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Exact Solution of a Four-Site d-Electron Problem: The Nickel-Metal Photoemission Spectrum
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Exact calculated results for the nickel density of electron states, as would be measured in
valence-band photoemission, are presented. A realistic local-density-approximation one-electron
structure, sampled at four wave vectors, and an intrasite electron-electron interaction of full gen-
erality are used. This new approach to the Ni photoemission problem yields accurately the experi-
mental bandwidth, exchange splitting, satellite position, and relative intensities. Physical con-
clusions about the true Ni many-body states are drawn.

PACS numbers: 75.10.Lp, 71.45.Gm, 79.60.Cn

Nickel metal has a very narrow one-electron d-band
width: It is approximately 4.5 eV according to calcula-
tions' based on the local-density approximation
(LDA). It exhibits also a considerable electron-
electron interaction: The ratio of the intra-atomic
Coulomb integral to d-band width has been estimated3
to be in the range of 0.5 to 1. Thus the electronic
structure of Ni metal presents the theoretical challenge
of an almost intractable, full many-body problem.

Fhotoemission experiments provide a useful probe
of this many-body system:

(1) Core-level photoemission4 s exhibits satellites
approximately 6 eV below the main lines. This spec-
trum is attributed to the presence of either zero
(main lines) or one (satellites) d hole on the atom
from which the core electron has been emitted.

(2) Resonant photoemission is observed7 for photon
energies of approximately 67 eV. The resonant satel-
lite, both its origin and polarization, was correctly
explained by consideration of the virtual excitation of
a 3p electron into the 3d conduction band and the sub-
sequent Auger-type decay into the 3p hole and a free
electron.

(3) Valence-band photoemission shows an apparent
d-band width and exchange splittings reduced' ' by
25O/0 and 50'/0, respectively, relative to the calculated
LDA one-electron band structure. A satellite ' also
appears at approximately 6 eV below the Fermi level.

A large body of theoretical work' '9 has been
focused on these problems with, to date, only partial
success. Liebsch' has shown that the assumption of a
wave-vector —independent self-energy and the in-
clusion of only certain kinds of scattering processes
provide a qualitative understanding of photoemission
within the degenerate Hubbard model. Davis and
Feldkamp, ' with the assumption of a core-hole self-
energy for the valence hole, solved the problem exact-
ly and obtained a bandwidth only slightly larger —less
than 10'/0 —than that measured by photoemission.
They obtain, however, an exchange splitting consider-
ably too large. Both these calculations assume a
wave-vector —independent self-energy, which has been
shown to be incorrect. ' A more complete review of

the strengths and deficiencies of previous calculations
is provided elsewhere.

We report here a calculation of the Ni-metal density
of emitted states. The calculation is exact within the
context of a full many-body scheme. Sampling is re-
stricted to four wave vectors in the face-centered-cubic
Brillouin zone. We use a one-electron spectrum calcu-
lated in LDA and an on-site electron-electron interac-
tion which is the most general allowed by atomic sym-
metry. We do not use perturbation theory, and do not
assume either a low-density approximation or wave-
vector —independent self-energies. We explicitly ac-
knowledge the equal importance of both band-
structure effects and electron-electron interactions.
Results are in excellent agreement with photoemission
data and many of them, including the calculated pho-
toemission bandwidth, are independent of reasonable
choices of the electron-electron interaction parame-
ters.

We sample four vectors in the Brillouin zone: the
central I point and the three L points, centers of the
square faces. This restricted sampling scheme ' is
identical to consideration of a four-atom fcc crystal:
the four atoms within the basic cubic cell and complete
periodic boundary conditions. We use the one-
electron band structure' of Wang and Callaway, used
in previous studies, and we average up- and down-spin
energies to produce the required spin-independent
one-electron energies (see Table I, column 4).

We use an intra-atomic electron-electron interac-
tion, which is the dominant contribution. It should
be noted that the nearest-neighbor Coulomb term, the
next largest one, makes a constant contribution within
the four-atom crystal and may be neglected. The
intra-atomic terms we considered are the most general
allowed by atomic symmetry. They include a
direct Coulomb integral U, an average exchange in-
tegral J, and an exchange anisotropy

AJ = ( —,
' [J(eg,eg) —J(t,g, t2, ) ].

The ratio U:J has been amply discussed in the litera-
ture 22, 2s, 26 A fit to atomic-term values yields
U = 16 eV; J = 1 eV; 4J = —, eV. Atomic and solid-

1140 1985 The American Physical Society



VOLUME 55, NUMBER 10 PHYSICAL REVIEW LETTERS 2 SEPTEMBER 1985

TABLE I. Binding energies for spin-averaged levels. '

Symmetry Experiment
HKE" EPc

Theory
This work WC DF'

&25(&4)
r„(r,)
Xi
X3
X2
X5

1.2
0.5

0.1

1.1
0.4
3.3
2 ' 8
0.85

1.6
1.0
3.6
3.2
0.4
0.2

2.04
0.92
4,31
3.81
0.18

—0.01

1.62
0.74
3.55
3.03
0.14'
0.01'

'Energies in electronvolts below the Fermi level.
bReferences 10 and 11.
'Reference 12.
dReference l.
'Reference 14.
Estimation based on a 0.5-eV exchange splitting.

state values are not expected to be similar. However,
these numbers provide two useful limits: (i) U is
screened in the solid more than J; the ratio of U:J
should be therefore less than 16:1. (ii) J is smaller in
the solid than in the atom; thus J ( 1 eV.

Within these constraints the exact ratio of'U:J chosen
is found to make essentially no difference 8 either in the
main line spec-tra or in the position of'the satellite We.
have assumed an intermediate ratio U:J:AJ equal to
56:8:1 and we have scaled U to provide a proper satel-
lite position.

We make full use of space, spin, and particle-
exchange symmetries of the Hamiltonian in order to
diagonalize the complete many-electron matrices. The
space group 3 consists of a total of 192 operations and
contains the inversion. Leaving aside the trivial inver-
sion properties there are in all ten irreducible represen-
tations, five at I (dimensions 1, 1, 2, 3, and 3) and
five at X (dimensions 3, 3, 3, 3, and 6). All many-
electron eigenvalues and eigenstates were obtained nu-
merically by means of a symmetry-adapted computer
algorithm.

%e consider a Ni ground state consisting of 0.5 hole
per atom, i.e., two holes in the four-site crystal. We
include only the d states. The s-like conduction band
has "absorbed" two electrons; this may be viewed as
the s-like one-electron states spreading into a wide s
band. The two states at I lie 9 eV below the Fermi
level and are fully occupied; the six states at L are well
above the Fermi level and are empty. Our d-band oc-
cupancy is in good agreement with theoretical and ex-
perimental estimates of 0.56 d hole per Ni atom.

For two holes in the cluster our Hamiltonian yields
an accidentally degenerate ground state of symmetries
L2, 'I"2, and 'I 3. When nearest-neighbor exchange is

considered X2 has the lowest energy; we consider
as our ground state. This state is found to contain only
holes from the L5 one-electron states and has zero
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probability of having two holes in one site. As a
consequence there is no contribution from the on-site
electron-electron interaction.

The photoemission process introduces a third hole
into the system. The 9880 three-hole states factorize
into twenty distinct symmetries; the matrices to diago-
nalize are, at most, of order 238. The resulting eigen-
states are obtained and the projection of an extra hole
in the ground state L2 onto these states produces the
desired photoemission density of states. Figure 1

shows the angle-, symmetry-, and spin-integrated
results. We have used a value U= 4.3 eV which posi-
tions the satellite properly. Interestingly, the photo-
emission bandwidth is (within 0.2 eV) independent of
any reasonable choice of'interaction parameter (values
3.5 eV~ U ~ 8.6 eV were tested). Figure 1 is to be
compared with x-ray photoemission spectra5: Good
agreement is found not only in the existence and in
the (fitted) position of the satellite, but also in its rela-
tive intensity and in the width of the main line. 3

Projected densities of emitted states with sym-
metries X& and X3 of the created hole are shown in
Fig. 2. States of L5 symmetry, at or near the Fermi
level, are characterized by a single narrow peak. States
of X3 symmetry (within the satellite structure and near
the bottom of the conduction band) show three dis-
tinct peaks which correspond to the known multiplets
and band-structure broadening. The L3 symmetry of
Fig. 2 may be compared with Fig. 4 of Ref. 12.

A detailed analysis of our results yields the following
conclusions:

(a) Three-hole eigenstates corresponding to the
"main-line" spectrum exhibit greatly reduced proba-
bility of finding two holes in one atom: 20'/0 at the
Fermi level, 5% at the bottom of the band, as opposed
to 50'k in a random state created from the L2 ground
state.

(b) As a consequence of (a), exchange splitting
within the main line must be small for any reasonable
values of Uand J. We find exchange splittings of 0.25

0—10 —8 —6 —4 —2 Ef 2
Energy (eV)

FIG. 1. Total density of calculated emitted one-electron
states. The location of the lowest single-electron state at X
in the d band according to Ref. 1 is denoted by Ep.
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and 0.15 eV for Xs(tzs) and Xz(es), respectively, both
near the Fermi level. These numbers appear to be in
good agreement with experiment, ' ' ~here values of
approximately 0.3 eV were found (for other symmetry
points) near E„.

(c) The exchange splitting for es states decreases
near the bottom of the band; the t2g splitting remains
at a value of approximate1y 0.2 eV throughout.

(d) Three-hole eigenstates in the satellite part of the
spectrum have a very high probability of finding two
holes in one atom, which leads to a sizable exchange
splitting.

(e) Our calculation leads naturally to a reduced
bandwidth. Main-line quasiparticle energies are shown
in Table I along with comparative data. Our calculated
bandwidth,

E(X ) —E(X,) = 3.4 eV,

is in excellent agreement with the experimental
value'~' of 3.3 eV and considerably reduced from
LDA bands' ( —43 eV).

(f) We have reassigned the X& "majority"-spin line
of Ref. 11 to a combination of majority- and minority-
spin bands. It is obvious that minority L5 one-electron
states must be occupied in a true many-body ground
state, albeit with smaller probability amplitude than
that of majority-spin states. Experimental failure to
detect separate lines means that the exchange splitting
was probably irresolvably sma11.

(g) Our Fermi level is 0.2 eV higher than the experi-
mental value, which reflects the true bandwidth of our
Xs spectrum (see Fig. 2). Experimental data do not
yield an accurate value of the Fermi leve1 because of
instrumental resolution; a higher value may in fact be
compatible with the observations.

Energy (eV)

FIG. 2. Density of emitted states projected on the wave
vector and symmetry of the emitted electron. Solid lines
correspond to the minority-spin states; dashed lines are for
majority-spin states.

(h) With a correction of 0.2 eV for the Fermi level
most of our quasiparticle energies are in good agree-
ment with experiment (see Table I). However, and
similarly to previous theoretical work, ' we find signi-
ficant disagreement for E(Xz). No obvious explana-
tion is apparent.

Our realistic Hamiltonian and method of calcu-
lation —exact solution within a restricted sampling—has yielded an excellent spectrum: a narrow main
line, with mostly one hole per atom, and a deeper ly-
ing satellite, with high probability of two holes in one
site. The exchange splitting is correspondingly re-
duced in the main-line spectrum. The strong
electron-electron interaction forces states nominally
"above the Fermi level" to be occupied with non-
negligible probability, a point often ignored in the past.
The considerable success of our calculation suggests
once more that single-particle energies calculated
within LDA are accurate for all transition metals, even
the strongly magnetic ones like nickel.
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