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A method is described for the calculation of derivative terms in the effective action to one loop.
Sample calculations are made of the two- and four-derivative terms for a single scalar field, and of
the two-derivative terms for O(N) scalar field theory.
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In order to study the behavior of quantum field
theories in which states with nonconstant-classical-
field configurations may be significant, it is important
to understand the quantum corrections to the classical
action. Typical problems include solitons in QCD and
in the Higgs sector of the standard model'-* and other
problems in which derivative interactions play an im-
portant role.>> Previous methods used to calculate the
effective gradient terms have entailed either recon-
struction of the effective action from some care-
fully chosen amplitudes,? or complicated functional
methods.® Two recent series of papers,>* however,
have presented a much simpler systematic procedure
for calculating derivative terms in the effective action
to one-loop approximation. These two approaches are
different, but closely related. (However, they give dif-
ferent results for the example of a pure scalar field
theory.) The aim of the present paper is to present a
hybrid method, which I believe is algebraically simpler
than either of the two.

The starting point for the calculation is the function-
al determinant for the one-loop effective action,’

f1=fd“xfl=5ilndetg= ?I.Trlng, (1)

1
Trin(4 + B) =TrInA +f0 dz Tr B.

1
A+ zB

where

327

Ji= W(QS)

is the inverse propagator in the presence of a classical
background field ¢. The trace in (1) is straightforward
to evaluate if ¢(x) is a constant field, ¢(x)=¢(0);
one obtains the Coleman-Weinberg result for the ef-
fective potential.® If ¢(x) is not constant, however,
we must contend with the fact that the terms appearing
in & do not commute with each other.

As a simple example, consider the scalar field
Lagrangean
1

—rot ()

1
L =3 B,) = T = Sudd— o

In this case we have
D(x—y)=[-8-UKx)Is(x—y), 3)

where U(x)=m?+pudp+ +A¢p2  Following the ap-
proach of Ref. 3, we write U(x)=U(0) +8U(x), so
that the spatial dependence is contained in U (x),
with 8 U(0) =0. To simplify the calculation, it is con-
venient to use the identity

(4)

Putting A =2 ,=[—08>— U(0)16(x—y) and B= —8U(x)8(x—y), we have

K= Ly InDy— —Z-fldz g Y [ —
2 2J0 ,@0—28U(x)

=7 1+.71.

dU(x)|,

Q)

A =fd4x§1 is the one-loop contribution to the effective potential for constant field ¢ (0). .#; includes the ef-

fects of nonconstant-field configurations.

In order to perform the trace in fﬁ, we must disentangle &, and 8 U(x), which do not commute. Following
Ref. 4, a convenient way to do this is to make the following substitutions in the denominator of (5):

dU(x)— dU(x+id/dp), —82— p2.

We then expand the integrand of #; in a power series in zand 8/8p; in this manner we obtain for the gradient part

of the effective Lagrangean

~ i rl d4p o u x, jm
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where
_ 1
pP—U0)—z3U(x)
and
.5;1=fd4x.,?1.

A few comments about this expression are in order:

(1) p? here is just a numerical quantity—not an
operator—and so p? and 8 U(x) commute.

(2) The momentum derivatives act on everything to
their right, while the spatial derivatives act only on the
adjacent 8 U (x). .

(3) The n=0 term can be absorbed into.#; (the ef-

fective potential term), which then becomes
§1=—Lf d'p Inlp?— U(x)],
27 (2m)*

the effective potential for constant field ¢ (x) [instead
of $(0)].

(4) The Taylor expansion of 8 U(x) starts at m=1,
the m =0 term having been absorbed into G. This is
the reason for introducing the z integral rather than
just expanding the logarithm in (1) directly—we elim-
inate a number of terms at intermediate stages of the
calculation. They reappear later, but then the com-
binatoric factors are found simply as coefficients in a
Taylor series in z It may also be noted that iG(z) in-
terpolates between the field-dependent propagator for
background field ¢(0) at z=0 and that for ¢(x) at
z=1.

(5) Finally, (6) is an expansion for.#; at x. We
may anticipate a general form for .#, as

n=0

o [, U)] 92U (x)1? [82U (x) 118, U(x)1? [0,U(x)]* )
AT T g 0 * U(0)3 “T )¢ "
where the g; are themselves given as a series in U (x)/ U(0),
a;= 2 b,,,,[ Sg(((;c)) ] . (8)

38U (x)/U(0) is not necessarily a small quantity. However, the effective action is translation invariant, and so we
may just as well evaluate &, at x =0 as anywhere else. When we do so, all the terms in (8) with n > 0 vanish,
since 8 U(0) =0. The point x =0 is arbitrary, and so we may rewrite (7) as

- [0, U(x)]? [82U(x)]?

(82U (x) 118, U(x)]?

[0, U(x)]*

1= b1 U(x) 2

U(x)?

} U(x)3 M

)]

where b, here corresponds to b, in (8). The upshot of all of this is that, having brought the terms in the expan-
sion (6) into the canonical form (7), we may then discard all terms containing undifferentiated factors of U (x),
and replace U(0) by U(x) [of course, 8,8 U(x) =29, U(x), alsol.

To illustrate the simplicity of (6), we wnll compute by, ..

,bs in (9). For b;, we need to keep only terms in-

volving two powers of 8 U (x); expanding (6) we find a smgle contrlbutmg term,

.2 62
f f(277)4 21 950,00, GdU(x)8,8,0U(x).

(10)

We may neglect all but the leading behavior in z in the integrand, since higher powers of z bring in extra factors of
dU(x). The momentum integral is straightforward; a few handy formulas are

) 2 0?
G=—2G?, —2 —
ap“ P apu apv

I @'p _p2sGne (—1)n=si[U(0) + 28U (x)]
Qm*” T T o

We thus obtain for the two-derivative term

1 1 3U(x)BU(x) 140 3U(x)
24 1672 U(o0) U(0)
or, adding a total derivative, we find
po L 1
1" 24 1672

G=-— 2G2(gp,v_4pp.va)r

1)
—nes— T (+2D)T(n—5-2)
1672 (n)
(12)
(13)
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Adding this term to the classical Lagrangean, we obtain

1 1 ( +>\¢>)
——Z 2= 1+ #
(¢) (D, 0)°= 12 16m2 mit o+ tng?

(3,9)%, (14)

for the one loop—corrected kinetic-energy term, in agreement with Fraser,? Chan,* and Iliopoulos, Itzykson, and
Martin.%

The computation of the four-derivative terms, b,, b3, and b4, is only slightly more involved. In this case, we
need to keep track of up to four powers of 8 U (x), and expanding (6) to the appropriate order, we have

82 term) — —f f C

—0G
8p,0p,0p,0p,
28, 5U(x)8,8,0,0U ()2 Gy 9 ;0
! 8 9p, 0p, 0ps 9p,0p,0p;  Op,

2 62
(2')26 9,8 U(x)9,0,0U(x) 39, 97, BpPBpGG

9 0 92 92 0 0 (i) 92 0
X G—G G+ G—G—G+ G G
op, Op, 0p,0p, 0p,0ps Op, Op, 9p, 0p,0p, Op,

o )4 G3 U(x)[ =-8,8,8,0,0 U (x)

3 G

3
+ —;—!a“a U(x)8,8U(x)8,8,6U(x)

|

+ higher derivatives. 15)

G

The momentum integrals are evaluated by use of the formulas (11). We can then expand the integrand in powers
of z, retaining up to 4 factors of 8 U(x), and do the zintegral. The result is

. 1 8*%Ux) |1 2 3U(x) sUX |’
“1=8 3 Tom [60 U(0)? [2 RO R k7>
LB,LSU(x)a“BZSU(X) 1_38U)| 1 [a,tavéSU(x)l2 1 33U
15 U(0)3 3 4 U(0) 45 U(0)? 3 4 U(0)
1 98,8U(x)9,8U(x)3*8"8U (x) . o
0 b U(0)? ’ + higher derivatives. (16)

By adding total derivatives and discarding terms of the form (9) with extra factors of 8 U(x), we finally obtain

1 1 (3 U)2+1 2U)? 1 UG 1 @0
' 1672 U 240~ (2 180 U 480 (*

] + higher derivatives. an

This result may be seen to be in agreement with equations 2.30, 2.32, and 2.34 of Fraser® by expanding U in terms
of ¢ and adding a total derivative.

This technique is easily extended to cases in which & carries internal or Lorentz indices. As a brief example,
consider the case of O(N) scalar field theory, with the Lagrangean

=3(9,0)2— Tm’p2— (1/4)\ (4?)?, (18)

for which we have

D j(x—y)={[-8= Ui (x)101;(x) +[—= 82— Up(x)102;(x)}8(x — »), 19
where we define

Ui=m*+1r\p?, U,=m>+ —é-7\¢2, Q]U=¢i¢j/¢2! Q2Ij=8ij—¢i¢j/¢2» (20)
and we have

010,=0 and Q7=0,. (21)
Again, we split & into a translation-invariant piece,

o@oz {[—62— U1(0)1Q1(0) + [“‘82" UQ(O)]Qz(O)}S(X“y), (22)
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and the remainder,

The expression analogous to (6) is then

-~ i A 4 % i
P1=— ZiTrj:dz (2617,.1;4 ngoz”{[GlQl(O) + G,0,(0)18 U} G10:(0) + G,0,(0)]

x[8U(x)01(0) +8U,(x)0,(0) +AU(x)80(x)], (24)

where Tr denotes the O(N) trace,

. 1
¢ pP=U(0)—2z3U,(x)°

SU=AU(x)50(x)

+ 3 L, 8, [5UI(x)01(0) +8U(x) 0;(0) +AU(x)80(x)] . (29
m=1M: ”

AU(x)=U;(x)—Uy,(x), 80=80,=-580Q,.
The identity (21) allows us to rewrite (24) as
F1=2 U1+ (N—1)#[U,] +terms involving 50, (26)

where Z,[U,] is expression (6) with U, substituted for U, and the “‘terms involving Q" are the remaining
terms, which all contain at least one factor of 8 Q. We easily obtain the two-derivative terms,

j =_1_ >‘_2_(¢a ¢i)2 _1__|_
1™ Jem2 |24 7% U

9 U ¢? -

N—1_1_]_l[(8,‘¢,)2 (qﬁaﬂqb’)z”Ule U Ui+ U,
2 U, 2

27)

It is amusing to note that the leading behavior for large N is just given by the expression for a single scalar field,
since (26) is then dominated by N[ U,].
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