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Comment on ‘‘Renormalization, Unstable Man-
ifolds, and the Fractal Structure of Mode Lock-
ing”’

In a recent Letter Cvitanovic et al! have used
renormalization-group techniques to examine the frac-
tal dimension of quasiperiodic winding numbers of a
circle map at the onset of chaos. Earlier analyses had
predicted a universal scaling behavior at a particular ir-
rational winding number.? Cvitanovi¢ et al predict
that universal scaling should also hold between any
two frequency-locked intervals. In an experiment on a
nonequilibrium chemical reaction in a stirred flow
reactor we have found good agreement with this scal-
ing prediction.

In the theory! one can start with any pair of locked
intervals with winding numbers P/Q and P'/Q’. The
length of the gap between them is denoted by s;.
Next the locked interval (P +P’)/(Q + Q') is found,
and the gaps between the new interval and the preced-
ing ones are denoted s; and s,, respectively. The con-
struction is continued until a large number of gap sizes
s; is found. The fractal dimension D is then obtained
from the formula 3,(s;/s;)?=1. Surprisingly, esti-
mates of D based on only two gaps are accurate to
within 1%.!

In our experiment we observe, as the flow rate is
varied, a sequence of periodic states, each consisting
of a combination of small- and large-amplitude oscilla-
tions.> The ratios P/Q of the number of small ampli-
tude oscillations to the total number of oscillations per
period form a staircase as a function of flow rate. In-
terpreting the ratios P/Q to be winding numbers,> we
can apply the theory of Cvitanovic et al. to our data, as
Fig. 1 illustrates. The fourteen pairs of states P/Q and
P'/Q’ for which the ‘‘Farey tree’’ state (P +P')/
(Q + Q') was observed with the intervals s; and s, at
least 3% wide in control-parameter range yield
D =0.87 +0.02 (weighted average and standard devia-
tion), in good accord with the predicted value,
0.868 +0.002.

The agreement between theory and experiment
found over a wide range in winding numbers is re-
markable since the system with its thirty or more
chemical species is certainly not strictly described, as
in the theory, by a circle map with a cubic inflection
point. For example, in a few cases we have two or
more distinct successive states with the same ratio
P/Q.3 However, unique values of the winding
numbers for our data have been obtained by Arneodo
and Argoul,* who interpreted the data in terms of a
chemical model that gives frequency locking on a
torus. Using their interpretation of a winding number,
we obtain D =0.85 +0.04. Another concern is that
the theory of Cvitanovic et al. applies in principle only
at criticality of the circle map, where the frequency-
locked intervals have the full measure of the winding-
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FIG. 1. Examples of the intervals used in computing the
fractal dimension D from (s;/s7)?+ (so/sp)P=1. Example
(a) gives D —0.86 +0.02 and (b) gives 0.87 +0.03; the un-
certainties arise from the 0.3% uncertainty in the determina-
tion of the transition points.

number values and the quasiperiodic intervals have
zero measure. Although our measurements along an
arbitrarily chosen path in control parameter space
could not be expected to correspond exactly to critical-
ity, the absence of hysteresis between the observed
transitions and the absence of chaos or quasiperiodicity
in our observations lend support to the interpretation
of our measurements in terms of a torus near criticali-
ty.

A recent elegant experiment by Stavans, Heslot, and
Libchaber® on a driven convecting fluid demonstrated
the scaling behavior predicted to occur near irrational
winding numbers; they carefully adjusted the winding
number to be very near either the golden mean or the
silver mean. The present experiment suggests that
scaling may apply to a fairly wide range of winding
numbers and control-parameter values in systems that
exhibit frequency locking. It will be interesting to ex-
amine many other systems in which staircases of fre-
quency locking have been observed to determine how
universal the value of D is.
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