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Amplitude-Dependent Properties of a Hydrodynamic Soliton
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The finite-amplitude tuning curves of a surface-wave resonator have been determined for vari-
ous liquid depths. It is found that the direction of the bending of the tuning curve depends on the
liquid depth. The free decay rate of the soliton is measured and shows that solitons initially decay
much faster than the corresponding transverse mode but have the same rate in the terminal decay.

PACS numbers: 47.35.+i

In a recent paper' we reported the discovery of a
unique nonpropagating hydrodynamic soliton whose
excitation is that of a transverse surface wave. The ex-
planation which we offered at that time for the ex-
istence of this concentration of energy was that, like a
polaron, the soliton is self-trapping. The envelope
shape of the soliton is the hyperbolic secant, and self-
trapping occurs because the cutoff frequency for the
transverse vibration is a decreasing function of ampli-
tude. Accordingly, the appropriate frequency for gen-
eration of the peak energy at the center of the soliton
is below the cutoff frequency at the evanescent wings.

Since then there has been considerable progress in
theory and experiment. The purpose of this Letter is
to present the new experimental results which are cen-
tral to our understanding of the self-trapping mechan-
ism and which include data showing that this self-
trapping behavior is absent when the water depth falls
below a certain value, in agreement with theory.?3

As pointed out in the previous paper, the necessary
condition for creation of a nonpropagating hydro-
dynamic soliton is that a nonlinear dispersive system
has an amplitude-dependent cutoff frequency such
that the higher the amplitude, the lower the cutoff fre-
quency. If vy is the low-amplitude cutoff frequency,
and v is the amplitude-dependent cutoff frequency of a
transverse surface wave resonator which has a rec-
tangular section of width W and liquid depth d, the
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where g is the acceleration of gravity, a is the ampli-
tude of the surface wave, « is the surface-tension coef-
ficient, and A4 is the so-called nonlinear coefficient
given by23

=1(6T*~5T*+16—9T"2), (3)

where T =tanh(mwd/ W). When correction is made for

surface tension, Eq. (3) becomes
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where a*=a(mw/ W)?/pg?

From Eq. (2), it is obvious that v can be greater or
less than v depending on the sign of A4, which is in
turn uniquely determined by the depth of the liquid.
If we put A =0 in Eq. (3) or (3a) the theoretical cross-
over depth can be calculated. Experimentally v can be
determined by measurement of the tuning curve of
the transverse mode for various amplitudes of the
surface-wave oscillation. From v, determined by Eqg.
(1) and measured values of @ and v at the peak of the
tuning curve, the nonlinear coefficient 4 can be calcu-
lated from Eq. (2) for different depths of the liquid.

The resonator used to measure the tuning curve is a
sealed glass basin with the inside dimensions of
L 2.0xW 2.6xH 7.0 cm. The resonator for measuring
the low-amplitude oscillation of the transverse mode is
a sealed glass channel with the inside dimensions of
L 38xW26xH7.0cm.

The reason for not using the long channel resonator
to determine the tuning curve is that when the ampli-
tude of the surface wave gets quite high, solitons ap-
pear in the long channel. The length of the short one
is chosen to be smaller than the characteristic length of
the soliton so that the soliton does not appear, and so
that the fundamental resonant frequency of the longi-
tudinal mode is well above that of the transverse
mode. Then the tuning curve is that of the transverse
mode and, as pointed out in Ref. 1, this is the
equivalent of being at the first cutoff frequency for a
waveguide of infinite length.

The resonators are cleaned with a solution of potas-
sium hydroxide in ethyl alcohol, followed by washing
with hot tap water and ethyl alcohol. Then they are
filled with 100% ethyl alcohol up to the depth d. The
resonator is put on an improvised table on rollers,
which is driven horizontally by a 5-in. loudspeaker in a
direction normal to the sides of the trough so that
sloshing occurs across the width of the resonator (Fig.
1). An accelerometer (4367, Bruel & Kjaer) is used to
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FIG. 1. Schematic of the apparatus with direct drive.

measure the displacement of the oscillating table. It is
found that the displacement is quite sinusoidal—the
second-harmonic component is at least 40 dB lower
than the fundamental. In order to keep the displace-
ment amplitude constant when the frequency is
changed, a feedback loop is used.

The transducer for measuring the displacement of
the surface wave is a pair of vertical wire electrodes
that dip into the liquid. The high-frequency ac con-
ductance between the electrodes is modulated by the
low-frequency surface wave motion. A lock-in ampli-
fier picks up the slow modulation, amplifies it, and
sends it to the ac-dc converter. The X-Y recorder is
used to plot out the tuning curves. The block diagram
of the electronics is shown in Fig. 2.

It is of interest to measure the free decay rate of the
soliton and this was done in two different ways. One is
the direct excitation method, which means that the
channel is driven by the oscillating table in its width
direction. Once the soliton is created and reaches a
steady state, the driving sound is turned off. The
free-decaying oscillation data were stored in a wave
analyzer and plotted out by an X-Y recorder. The oth-
er method is a parametric excitation in which the chan-
nel is oscillated vertically at twice the soliton frequency
by a vibration exciter (4809, Bruel & Kjaer). Identical
decay rates were obtained for both methods.

Typical frequency sweeps for several different drive
amplitudes for each of three different depths d are
shown in Fig. 3. The dashed curves are drawn through

Ramp | yeg| oscillator Power To
— Voltage A (Wavetek) L —
Generator VC [ avete Amplifier Loudspeaker
T o |
Accelerometer Chogg AC-DC —H Differential
Amplifier Converter | from 0 | Amplitier
power
supply
) ) Y
Linear Lock-in AC-DC X-Y
Transducer Amplifier Converter F Recorder

FIG. 2. The block diagram of the electronics.

the measured peak frequencies, and the dash-dotted
curves are for the predicted peak frequencies from Eq.
(2) when the nonlinear coefficient 4 of Eq. (3) is
used.

The upper set of plots is for the case of d=0.5 cm.
It is evident that the peak frequency increases as the
amplitude of the surface wave becomes bigger; the
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FIG. 3. The transverse-mode amplitude-dependent tun-
ing curves of a rectangular section resonator ( W=2.6 cm).
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peak frequency shifts up from 4.23 to 4.42 Hz when
the amplitude of the wave increases from 0.1 to 0.4 cm
in steps of 0.1 cm. vq is 4.22 Hz from Eq. (1) for
d=0.5cm.

The middle set of plots is for the case of d =2.0 cm.
What is of overriding importance is that now the peak
frequency decreases as the amplitude is increased; the
peak frequency shifts down from 5.43 to 5.03 Hz as
the amplitude of the wave goes from 0.2 up to 1.0 cm
in steps of 0.2 cm. For this depth, vy is calculated to
be 5.52 Hz by Eq. (1).

The lower set of plots is for the case of d=0.8 cm.
Within experimental error the peak frequency remains
constant at 4.78 Hz, as the amplitude increases from
0.1 to 0.8 cm. It was experimentally found that at
d = 0.8 cm, changes in depth of 0.1 cm produced hard-
ly any detectable shift of peak frequency. We conclud-
ed that it is at this depth (4=0.8 +0.1 cm) that the
crossover from right leaning to left leaning occurs.
Equation (1) gives vo=4.81 for this depth.

In an experiment performed to investigate this
crossover we find stable solitons down to depths as
shallow as 0.95 cm, although at this depth the soliton
is only marginally stable. We attempted but failed to
observe a stable soliton at shallower depths. The
discrepancy between this experimentally observed
crossover and the crossover depth of 0.8 cm may be
due to the fact that the stability of the soliton requires
a small but finite degree of left leaning.

Figure 4 contains plots of the nonlinear coefficient 4
versus fluid depth d from Egs. (3) and (3a). The
points are experimental data. From the two curves we
can get an independent determination of the crossover
depth to compare with the above experimental value.
This is the value of d at which 4 vanishes. The inter-
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FIG. 4. Plots of the nonlinear coefficient 4 vs fluid depth
d given by Egs. (3) and (3a); the dash-dotted curve is from
Eq. (3), and the solid curve is from Eq. (3a).
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section of a horizontal line at 4 =0 with the dash-
dotted curve yields a value of d =0.85 cm, and for the
solid curve d=1.03 cm. From Figs. 3 and 4, we can
see that Eq. (3a), which includes surface-tension ef-
fects, fits the experimental results in the deep-water
region better than Eq. (3). The reverse is true for the
crossover depth. Over all, both equations work better
at the deep-water region than the shallow-water region.
We believe the reason for this is the breakdown of the
perturbation theory as the system approaches the non-
dispersive limit at zero depth.* As to the discrepancy
between theory and experiment, Putterman and Lar-
raza have expressed their satisfaction with the extent
of agreement. They mention that the theory was
developed for waves which though nonlinear are much
weaker than those used in this experiment. Moreover,
viscous effects are not included.

Figures 5(a) and 5(b) are plots of typical free decays
of, respectively, a soliton and a transverse mode in the
same channel. Clearly, the soliton decays faster than
the transverse mode initially. In Fig. 6, it is apparent
that the two decay rates become identical when the
amplitude of the soliton becomes small after 1.5 s.
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FIG. 5. Plot of the free decay. (a) A decaying soliton
with characteristic amplitude of 1.8 cm and frequency of 5.1
Hz. (b) A decaying transverse mode wave with amplitude of
0.5 cm and frequency of 5.1 Hz.
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FIG. 6. Plots of the amplitude vs time. Crosses represent
the amplitude of the same soliton as in Fig. 5(a), and circles
the amplitude of the same transverse wave as in Fig. 5(b).

The initial decay rate of the soliton (frequency 5.1
Hz, and amplitude 1.8 cm) is 0.7 s~ !, and changes to
0.4 s~ ! as its amplitude drops below 0.5 cm, which is
seen to be the same as the decay rate of the small-
amplitude transverse mode. The theoretical analysis
by Miles? yields a value for the decay rate of the
small-amplitude decaying wave between 0.2 and 0.5
s~ 1, depending on the extent of contamination of the
liquid surface.

Experimental measurements show that a rectan-
gular-section fluid resonator ( W=2.6 cm) has an
amplitude-dependent tuning curve with a peak fre-

quency v, such that
dv,/da <0 for d > 0.8 cm,
> 0 for d < 0.8 cm.

The nonlinear coefficient, 4, as a function of liquid
depth is found to be in good agreement with the
theoretical results of Miles? and Larraza and Putter-
man.? The value of 4 can then be used to determine
peak frequency of the tuning curve as a function of
amplitude of the wave, and again reasonable agree-
ment is obtained. All things considered, the agree-
ment of the experiment with theory is quite satisfacto-
ry. Solitons initially decay much faster than the corre-
sponding transverse mode, but have the same rate in
the terminal decay.
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