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A parametric mechanism that can tailor the shape of a modulated intense relativistic electron
beam was found. This mechanism is highly efficient in up-conversion of the fundamental frequen-
cy of the current modulation to the second and third harmonics. It is shown in this Letter that the
parametric mechanism is the result of a nonlinear capacitance that appeared when a quasi-dc high-

density electron beam traversed a high-voltage gap.

PACS numbers: 52.75.—d, 41.80.—y

Parametric mechanisms have been used for many
years in low-noise rf amplifiers,! in generation of
shock waves in nonlinear electric lines,? and in ex-
planation of free-electron laser mechanisms.> They
also appeared in various plasma devices.* Parametric
mechanisms originate in electrical circuits when some
elements such as capacitors, inductors, dielectric con-
stant, or wave velocity can be varied in time by apply-
ing a suitable signal. Examples of nonlinear elements
are semiconductor diodes® (Varactors), ferrites,® and
electron beams.’

In this Letter we investigate a parametric mecha-
nism that originates from a nonlinear capacitance that
appears in a high-voltage gap during the passage of a
high-density electron beam. We find that when a
high-density electron beam that is current modulated
at a frequency ftraverses a gap, high-voltage pulses at
frequencies of 2f and 3f will appear in the gap in-
fluencing the current of the electron beam. The total
effect is a highly efficient mechanism for up-conver-
sion of the frequency of a density-modulated intense
relativistic electron beam.

It is clear that the propagation of a dense electron
beam within a geometry that includes high-voltage
electrodes can affect the charge distribution, and
hence the capacitance between the electrodes. In 1957
Bull suggested® that the dc capacitance of a parallel-
plate capacitor depended on the current of the electron
beam that flows through it and on the applied voltage.
This effect was calculated and found to be of impor-
tance at high electron densities which corresponded to
the space-charge—limited current. Since in 1957 high-
current electron beams did not exist, the effect was
never verified experimentally.

In the 1970’s it became possible to generate high-
density electron beams, the so-called intense relativis-
tic electron beams (IREB’s).? It also became possible
recently to modify the spatial and temporal distribution
of IREB’s by propagation through high-voltage
gaps.1%-12 The new experimental results suggest that
the work of Bull should be revisited.

The capacitance per unit area of a one-dimensional

capacitor that consists of two parallel plates through
which an electron beam of current / is propagating!? is
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where V) is the applied voltage on the capacitor, the
subscripts / and f stand for input and output, respec-
tively, y=(1—82)~Y2 B=wv/c, and v is the electron
velocity. 7 is the transit time of electrons across the
space between the two parallel plates, &= (QAf+ o/
2)/ A, where Q is the total charge inside the capacitor,
Q,y is the image charge on the output plate, and A4 is
the area of the plate.

For a low-density nonrelativistic electron beam vy,
z’)’izl, Q/2= _QAf’ 820, and T=d(Bf _B,)
xmc/eV, where d is the distance between the two
parallel plates. In that case

C'=¢€/d Q)

This is the free-space capacitance per unit area of a
two—parallel-plates capacitor.

When superrelativistic electrons traverse the capaci-
tor the capacitance can be calculated taking B8,== B,
= 1, ’)/f=’y,+ eVo/mC, T= d/C, and Q/2= - QAf or
8=0. In that case too, C'=¢€/d Only for a high-
density and mildly relativistic electron beam does
C’'#¢€/d. Moreover, it was shown!3 that for ¥, < 0 the
capacitance is C' > €/d and when V> 0 the capaci-
tance is C’' < €/d. Thus, the gap capacitance appears to
be nonlinear, i.e., C’ depends on V.

A quantitative picture of the behavior of a realistic,
two-dimensional gap can be found by investigation of
the change of the potential energy stored in the gap as
a function of V,. The potential energy stored in a
capacitor (of any shape) that is confined by two elec-
trodes between which electrons with charge density p
are stored is

Wk=%€fE2d31=%Qf*V0+%Efde31' 3)

For simplicity it is assumed that one of the electrodes
is grounded while the second one is held at a potential
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Vo and has a charge of Qf. The symbol @*/in Eq. (3)
denotes volume integration and V is the potential at
any point. Equation (3) can be written'? as

W,=+CV}+K 4)

where C and K are constant when the current density
flowing through the capacitor is small. Only when
space-charge field becomes large will W, deviate from
the quadratic form.

To evaluate W, Poission’s equation

AV=—ple (&)
was solved, with the assumption of pv=constant. V

was the voltage calculated throughout the volume of
the capacitor. Figure 1 shows an example of this cal-
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FIG. 1. (Top) The geometry of a two-dimensional gap.
(Middle) Equipotential lines for the geometry at the top and
for Vo= +275 kV. (Bottom) Equipotential lines for the
geometry at the top and for Vo= —275 kV. The electron
current was 8 kA and electron energy was 550 keV.

culation, the equipotential lines for a realistic two-
dimensional gap. The gap was inserted in a circular
drift tube and the voltage was fed by a coaxial line.
The geometrical parameters of the gap are shown in
Fig. 1. The voltage on the gap was Vy= +275 kV and
Vo= —275 kV. The electron beam, that was annular
in shape, of 550-keV energy and with a current of 8
kA, propagated in the drift tube.

With use of this calculation it was possible to evalu-
ate W, vs V, (Fig. 2). In this figure one sees that a
critical current exists for which W, is no longer quad-
ratic with ¥V, W, is the potential energy that is
‘“stored’’ and can be ‘‘retrieved’’ from the system by
changing V,. Hence, it can be associated with a ca-
pacitor of a value

Cg= Vo_laWk/a Vo. (6)

When W, deviates from the quadratic form [Eq. (4)]
C, will become nonlinear (or voltage dependent).

As was mentioned earlier, a nonlinear electrical ele-
ment can be used to convert the frequency of an elec-
trical signal to a higher or lower frequency. This effect
was used to modify the spectrum of oscillation of the
current of an IREB.

The experimental arrangement is shown in Fig. 3.
In the experiment an ~—290-MHz sinusoidally
bunched IREB!! traversed a gap feeding a coaxial cavi-
ty with a resonance frequency of 3 times the 290 MHz,
i.e., 870 MHz. The electron beam was confined by a
10-kG magnetic field and the base pressure inside the
drift space was kept below — 5x 10™4 Torr. The input
and output currents were measured at several places
and are shown in Fig. 4 with the spectrum of dI/dt
Also in Fig. 4, we show an electrostatic probe signal
displaying dE/ dt at the gap where E is the electric field.

All cables, probes, attenuators, amplifiers, etc. were
calibrated up to a frequency of 1 GHz. The output sig-
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FIG. 2. The potential energy stored in the geometry of
Fig. 1 (top) as a function of the applied voltage and of the
propagating IREB current.
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FIG. 3. Experimental configuration.
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nals were corrected accordingly.

The nonlinear behavior of the gap can be seen when
one compares the spectrum of dI/dtfrom the magnetic
probe with the spectrum of dE/dtfrom the electrostat-
ic probe, both located at the gap of the cavity [Figs.
4(a) and 4(b)]. While the current does not show any
of the third harmonic and very little of second har-
monic, the electrostatic probe displays large amplitude
oscillations at these frequencies. Only the downstream
magnetic probes show an increase of current modula-
tion at the second and third harmonics [Fig. 4(c)].

The theoretical model of a gap is shown in Fig. 5.
According to this model a constant-current source is
feeding the following electrical elements: (1) a cavity,
(2) a nonlinear capacitor C,, and (3) a shunt conduc-
tance G. The current feeding the gap is equal to the
modulated IREB current

I=1Iy+ I exp(jwt) + I exp(j2wt).

Since the current is the source that generates the vol-
tage on the gap and since C, and G are functions of
the voltage and current one can write

V=3 Viexpljlwt)], C,=3 Cyexplj(nwt)],
and from the circuit equation one gets
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FIG. 4. (a) Current measured at the gap of the 870-MHz
cavity and the spectrum of dI/d:t (b) Electrostatic signal
measured at the gap of the 870-MHz cavity and its spec-
trum. (c) Current measured at 0.9 m downstream and the
spectrum of dI/dt. (d) Electrostatic probe signal measured
at the gap of the 1.15-GHz cavity and its spectrum.
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where Y(nw) !'=Ztan(nwlL/c) and where o =27/,
fis the frequency of the fundamental, L is the length
of the cavity, Z is the characteristic impedance of the
cavity, and » is the harmonic number.

One can use the signals of the magnetic and electro-
static probes located at the gap to calculate C; and C,.
This can be done by measurement of C, from the res-
onance curve of the free space cavity and by the as-
sumption that G, is small in comparison with nwC,.
C, was measured and found to be Cy=0.8 pF. From

2020

2Q)C0— Y(2w) _jGO

(8)

| —¢=+j[Z Tan(wL /¢)]
I #cg &6
Cavity

Constant Current Source
FIG. 5. The theoretical model that was used to explain
the parametric interaction between an intense electron beam
and a high-voltage gap.
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Eq. (8) one calculates C;=0.5 pF and C,=0.1 pF.
Although the electrostatic probe was calibrated only
relatively one can calculate the voltage as a function of
frequency at the gap using the values of Cy, C;, C,,
the current at the gap, and Eq. (8):

V= (15+0.1)x10°V,
V,=~(1.0+0.3)x10°V,
V3= (3.0+1.0)x10° V.

The voltage at the gap influences the current of the
IREB. It was shown!! that when an oscillating voltage,
V*, was applied at a gap located at an axial point z=0,
an oscillating current would be seen on the IREB at a
point z downstream. For a large amplitude of V*,
current oscillations were found even at point z=0. In
the present experiment V*= Vj is not large enough to
generate /3 at the gap. However a large-amplitude
current oscillation at the third harmonic was detected
downstream of the gap. At the axial position where /3
reached its maximum, an additional coaxial cavity was
inserted. The characteristic frequency of this cavity
was tuned to the fourth harmonic (=1.15 GHz) of
the initially sinusiodally modulated IREB. An electro-
static probe located at the gap of the additional cavity
gave a signal containing a large amplitude of the fourth
harmonic [Fig. 4(d)]. Theoretically, one can keep ad-
ding more cavities and get higher and higher harmon-
ics.

Since it was possible to modulate IREB at frequen-
cies of ~ 3 GHz,'* the above parametric affect will be

useful to generate a modulated IREB with a frequency
spectrum that may extend beyond 10 GHz. The dura-
tion of each electron bunch in the modulated IREB
will be < 0.1 nsec with power in the 10!°-W range.
Such a beam will be useful for generation of micro-
waves and can also produce trains of subnanosecond-
duration energetic x-ray pulses by electron
bremsstrahlung.
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