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We present the first results from a small-lattice (6 && 10) calculation of nonleptonic weak matrix
elements. The AI = ~ rule is studied as a test case. For a lattice meson of approximately the kaon

mass we find a significantly enhanced AI =
2 amplitude and a AI =

2 amplitude compatible with

zero within our statistics. The dominance of the 4I =
2 amplitude appears to be due to a class of

graphs called the eye graphs. Qualitatively similar results are found whether or not the charm
quark is integrated out ab initio. %e also report preliminary results on other weak matrix elements.

PACS numbers: 13.25.+ m, 11.15.Ha, 12.35.Eq

A long-standing problem in low-energy hadronic
physics has been the calculation of nonleptonic weak
matrix elements. Prominent examples are the AI = —,

'

rule, whose origin has remained obscure, and the CI'-
nonconservation parameters e and e' in neutral-kaon
decays. In fact, accurate calculations of the relevant
hadronic matrix elements, coupled with existing ex-
perimental measurements of e and e', could provide
nontrivial tests of the standard model. Lattice Monte
Carlo (MC) techniques offer a unique opportunity for
the performance of such calculations directly from the
fundamental theory. However, the efforts of the past
few years suggest that practical difficulties often
seriously limit the accuracies attainable with these
methods. It thus seems reasonable to begin by study-
ing effects for which even qualitative results can be
physically significant. ' The AI = —,

' rule, i.e., the em-
pirical statement that 4I = —, amplitudes are enhanced
over the AI = —,

' amplitudes by a factor of —20, is one
such effect. Because the enhancement is so large, an
inaccuracy of order 50% (which is not unusual in
current MC calculations) need not mask its origin.
The same machinery can, of course, also be used to
compute other nonleptonic weak-interaction matrix
elements. Here we report the first results from our
lattice calculation.

To relate matrix elements amenable to a MC calcu-
lation to the experimentally measured E arm ampli-
tudes, three key theoretical ingredients are used: the

operator-product expansion and renormalization group
(OPE/RG), lattice weak-coupling perturbation theory,
and chiral perturbation theory (CPTh). The OPE/RG
is required because the characteristic scale for weak in-
teractions is the mass Mlv —80 Gev of the II'boson,
while the lattice ultraviolet cutoff (dictated by low-
energy hadronic physics and computer time) is
m. /a —3 GeV in our calculation (a is the lattice spac-
ing). Thus the 8'field has to be integrated out from
the weak Hamiltonian. When performed in the con-
tinuum this procedure leads to two four-quark opera-
tors (0+ ) in which the charm quark appears as an ex-
plicit field. One can also go further by integrating out
the charm quark (the penguin approach). 4 6 One then
has six four-quark operators Ql —Q6'. Ql —Q4 are left-
left (LL ) operators; Qs, Q6 are left-right (LR ) opera-
tors. Since the charm mass is not very large the relia-
bility of this approximation is uncertain, but we study
it anyway for purposes of comparison and because it
may be useful for coarse-grained lattices. Note that
for matrix elements relevant to CP nonconservation in
the standard model the top quark, at least, must be
integrated out by a penguin-type approach (since
m, &) a ).

In order to use the standard results for the OPE/RG
from the continuum literature, a lattice weak-coupling
calculation, relating matrix elements -of continuum
operators to their lattice counterparts, is required.
Such a relation has the following generic appearance
(sulTl otl J, jA f ):

0 coll' [ 1 + (g2/

+ (g'/

167r') Z„(r, p, a ) ]0,""+(g'/167r') Z2,, (r, p, a ) 0,'"'

16m') Z3 (r, pa )s y„(I —ps) t'd [u y„t'u + d y t'd + s y„t's ].
Here the Z 's are finite renormalization constants, r is
the Wilson parameter, and p, is the continuum renor-
malization point. The 0 (g ) terms can be very impor-
tant even for weak coupling because naive 0 (g ) LL
operators can mix at this order with I.A operators
whose matrix elements are often much larger. Note,
however, that the calculations to 0 (g ) should be suf-
ficient unless new operators which appear only at

I

0 (g ) (such as s rr""I' „d) turn out to have
anomalously large matrix elements.

We thus wish to calculate matrix elements of the
type (rrvr ~si tuul'2d ~K), where I, represents an arbi-
trary Dirac matrix. This is a four-point function and
practical considerations make it difficult to evaluate on
the lattice. An approximation scheme for light meson
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FIG. 1. (a) The "figure-eight" graph; (b) the "eye"
graph.

masses, namely, CPTh, allows one to reduce one of
the pion fields and relate the K m7r matrix element
to a suitable linear combination of K m and K 0
(0 is the vacuum) matrix elements. 2

After replacement of the remaining mesons by their
interpolating fields, Green's functions such as

(0 I d y su (x ) s I t uu I 2d (0) u yss (y ) ~ 0)

result. Wick contraction yields Fig. 1(a) (the "figure-
eight" graph)9 and Fig. 1(b) (the "eye" graph).
Despite its quark loop the eye graph should not be
eliminated in the quenched approximation since it
originates simply from a 8'-boson correction to a sin-
gle valence-quark line (see Ref. 1). Furthermore,
since it includes all possible gluon corrections, the eye
graph cannot be eliminated by normal ordering of the
operator.

The inclusion of the eye graphs introduces a techni-
cal complication' which requires the "exponentiation"
of the kaon (i.e., putting a kaon source term into the
action). 'o This is equivalent to use of a modified
source term in the Gauss-Seidel algorithm. The eye
graphs then become tractable to usual (quenched)
MC, requiring only about twice the time of a hadron
mass calculation.

The background gauge fields were generated by the
standard Metropolis MC technique with twelve hits per
site on a lattice of size 6 x10 with periodic boundary
conditions at P=6/g =5.7. Two independent sets of

eight configurations were used which evolved to
equilibrium from different starting points. One
thousand passes were used for thermalization; 500
passes separated each configuration used. Each of the
configurations was copied in the time direction to form
the background in which 63&&17 quark lattices were
embedded. The quarks had periodic boundary condi-
tions in the spatial direction and "free"' (Neumann)
boundary conditions in the time direction (see Ref. 12
for details). By varying the fermion lattice size, we
checked that the time boundary effects were no more
than a few percent of the final results.

The quark propagators (with Wilson r = 1) were cal-
culated for seven values of the hopping constant,
k = 0.094, 0.123, 0.150, 0.155, 0.162, 0.164, and
0.165; k, was found to be 0.171+0.002. ' Table I
shows the pseudoscalar meson mass (m~) and the de-
cay constant f~ (normalized to f = 132 MeV) for
k ~ 0.150. With a ' = 1 GeV, ' the meson with
k =0.162, 0.164, or 0.165 has roughly the mass of a
kaon, but note that the lattice meson is made of de-
generate quarks, unlike the physical kaon. Note that
afM and (for k ) 0.155) amM/mq are fairly constant,
indicating compatibility with chiral behavior. The de-
cay constant is found by calculation of the matrix
element of the axial-vector current, ' i.e. , from
(O~A„(x) ~M(p)) = ifMe'I'"p„. We use am~ = In[I
+0.5(k ' —k, ')] to find the quark masses.

Figure 2 shows the AI = —,
' and the 4I = —,

' ampli-
tudes for E m as a function of k both with and
without the penguin approach. When the charm quark
was included as an explicit field we used k = 0.094; the
corresponding cc pseudoscalar (i.e. , q, ) has am~ = 3.
As the meson mass gets lighter, the —, amplitude de-
creases and for k =0.162—0.165, i.e. , mM —m~, it is
compatible with zero within statistics. On the other
hand, the —,

' amplitude is seen to increase for lighter
mesons. For m~ —mz, the —,

' amplitude is much
larger than the —, amplitude. It is interesting that the
results from both approaches are in rough agree-
ment. '

Table I also shows a ratio of the contribution of the
eye graph to that of the figure-eight graph for the E -m

TABLE I. Numerical results for the five lightest meson masses (P=5.7, 6 &&17 fermion lattice, r =1, quenched). Only
statistical errors are shown.

ag latt

QP71M/f71& (Ks ~ VTlT )
Eyes/Eights

&&+) &&-) &06) glatt a MLL
4 a MLg4

0.150
0.155
0.162
0.164
0.16S

—0.34 1.09 + O.DS—0.26 0.90 + 0.07—0.15 0.64+ 0.11—0.12 0.57 + 0.12—0.10 0.54 + 0.11

0.22 + 0.01
0.19 + 0.01
0.1S + 0.02
0.14 + 0.04
0.14 + 0.05

—3.4—3.1—2.7—2.8—2.9

0.9+ 0.1

1.7 + 0.2
S.6 + 0.2
9.5 + 1.9

13.2 + 5.6

—2
—3

& 20
23
18

—2
—5
20
10

7

—24
—26
—34
—37
—4(j

5.7 + 0.3
4.4 + 0.1

3.7 + 0.5
3.6 + 0.6
3.5 + 0.5

—0.109 + 0.006
—0.056 + 0.013

(j (j33 + 0.056

0 007+0.094

0.60 + 0.12
0.52 + 0.19
0 38+0.21

41 + 0.19
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mass dependence may be an indication that we are see-
ing the continuum physics of this rather heavy mass
range: There is no sign in the eye graphs of spurious,
mass-independent contributions (such as occur for
(QQ) ). Further, our calculations of K 0 amplitude
indicates that non-chiral-invariant operators, e.g. ,
(r/a)sy5d, generated by the eye graphs do not dom-
inate the 4I = —,

' amplitude.
Since CPTh behavior is not observed, the K

rate cannot be reliably computed from our lattice
K m amplitude. However, for what it is worth, we
show in Table I the calculated (explicit charm)
bI = —,

' K mm reduced amplitude, ' ' 3'"', which
should be compared with the experimental value,
3'" '=2.25 GeV. Although the error bars are large,
the lack of CPTh behavior is again obvious (in CPTh,
A is independent of meson mass), and the magnitude
of A"" is quite large for k =0.162 to 0.165. Clearly,
better control of the chiral behavior is needed: Future
projects will use lower masses, weaker coupling, and
various values of Wilson r, including r =0 (Kogut-
Susskind fermions) .

We have also looked at (mIQ5 6IK). With the
penguin approach and CPTh, this matrix element can
be related's to e'/e. Thus le'/e I""= 15.6lg""s2s3soc2I,
where s2s3szc2 are Kobayashi-Maskawa angles and

FIG. 2. The E vr amplitudes vs hopping constant k.
The AI = ~ amplitude is essentially unchanged whether or

not charm is integrated out.

matrix elements of some four-quark operators. The
ratio eyes/eights becomes large as the meson mass
gets lighter. Since the eye graph is purely AI = —,

'

while the figure-eight graph is a mixture of b, I = —, and
AI = —', , the 4I = —,

' rule seems to be due to the domi-
nance of eye graphs over figure-eight graphs. We note
that the eye-graph contributions in Table I are the
result of large cancellations ( = 80'/o) between the up-
and the charm-quark loops; retaining either loop alone
would give a very misleading result (at least at our re-
normalization point) .

CPTh would also require the K 0 amplitude (as
well as K m) in order to predict the K 7r7r ampli-
tude. Our calculations of K ~ 0 show that the contri-
bution of this amplitude is & 15/o of that of K 7r

and thus can be ignored at this qualitative stage of the
project.

There is a feature of Fig. 2 that is disturbing. From
CPTh one expects both amplitudes to vanish as IM
goes to zero. The 4I = —, amplitudes in the figure
show no such behavior. It is possible that this is a lat-
tice artifact, due to bad chiral properties of Wilson fer-
mions at the not-very-weak coupling of p= 5.7. How-
ever, the fact that both Glashow-Iliopoulos-Maiani
subtracted and nonsubtracted operators have similar

(~+ Ilm(C, Q, + C,Q, ) IK+)
(n+IC 0 = / +C 0 IK+)

with the C 's the Wilson coefficients. 5 From Table I
we see that for k ~ 0.162, ('"' is fairly independent of
k and = 3.5. Thus this ratio appears to scale as CPTh
suggests and is larger than estimates' based on the
bag model. Further, we find very good agreement
(within —2%) between g'"' and the corresponding
quantity calculated with charm included explicitly.
However, since the individual amplitudes do not show
CPTh behavior, the relation of e'/e to g'"' is at this
point untrustworthy. We must also emphasize that the
matrix elements for the non-GIM-subtracted operators
which enter here have a systematic uncertainty orig-
inating from possible mixing' at higher orders in g
with (r/a)so„F""d. Note t-hat even for the left-right
operators Q5 6, the eye graphs completely dominate
over the figure-eight graphs (Table I).

Finally, we have examined the K -K matrix ele-
ments of the ~S = 2 LL and LR operators, i.e.,
~LL,Lg = (K Isy„(I —y5)d sy"(I + y5)d IK').
am~ & 0.9, the values of MLL are quite consistent
with vacuum saturation (computed by use of the lat-
tice values of fl); however, for m~ ——mx, our values
for MLL are at this point compatible with zero with
very large statistical errors. In contrast, the LR matrix
element, ML~, seems to show little variation with
meson mass. We find that ML& is two to five times
more than implied by vacuum saturation.
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To summarize, this work illustrates that lattice MC
techniques can be very useful for attacking the old but
very difficult problem of the nonleptonic decays of
strange particles. Even at this exploratory stage, we
find a useful qualitative understanding of the origin of
the AI = —,

' rule. The numerical values of some other
quantities such as MLL and g'"' appear interesting but
more definite statements must await better control of
systematics such as mass dependence (CPTh). The
theoretical machinery that we have set up will now be
used on a bigger (i.e. , 12 x 16 gauge) lattice requiring
& 2000 Cray X-MP hours. The goal is a level of accu-
racy of —30oto in our calculations.
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