross
coupling, and loss for mode 1. Identical definitions
apply to mode 2 with the interchange of the indices 1

Quantum Beat Laser

Eq > la>
Ib>
VJ
Laser E E,
(=2 ;ﬁ

Doubly Resonant Microwave Induced
Cavity Coherence

(a)

Hanle Effect Laser

® -

I0>M

Polarization Induced

Doubly Resonant
Cavity Coherence

(b

FIG. 1. (a) Active medium consisting of coherently excit-
ed three-level atoms drives doubly resonant cavity. Similar
atomic configurations are prepared in quantum-beat experi-
ments. Coherence is generated by, e.g., an external mi-
crowave field. (b) Active medium is prepared in coherent
excitation of states |a) and |b), which decay to state |c) via
emission of radiation of differing polarization states as in
Hanle-effect experiments. A polarization-sensitive mirror is
used to couple a doubly resonant cavity.

and 2. The noise operators are defined by their diffusion coefficients

(G ()G (1)) =2y, d;8(t— 1),

(6a)

where 7; is the thermal photon number for the ith cavity.!® For the active medium

(BN (D E ()Y =2Dys(1— 1),

(6b)

and the diffusion constants are determined from the generalized Einstein relation

At 7l
2DU.=<%(&,*a,))~<[%]ﬁj>‘<&ﬁ[%]>'

(6¢)

The Einstein relation!! (6c) is evaluated by use of the equation of motion for the density matrix describing the

laser radiation field p (&,,a, ;a,,45 ), that is,

b3, Zub ™
where the linear gain and cross-coupling Liouville operators are given by!?

3:’:‘5 = % [aiﬁdiaAiT + ai’ké\iéiwi - (ai + ai*)éifﬁdi 1, (8a)

Fup=—tlanpddl +a31drd] p— (arn+ad)ai pasle’, (8b)

Fap=—*lanpdd] +ahdrd; p— (e +ah)d; parle™". (8c)
With use of Egs. (6), (7), and (8) we find the diffusion coefficients as they appear in Eq. (6b) to be

Dy=+(a;+a}), i=1,2, (9a)
and

D=5 (an+ai)e™'®, Dy=D,. (9b)
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We may now proceed to calculate the phase diffusion
time for our heterodyne average (a,a,) with use of
Egs. (4)-(9) in the usual way (see, e.g., SSL* Sect.
20-3). We associate a;(¢) with the complex signal
p;expl—i0;(¢)] and write

(a1 (1)a,(1)) =piprexpl— L+ (16;(£) —0,(£)13)).
(10)

The phases in Eq. (10) are determined from Egs. (4)
to be

9,.(t)=f,;dz'2—";7[1‘0,-(:>e""f—ﬁ,.*(z)e“"f]. (1)

Inserting Eq. (11) into Eq. (10) and using Eqgs. (9), we
find

(a) (1)a,(t)) =pipyexp(—Dt), (12a)
where
podffer, e lentei)en¥,
16 || pt P2 P1P2
(12b)

and y=® + 6, — 0, with 9; being the phase of the ith
field.

Now in deriving Eqs. (12) we have made use of the
fact that the phase angle  will (under normal operat-
ing conditions) lock to a constant value. This constant
phase angle is determined by the locking equation of
motion for ¢(¢) as obtained from Egs. (4), namely!?

(t)=a—bsing(s), (13)

where the locking parameter b is determined (in part)
by aj; and a5y, and a is a small frequency difference
which can be made to vanish by a proper choice of
Q,— Q,. In that case ¢ locks'* to zero and the rate of
phase diffusion as given by Eq. (12b) vanishes; the
terms in curly brackets cancel. Detailed analysis, to be
published elsewhere, shows that this can be satisfied
for a variety of laser parameters. For example, when
all a’s were equal and p; = p, then D as defined by Eq.
(12b) would obviously vanish when ¢ =0. Further
discussion of this point and experimental arrange-
ments designed to maximize signal-to-noise ratio will
be given in a future paper.

In addition to its intrinsic interest within the field of
quantum optics, the possibility of noise suppression!’
via correlated-emission lasers holds promise for appli-
cation in several areas of research. The analysis of
such potential applications will be presented elsewhere.
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