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The two-point spatial correlation function for cosmic string loops in an expanding universe is deter-
mined and shown to match closely the observed two-point correlation function for clusters of galaxies.
Further implications for the string theory of galaxy formation are discussed.
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One of the most important recent developments in our
understanding of the large-scale structure of the Universe
has been the determination of the two-point spatial corre-
lation function of Abell’s rich clusters of galaxies.! Abell
himself pointed out? that the two-dimensional distribu-
tion of clusters on the sky is highly nonrandom, but only
recently have enough red-shift data become available for
a reliable determination of the correlation function itself.
Bahcall and Soneira® and Klypin and Kopylov* found the
interesting result that the correlation function &..(r) for
Abell clusters takes a similar form to that for galaxies
§g¢(7), both being roughly consistent with the power law
&(r)=ar ~!® but the coefficient c,, being 18 times larger
than ag. £.(r) was also observed to be positive out to
distances of more than 1004 ~! Mpc (where Mpc stands
for megaparsecs and 4 is the horizon distance).

In this Letter I will explain how the string theory of
galaxy formation® predicts &, (r) equal to that observed in
a remarkable way.®

Correlations over such large distances as these are very
hard to understand in most theories of galaxy formation
where small-scale structure forms first (and there is by
now substantial evidence against the opposite, “pancake”
picture’). The simple problem is that in most scenarios
the mass perturbation spectrum decreases monotonically
with scale, so that correlations of matter on very large
scales are even smaller than the correlations of galaxies.
The strength of £..(r) therefore poses an outstanding
theoretical problem.

One attempt to explain the strength of £, () has been
to suppose that clusters are “biased” tracers of the matter
distribution, forming only in regions where the primordi-
al density perturbation lies above some threshold. As
Kaiser has shown,? such regions are indeed more correlat-
ed than the matter as a whole as long as the probability
distribution for the perturbations is Gaussian. This
mechanism has been invoked in the context of cold-dark-
matter scenarios where, unfortunately, it has been neces-
sary to suppose that the galaxies themselves are “biased”
(>20) fluctuations.” Fitting both the galaxy and cluster
correlations then requires that the threshold for clusters
be so high ( > 60) that there would be less than one in our
entire observable Universe!

The strength of &.(r) is rendered slightly more
comprehensible if one writes £(#) in a scale-invariant

© 1985 The American Physical Society

way, 10

E(r)=B(r/d)~ 13, (1)

where d is the mean separation of the objects being con-
sidered. For galaxies,!! d ~5h—! Mpc whereas for clus-
ters®> d ~55h~! Mpc. Now one finds that for galaxies
Bge ~1.1 while for clusters 8,, ~0.27. Viewed this way,
galaxies appear to be 4 times more strongly correlated
than clusters, consistent with the notion that small-scale
structure formed first and the galaxy correlation function
has grown by gravitational clustering. It is essential to
this point of view, however, that the perturbations are
produced in a scale-invariant pattern.

The evolution of cosmic strings in a radiation-
dominated universe has been studied in some detail by Al-
brecht and myself.!>!*> We found strong evidence that if
strings always exchange partners when they cross, the
resulting distribution evolves in a self-similar manner.
That is, the network of strings larger than the horizon
straightens out on scales of order of the horizon scale,
with a fixed number of lengths crossing each horizon
volume. The self-intersection of these long strings con-
tinually produces loops with radii of order of the horizon
scale. These ‘“parent” loops then chop themselves up
within a few expansion times into several “daughter”
loops. The daughter loops occupy a small and decreasing
fraction of space as the Universe expands and the proba-
bility of them colliding with another loop or length is
negligible. The number density of loops and the mass
density in string are both dominated by the smallest
loops, which have radii equal to a fixed small fraction of
the horizon scale and are continually disappearing as a
result of gravitational radiation.

In the context of the string theory of galaxy formation
all large condensed objects such as galaxies and clusters
formed around oscillating loops of string. Larger loops
are more massive and rarer—eventually causing more
massive and rarer objects to form about them. Abell clus-
ters (with richness R >1) are defined observationally as
regions containing more than fifty bright galaxies within
an Abell radius 1.52~! Mpc. One can therefore identify
Abell clusters with loops of all radii greater than some
cutoff r. chosen so that the mean separation of the result-
ing loops equals the mean separation of Abell clusters.
These loops initially had radii of a kiloparsec or so and
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were produced in the radiation-dominated era (see Turok
and Brandenberger!#). Of course loops too large to cap-
ture Abell clusters should be excluded, but since the
number density of loops decreases rapidly with radius, the
contribution of loops with radii >>r. to the correlation
function is negligible.

In the string theory, the correlation function of loops
with radii greater than r, is indeed of the form of Eq. (1).
This is because at the time loops of a given size are
formed there is only one relevant scale, the horizon scale.
All loops are formed in the same way, so that at the time
they are formed their correlations at any fraction of the
horizon scale (or of their separation) are identical. The
effect of the subsequent expansion of the Universe is sim-
ply to stretch all separations by the same amount. There-
fore the dimensionless function £(r /d) does not change as
the Universe expands. Furthermore there are no free
parameters in £(r/d) at all (it is independent of u, the
mass per unit length, which is the only free parameter in
the string theory, and independent of the cosmological
parameters A or (1). It thus provides a very good test of
the string theory.

I have calculated &(r/d) numerically in simulations
identical to those performed by Albrecht and myself,
choosing the cutoff radius r, to be larger than the radius
of the smallest loops initially present in the simulation to
ensure that the correlations really represent those of loops
formed by the self-intersection process. I used a total of
eighteen runs, each involving an average of 83 loops. For
comparison, Bahcall and Soneira used a total of 104 Abell
clusters with known red shifts and a larger sample of
1547 clusters whose red shifts are only approximately
known in various comparison tests to confirm their re-
sults.

The correlation function £(r /d) is defined as the excess
probability over random of finding a pair of loops
separated by a distance r. I calculated it from the formu-
la

E(r/d)=n(r)/nR(r)—1, ()

where n(r) is the observed number of pairs of loops
whose centers of mass are separated by r+8, 28 being the
bin size, and n®(r) is the number expected in the bin if no
correlations were present. & is plotted in Fig. 1 and com-
pared to the function &, (r/d) determined in a similar
way for Abell clusters by Bahcall and Soneira. The
agreement is remarkably good.

The range of the simulations is very similar to the
range of the observations—the cutoff radius r, in the
simulation obeys r./d ~0.05 whereas an Abell radius di-
vided by the mean separation of Abell clusters is ~0.03.
The simulations were performed in a box of size 4.4d
whereas the observations for Abell clusters go out to a ra-
dius ~5d. The apparent disagreement at small r/d is not
significant, since the observations only involve a small
number of clusters at these separations.>

What causes these correlations among loops? On large
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FIG. 1. Two-point spatial correlation function & for Abell
clusters (open circles) and for cosmic string loops (filled circles)
as a function of r/d, where r is the separation and d is the
mean separation of the objects considered. Error bars in the
data for Abell clusters correspond to the square root of the
number of pairs in each separation bin (assuming Poisson statis-
tics). Error bars in string simulations correspond to the stand-
ard deviation of the mean for eighteen independent simulations.

scales, loops show the same correlations as the network of
strings that they were chopped off from. For a network
of Brownian walks with density p, mass per unit length u,
and step length A, it is not hard to show that the density-
density correlation function is

E(r)=3u/mpAr. 3)

Parent loops will show these same correlations. From the
simulations,'>!3 one has that p~2.3u /% A~2¢, and the
mean separation of parent loops when they were formed
dparent ~5¢. This yields for the correlation of the parent
loops £(r)~0.04d ot /7. The parent loops then split
into an average of about ten daughters each. They too in-
herit the above correlations on scales >dparene but their
mean separation d is dpurent/ 1013 ~0. 5d parent> and so one
expects for the daughter loops

E(r/d)~0.1d/r, r>2d. @)

On smaller scales the correlations of the daughter loops
are determined by the detailed manner in which the
parent loops split up to produce them. The parent loops
are more or less straightened out when they form, so that
if one is sitting on a daughter loop and goes out a dis-
tance 7, it is reasonable to suppose that the excess number
of daughter loops that one finds (those formed from the
same parent loop) is proportional to r. That is, the
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number of loops between r and r +dr is
n[14-&r/d)1~n4mr’*dr+Ndr/D, (5

where n is the mean number density of loops, N is the
number of daughter loops from each parent, and D is the
size of a parent loop. Thus on scales less than the size of
a parent loop,

&(r/d)~(N /4m)(do/D)d /1), (6)

where d, is the separation of the daughter loops when
they are formed. Using N ~ 10 and d,/D ~0.2, we find

E(r/d)~0.2(d/r)?, r<d. 7

The models described above explain in a qualitative
way at least the form of &(r/d). Their prediction is
marked by the dashed lines in Fig. 1.

I want to return now to the question of the peculiar
velocities of the loops. After a loop is formed, its initial
peculiar velocity v; is shifted to the red, v=v;(¢;/t)!/? (in
a radiation-dominated universe). Relative to a comoving
frame it moves a total distance 2v;t;[(¢/¢;)"/>—1]. This
is to be compared to the mean separation of loops after
they are produced, d ~0.9(z;¢)!/2. With a mean velocity
v; ~0.1, this means that the correlations are washed out
to some extent by the initial peculiar velocities on scales
r <0.2d or so. This may explain the fact that £(r /d) ap-
pears to rise less steeply for small r/d. To understand
this effect better, I calculated &(r/d) for all loops with
peculiar velocities less than 0.2 (about 80% of all loops),
less than 0.1 (about 50% of all loops), and less than 0.05
(about 20% of all loops). These results are plotted in Fig.
2. In the first two cases £ was not significantly different
from that calculated with all loops except at the smallest
separations where £ increased for the slower loops, as one
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FIG. 2. The function &(r/d) when selection for center-of-
mass velocity v is imposed on the loops.

would expect. For the last case, the error bars are larger
but £ does seem significantly different from that calculat-
ed with all loops at intermediate »/d. If the above pic-
ture of clustering of daughter loops is correct, this may be
because this selection of velocities significantly reduces
the number of loops in a cluster.

Finally I would like to point out that the identification
of loops with Abell clusters proposed here permits a
much cleaner determination of the single free parameter
in the string theory, . The accretion of matter onto a
loop is well described by the spherical collapse model.'
In this model, the overdensity of an object just after it has
collapsed is ~ 150 and thereafter grows as t2. Abell clus-
ters have an overdensity of ~170 and thus formed very
recently. One can then require that the loops of the
separation of Abell clusters be massive enough to have ac-
creted an Abell overdensity within an Abell radius by this
time. The final result is that Gu~2X10~° where G is
Newton’s constant. One can also describe the evolution
of the correlation function for galaxies in terms of a
spherical model—the result is that &g ~r 2 also; requir-
ing the amplitude to be ~4 times that of £, provides a
completely independent determination of Gu, which
gives essentially the same answer. Details of these and
other calculations will be published elsewhere.!*

In conclusion, the cosmic string theory has passed a
test that no other viable theory of galaxy formation yet
has. In this test, it has to fit not just a number but a
function, and there were no adjustable parameters at all in
the theory. If more red-shift data and more detailed
simulations of strings confirm the result reported here,
the cosmic string theory will become very difficult to sur-
pass.

I am indebted to my friends and collaborators A. Al-
brecht and R. Brandenberger for their help throughout
this work. I would also like to thank J. M. Deutsch and
A. Szalay for helpful discussions.
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