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Phenomenological Aspects of Heavy Fermions
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The contrasting equilibrium and transport experimental results in the solids which exhibit
heavy-fermion behavior are used to specify a phenomenological theory which puts strong con-
straints on a microscopic description. These constraints are not satisfied by a Fermi-liquid theory
similar to that for liquid He. The heavy mass arises through the renormalization of conduction
electrons by the exchange of spin fluctuations of what at high temperatures were the local mo-
ments. Expressions for the specific-heat and the magnetic-susceptibility enhancements in terms of
the Landau interaction functional and predictions for some transport properties are given.

PACS numbers: 71.45.—d, 74.70.Rv, 75.20.Hr

The thermodynamic and the recent transport experi-
ments in the solids displaying the so-called heavy-
fermion behavior' can be used to put severe con-
straints on the nature of the many-body effects
responsible for this phenomena. They can be used to
formulate a phenomenological theory in terms of
which different experiments may be correlated and to
specify results that a microscopic theory must obtain.

The experiments I will focus on are the specific heat
C„, the susceptibility X, the ultrasonic attenuation n„
the thermal conductivity, and the local-moment relax-
ation rate in the normal state of UPt3 or UBe/3.
Similar behavior is expected in the other heavy-
fermion systems. 7 A clue to the nature of the
phenomena is provided by the following two contrast-
ing factss: (1) The thermodynamic experiments, viz. ,
the specific heat and the susceptibility, yield an
enhancement of 0 (102-10 ) compared to a free Fer-
mi gas of similar electronic density. (2) Batlogg and
co-workers4 have made the remarkable observations
that the ultrasonic attenuation in UPt3 in the normal
phase is of similar magnitude to that of an ordinary
metal, say Sn or Pb. Thermal-conductivity measure-
ments in UBeq3 and UPt3 also lead to results similar to
ordinary metals. Gandra et al.9 have presented mea-
surements of the local-moment relaxation rate of vari-
ous rare-earth impurities in UBe&3 and again find them
to be of the same order as in materials with ordinary
effective mass, whereas naively a relaxation rate —10
times faster would be expected.

In the usual Fermi liquid, 'o the specific-heat
enhancement C„/V„o is related at low temperatures to
the enhancement of the quasiparticle density of states
at the Fermi surface or equivalently to that of an aver-
age inverse Fermi velocity or to that of an average
mass,

C„/C„o= m'/m.

We shall take Eq. (1) to define m'/m.
The ultrasonic attenuation for ql (( 1, where q is

the wave vector of the sound and l the electronic mean

free path, can be written as"

(2)

Here co~ and u are the frequency and velocity of the
sound wave, p is the density, and E& is the renormal-
ized deformation potential. The ultrasonic attenuation
in this regime has the temperature dependence of the
conductivity and is proportional to co~. This behavior
is observed in UPt3. Using for l the value deduced
from experiment, one discovers4 that m'E&' is of simi-
lar magnitude as in an ordinary metal, say Sn. This
means that Eq is renormalized in the heavy-fermion
system such that (m'E~') retains its unrenormalized
value. m'E&' is proportional to v,

' ', the inverse life-
time for a sound wave to decay into particle-hole pairs.
The thermal-conductivity experiment can be similarly
analyzed with the conclusion that 7'/m' is unrenor-
malized, where v is now the electronic momentum
lifetime due to scattering from impurities.

Following the suggestion' that the heavy-fermion
superconductors could not be ordinary phonon-
induced superconductors and are likely to be aniso-
tropic superconductors, as is liquid 3He, there have
been arguments'3 put forth that the physics of the
heavy-fermion metals is itself akin to that of liquid
3He. Rice et al. , for example, have tried to explain the
mass renormalization by a Hubbard-Gutzwiller model
which is quite suitable for liquid 3He (where the max-
imum mass enhancement is about 6, before the transi-
tion to the solid state). The cancellation in the renor-
malizations in 7'/m" that we have noted above does
not occur for 3He, however. Transport properties like
ultrasonic attenuation, nuclear relaxation rate, etc. , are
renormalized in the usual Landau Fermi-liquid theory.
It will be apparent below that the experimental results
quoted above are also in disaccord with theories'
which discard quasiparticle interactions.

The cancellation in ~'/m" is reminiscent of renor-
malizations in electronic properties due to electron-
phonon interactions. ' What is relevant here is not the
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electron-phonon interactions but only that an enhance-
ment of m'/m without a renormalization in ~'/m fol-
lows if the momentum dependence of the self-energy
X(k, cu) is negligible compared to the energy depen-
dence. Let the single-particle Green's function
6 (k, ~) be given by

where near the Fermi surface the band-structure ener-
gy e(k) =vp (k —kF). For

BX/Bcu » vp
' BX/Bk,

G '(k, ~)=Z '[~ —Z 'vp (k —kp)],
(4)

FIG. 1. The ultrasonic-attenuation process. The particle-
hole lines are fully renormalized as is the vertex by many-
body effects as well as by impurity scattering.

where Z is the quasiparticle amplitude or wave-
function renormalization,

Z = (I+BX/Bo)) (5)
The specific-heat enhancement or m'/m is then given
by

m'/m =Z
In calculating any transport property, like the ultrason-
ic attenuation by a process as in Fig. 1, the matrix ele-
ment (vertex) renormalization cancels against the
self-energy under the condition (4) for long-
wavelength perturbations. This follows from a Ward
identity as shown by Prange and Kadanoff. '5 Physical-
ly the cancellation in ~'/m' can be understood from
the condition (4), which amounts to saying that the
self-energy rides with the chemical potential so that in
any perturbation where the local chemical potential is
altered and relaxes towards equilibrium the renormali-
zation is not felt.

Prange and Kadanoff explicitly demonstrate that
dn/dp, , where n is the electronic density and p, the
chemical potential, is unaffected by the renormaliza-
tions if condiction (4) is satisfied. In the usual
Fermi-liquid theory (as applied to liquid He or ordi-
nary metals) in which the frequency and momentum
dependence of the self-energy are on a similar scale,
dn/dp, is renormalized by the s-wave part of the Lan-
dau scattering function I'p.

One can follow Prange and Kadanoff and obtain that

X

Xp

m /m

1+I'p'

where Fp is obtained from the antisymmetric spin
component of @p. The experimental results'6 on the
heavy fermions imply that m'/m & 102 but
X/Xp& 2m'/m. This means that @p( t t ) & 10, but
@p( t t ) Pp( t j ) & —,'; there is very little exchange
interaction among the heavy fermions compared to the
direct interaction.

Just as in the case of electron-phonon mass enhance-
ment, ' most transport experiments —ultrasonic at-
tenuation, thermal conductivity, resistivity, spin-lattice
relaxation, etc.—if dominated by electron scattering,
are unaffected by the renormalizations, while some
like cyclotron resonance frequency are affected. It is
interesting though that the r'/m' measured by the de
Haas-van Alphen effect is also unrenormalized. Pho-
toemission measures the spectral function of the
single-hole Green's function. This means that the
narrow feature near the Fermi level in such experi-
ments will have a spectral weight proportional to Z.
The cancellations in renormalizations in transport
properties will survive into the superconducting or an-
tiferromagnetic state of the heavy fermions.

the effective-mass enhancement for heavy fermions is
given for spherical bands by

m /m=z
= 1+X,~

d2S' @(ka., k'a-')/vk

= 1+I'"~(),

where @ is the Landau quasiparticle scattering function
and integration is over the Fermi surface. Thus m'/m
depends on the s-wave scattering amplitude of the fer-
mions, not the p-wave scattering amplitude as in the
usual Fermi-liquid theory. 9 This is at first surprising,
since the usual result follows from Galilean invariance.
It is natural, however, in situations' where the
momentum is shared by more than one type of excita-
tion, but only one of them gives a linear specific heat
and the effective mass is defined only in terms of it.

There is one important difference between the phys-
ics of electron-phonon renormalizations and the
phenomena in the heavy fermions. Magnetic suscepti-
bility is not renormalized by electron-phonon interac-
tions. This is due to the fact the Landau interaction
function P(ko. , k'a. ') in this case is diagonal in spin in-
dices. We obviously need, beside the condition (4),
an interaction function with off-diagonal spin com-
ponents. This means that the bosons that are ex-
changed by the conduction electrons must carry spin.

An expression for the magnetic susceptibility for the
case that @ includes spin-flip components can be
derived by a simple extension of the Prange and Ka-
danoff procedure. '5 The answer is
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Recent results of inelastic neutron scattering" from
UPt3 are consistent with the form of the self-energy
deduced here. X(q, co), within the experimental un-
certainty, is observed not to depend on q and as a
function of cu at low co is that of a Fermi liquid charac-
terized by (m'/m)(1+F o) '. X(q, c0) satisfies sum
rules implying that the total magnetic response, which
at high temperatures is that of free spins, appears at
low temperatures in the form of a Fermi liquid.

I will now give a simple argument for the conditions
under which a very heavy fermion mass of 0(102
-10 ) is mandated. Consider the contributions to the
entropy of an ordinary rare-earth metal or compound.
There is a small linear contribution yT from the fer-
mions corresponding to a mass of 0 (1), and a contri-
bution from the local moments which at room tem-
perature is nearly temperature independent and two to
three orders of magnitude larger than the y T contribu-
tion. The spin contribution to the entropy decreases as
temperature is decreased, and as illustrated in Fig. 2
has a change in slope at the magnetic ordering tem-
perature TN which is typically of 0(10 K). Below TN,
one gets the spin-wave contribution to the entropy.
The heavy fermions are described by the same Hamil-
tonian as the typical rare-earth solid albeit with some-
what different parameters. Suppose that we demand
that there be no magnetic phase transition' and that
the low-energy excitations in these solids be purely
fermionic, i.e., there is a gap of —TF which is the
same order of magnitude as TN for spin-flucutation
excitations, then as illustrated in Fig. 2, a heavy-
fermion mass of 0(10 —103) is necessary, since total
entropy in the present problem is the same as for the
ordinary rare earths and the high-temperature entro-
pies must be identical.

The discussion above may be summarized by the
statement that heavy fermions arise from ordinary
conduction electrons by exchange of spin fluctuations
with total spectral weight similar to that carried by the
local moments and that if these spin fluctuations must
have a gap of 0(TF), the specific heat of the fermions
will be 0 (T/TF). One really observes only the spin-
fluctuation entropy but in a fermionic form, i.e., —T.
The effective induced interaction between the fer-
mions is highly retarded in time but local in space.
This ensured the disappearance of the renormalization
in most transport experiments.

A look at the resistivity of the heavy-fermion met-
als allows one to make another useful statement. In
CeCu6 and PuBet3, there is a resistivity minimum as a
function of temperature at about 100 K, reminiscent
of the Kondo effect, and a sharp drop in the resistivity
below 10 K. In CeA13, UBe~3, CeCu2Si2, etc. , resistivi-
ty decreases (approximately logarithmically with a
characteristic scale of a few hundred degrees) above
about 10 K to about room temperature, where present

TN

FIG. 2. A schematic diagram useful for arguing the con-
dition under which a heavy-fermion mass is obtained —see
text. The dashed lines refer to the entropy contribution in a
typical rare-earth metal or metallic compound, and the solid
line to the entropy in a heavy-fermion material. The pho-
non contribution to the entropy has been ignored.

measurements stop. Below about 10 K there is a pre-
cipitous drop. The suggestion is that there are at least
two characteristic temperature scales in the problem,
one of the isolated-moment Kondo temperature and a
lower one, where coherence develops between dif-
ferent sites and the resistivity drops. This is also im-
plied by a recent microscopic theory. '

It is amusing to note the phenomenological connec-
tion of the heavy-Fermi problem to that of quark con-
finement. Asymptotic freedom in our case means ex-
istence of free spins at high energies. The transition
from this regime without any magnetic-symmetry
breaking to a regime where only fermionic excitations
exist corresponds to the low-energy regime of a color-
singlet state of the quarks with only the baryons free.
Magnetic fluctuations or bosons appear massive.

I have benefitted from a discussion of the experi-
mental results with G. Aeppli, B. Batlogg, D. Bishop,
and S. Schultz. Also I wish to thank E. Abrahams,
E. Aebi, and J. Bergmann for numerous discussions.
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