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Thermodynamic, Transport, and Excitation Properties of Ce Impurities in a Model Metal:
Kondo Resonance and Universality in the Mixed-Valent Regime
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A unified view of the mixed-valence system of Ce impurities in a metal results from a
comprehensive calculation of its properties. The peak position To of the Kondo resonance in the
photoemission spectrum sets the scale for the universal functions describing the specific heat, sus-
ceptibility, resistivity, thermopower, thermal conductivity, and neutron-scattering function. Devia-
tions from universality arise when To becomes comparable to the hybridization width V or the
spin-orbit splitting A.

PACS numbers: 75.20.Hr, 72.15.Qm, 76.30.K.g, 79.60.Cn

We report here the results of systematic calcula-
tions, using a single method, for an orbitally degen-
erate model of magnetic impurities in a metal. The
computed properties of a Ce impurity system include
equilibrium (specific heat' and susceptibility' ),
transport (resisitivity and thermopower), and excita-
tion properties (photoemission4 and inverse photoe-
mission, and the linewidth of the quasielastic peak in
neutron scattering). For a broad range of parameters
each property (except photoemission) is a universal
function of the temperature scaled by a characteristic
temperature To which can be deduced from a narrow,
many-body "Kondo resonance" in the photoemission
curve.

The immediate relevance of the calculations is to
provide a comprehensive solution to the properties of
the magnetic impurity Ce (or Yb). Particularly striking
is the fact that the universal functions are insensitive
to the relative occupancy nf(0) of the Ce 4f level

from the Kondo limit (nf ——1) into the mixed-valence
regime (nf = 0.7). In addition the calculated resistivi-
ty agrees with that measured for Ce in LaB6, for which
data for four temperature decades are available.

Less clear is the relevance of the calculations to
rare-earth (and actinide) transition-metal alloys and
compounds, that is, to mixed-valence materials. That
single-impurity effects may dominate some properties,
such as the susceptibility or specific heat, is suggested
by calculations showing that the interactions between
rare-earth ions may be smaller than single-site terms in
the mixed-valent regime by an inverse factor of orbital
degeneracy. Unfortunately, these arguments do not
seem helpful in explaining the collective properties
(such as de Haas —van Alphen or phase transitions) or
the transport properties, especially for the burgeoning
area of heavy-fermion materials. Nonetheless the
results we report here must surely be included in
understanding these concentrated systems.

TABLE I. Parameter values and zero-temperature properties for the Ce impurity with
D =3 eV. For the first four data sets, Xg,d=6 and X,„=O; for the last two sets, Ãg,d=6
and N,„=8, with 5/D = 0.07. To is defined as the peak position of the central Kondo res-
onance in p4y(cu) as T 0; nf(0) and X(0) =3K(0)/pst2N(0) [pst2 is thej =

2 effective

moment; N(0) is the conduction-band density of states at the Fermi level] are extrapola-
tions of our low Tcalculations; y(0) =-3/vr'ksN (0) limy p[Cy(T)/T) is estimated by a
Fermi-liquid expression (Ref. 8) for the enhancement in the density of states. Symmetry
arguments predict that x(0)/y(0) =N, „d/(N, „d

—1); the agreement is good for

nf (0) & 0.86. We note that for the first five runs,

N~, dN (0)yTO/(N~, d
—1) =0.91 = e ' /1 (1+ 6 ),

a factor found in systematic larger-N perturbation theory (Ref. 9).

Data set r/D 10"ksTp/D nf (0) x (0)/y (0)

Circle
Square
Filled circle
Asterisk
Cross
Triangle

0.05
0.075
0.10
0.20
0.035
0.05

5
53

180
1100

9
150

0.97
0.92
0.86
0.71
0.96
0.86

4980
452
135
20

2730
162

1.20
1.19
1.20
1.18
1.18
1.12

230 1985 The American Physical Society



VOLUME 54, NUMBER 3 PHYSICAL REVIEW LETTERS 21 JANUARY 1985

The essential ingredients of the Ce impurity model
that we solve are as follows: (i) A structureless con-
duction band described by a Lorentzian density of
states centered at the Fermi level with half-width D
( —3 eV, say); the density of states at the Fermi level
N(0) = (7rD) '. (ii) An orbitally degenerate f level
whose occupancy nf cannot exceed unity (in the case
of Yb the hole occupancy cannot exceed unity). We
can include spin-orbit effects by placing a ground level
(j = —, ) at e5~2=ef with orbital degeneracy Ng„d=6
and an excited level (j = —', ) at E7/2 = Ef + 5 with

N„= 8. For Ce, ef = —2 eV and the spin-orbit in-
teraction b, = 0.25 eV. (iii) The hybridization width of
the f level due to the conduction band is I ( & 0.1

eV). Table I gives the actual parameter values used in
the six calculations that we report.

We have adopted a self-consistent perturbation
theory developed recently' which circumvents the
divergences of conventional perturbation theory and
allows for the calculation of dynamics. The charac-
teristic temperature Tp which emerges from our calcu-
lations is proportional to the Kondo temperature TK,
the temperature scale for re normalized high-
temperature expansions. " If we define a dimension-
less coupling constant g =I /m~ef ~, then a good esti-
mate' of Tp is

T, =D [I+D/(T, +a)]
1/Wxg '"exp( —I/Ng, dg ).

The most important feature of (1) is that increasing I
ol Ng d dramatically increases Tp. If Tp is comparable
to the hybridization width I, the bandwidth D, or the
spin-orbit splitting 5, we expect deviations from
universal behavior as a function of T/To.

Figure 1 shows p4f (cu) for Ce and Yb. The curve in
Fig. 1(a) for y-Ce at room temperature illustrates all
the main features: (i) The broad ( —14I ) feature
near ef ( ——2 eV) contains most of the 4f weight
and is insensitive to temperature. (ii) The central
"Kondo resonance" has a peak position which at low
temperature would agree with To given by Eq. (1) to
within a few percent. (iii) The sidebands at To + 5
(first pointed out by Gunnarsson and Schonhammer4
for Ce compounds) are due to the virtual exchange
between multiplets; the sideband below the Fermi lev-
el is broadened on the scale of I' and the one above on
the scale of Tp. Discussion of o.-Ce is given in the fig-
ure caption in order to stress here the analogies
between Ce and Yb.

The entire discussion for the electron spectra of Ce
can be repeated for the hole spectra of Yb by inversion
of the energy scale, ' provided that 4f'» is stable
(6j & 0) . Thus (i) the broadened peak near ef for
fg' lies at positive energy, (ii) the Kondo resonance
lies below the Fermi level, and (iii) the sideband at
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Tp —6 is broadened on the scale of Tp. Because of in-
terference with the peak at ef, the upper spin-orbit
feature is an antiresonance. The large spin-orbit in-
teraction (b, —1.2 eV) would permit ready resolution
of the lower sideband.

Figure 2 shows the calculated static magnetic sus-
ceptibility [X(T)] and quasielastic neutron-scattering
linewidth [I 0 (T) ]. I ~ is here defined as the peak po-
sition in the dynamical susceptibility X"(cu, T). The
good agreement of X(T) with exact Bethe Ansarz
results' confirms the validity of the calculational
method. X(T)/X(0) is a universal function of T/Tp,
even for nj(0) as low as 0.86. In general the devia-
tions from the universal curve for values of To/r
(To/5) greater than one-half (one-tenth) arise when
the contributions of the broad ef peak and the side-
bands become important. I 0/Tp also shows universal
behavior; the linewidth is constant for T & To and
roughly proportional to T' for T ) Tp.

Figure 3 displays the first calculation of the resistivi-
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FIG. 1. Calculated 4f density of states of our model for
Ce and Yb as a function of energy relative to the Fermi lev-
el. For co & 0, p4~(co) is the electron removal (photoemis-
sion) spectrum, and for co & 0, the electron addition (in-
verse photoemission) spectrum. (a) The central j= ~ Kon-
do resonance (near energy kBTp) has weight
=6[1—nf(T)]. The only difference between 7-Ce (cross
in Table I) and smaller volume n-Ce (triangle) is that the
latter, calculated at low temperature, has a hybridization
width —30% larger. This single change (i) reduces nf from
0.96 (7-Ce) to 0.86 (n-Ce) and (ii) suppresses the low-
temperature susceptibility and specific heat by a factor of 15,
while radically increasing p4~(cu) above the Fermi surface.
The increase in I also washes out the lower sideband at
To —h. (b) The p4~(cu) calculation for Yb assumes ef for

at 1.0 eV with I =0.054 eV and 5 = 1.2 eV.
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FIG. 2. (a) Static susceptibility and (b) quasielastic
linewidth of Ce impurity as a function of T/Tp for various
parameter choices. See Table I for the identification of the
various runs; To is the position of the low-temperature Kon-
do resonance in p4f(cu) (cf. Fig. 1). (a) The magnetic sus-
ceptibility was calculated by a Kubo formula. Increasing the
hybridization width I or including spin-orbit effects pro-
duces deviations from the exact Bethe Ansarz result (Ref. I)
(solid line) for j =

2 and nf = I (note that because of a dif-
ferent density of states a scale shift in lnT was required to
align the peak in Ref. 1 with our results). The run with
Tp/5 = 0.2 corresponds more nearly to the universal curve
of Ref. I with an effective degeneracy of the order of 8. (b)
The neutron quasielastic linewidth I ~ was estimated as the
peak position of the dynamical susceptibility X"(cu, T)

ty (accurate over the full temperature range) and the
thermopower. These, along with the thermal conduc-
tivity, have been computed with use of standard trans-
port integrals and the proportionality between the con-
duction electron scattering rate r '(cu) and p4f(QJ). '

See the figure caption for details of the universality.
We now turn to the experimental confirmation of

these calculations. The most extensive previous com-
parisons have occurred for the photoemission and
inverse-photoemission spectra. For individual com-
pounds good fits have been obtained for the suscepti-
bility and specific heat. ' An especially favorable sys-
tem' for comparison with the experiment is
(La, Ce)B&. The Ce crystal-field ground state in this
system is believed to be a I 8 quartet. A good fit to the
measured resistivity is nevertheless possible under the
assumption that Xs„d= 6 (see Fig. 3). Susceptibility, '

specific heat, ' and thermopower are more sensitive to
ground-state degeneracy, and a quantitative compar-
ison requires that Ng, d

= 4. ' Finally, preliminary stud-

FIG. 3. (a) Resistivity and (b) thermopower of Ce impur-
ity as a function of T/Tp Symbols . are the same as in Fig. 2.
(a) The resistivity, scaled with respect to its zero-
temperature value, exhibits universal behavior. In particu-
lar, for T (( Tp, p(T)/p(0) = 1 —5(T/Tp) and for
T —Tp, p(T)/p(0) = 0.4 —ln(T/Tp) The solid curv. e (Ref.
16) is for dilute Ce in LaB6. A value of Tp= 1.6 K was de-
duced from the first decade of the data. (b) The thermo-
power shows the largest deviations from universality. An
extra power of energy in the relevant transport integral
causes Q to sample the ef peak and sidebands at lower tem-
perature; the deviations in the thermal resistivity occur at
even lo~er temperatures.

ies suggest that neutron-scattering data for CePd3,
CeSn3, and YbCuAl are consistent with the linewidth
calculations reported in Fig. 2.' ' In particular, for
low-Tp ("Kondo") compounds, the rise in I Q(T)
above Tp has been measured; for high-Tp ("mixed-
valent" ) compounds, only the constant piece below Tp
has been seen.
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