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SU(Z) P Function with and without Dynamical Fermions

U. Heller
CERE, CH-1211 Geneva 23, Switzerland

and

F. Karsch
University of Illinois at Urbana Cham-paign, Urbana, Illinois 61801

(Received 11 March 1985)

We study the P function of SU(2) lattice gauge theory in the presence and absence of dynamical
fermions with the (improved) "ratio method. " The pseudofermion algorithm used to simulate the
fermion action seems to be capable of giving the right contribution to the P function. For two fla-
vors of fermions we find agreement with asymptotic scaling to within —15'/o for P & 2.0.
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Recent, more accurate Monte Carlo simulations of
pure lattice gauge theories have shown that there are
rather large deviations from asymptotic scaling
behavior in the range of couplings accessible with
today's computing power. This raised the question of
whether we are able to see continuum physics in these
simulations. The answer requires the knowledge of
the P function away from the asymptotic regime where
it is dominated by the two leading (universal) terms in
its perturbative expansion. During the last year a large
effort has been put into the numerical (nonperturba-
tive) determination of the P function for SU(3) gauge
theories and has revealed its rather nontrivial behavior
which shows an unexpected dip around P(—= 6/g )
=6.0.' 3 Mainly two different methods have been
used for this computation. 4 One is based on a com-
bination of the real-space renormalization group
(block-spin transformation) with Monte Carlo simula-
tions, called MCRG, 2 3 whereas the other uses the
comparison of ratios of Wilson loops which differ by a
factor 2 in size, the "ratio method. "'

QCD includes, besides the pure gauge sector,
dynamical fermions represented in the path integral by
anticommuting (Grassmann) variables. To investigate
the scaling behavior of the full theory one needs to be
able to compute the P function with dynamical fer-
mions included. The Grassmanian nature of the fer-
mions prevents a straightforward application of the
block-spin transformation scheme to compute the p
function. This reflects itself in the nonlocal nature of
the fermion determinant obtained after one integrates
out the fermion fields. The ratio method on the other
hand can easily be done with Wilson loops measured
in gauge field configurations created with the effect of
dynamical fermions taken into account.

The ratio method. —Ratios of Wilson loops of equal
perimeter and number of corners (to cancel the pertur-

bative singularities) such as

8 (it, i2)R(it, i, ,J,J,)=, ', , t', + t, =Jt+J, , (la)
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satisfy the homogenous renormalization-group equa-
tion

R((2i I;P,L) =R((i )l;P', L/2), (2)

with b,P(P) =P —P' (P=—2N/g2) the change in the
coupling required to compensate for a change of scale
by a factor of 2. The computation of the left-hand side
and the right-hand side of Eq. (2) on lattices of size L4

and (L/2)4 minimizes the finite-size effects since the
lattice sizes in physical units (femtometers) are the
same when the coupling P' is tuned such that Eq. (2)
is satisfied. This determines the shift bP(P). For a
SU(N) gauge theory it is related to the P function
(Pr„„„(g)1 by

(3)

5P = (4Nbo+ 8N2bt/P)ln2+ cr(1/P ),
with
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Asymptotically for large P, when the P function is
dominated by the two universal terms, one finds
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for nf flavors of massless fermions.
For ratios of Wilson loops of small size Eq. (2) is af-

fected by lattice artefacts which, however, can be can-
celed order by order in perturbation theory by the use
of appropriate linear combinations of ratios. t s 6 For
example, tree-level improved ratios are linear corn-
binations of two basic ratios, Eq. (1),

li ~&~~n, =0
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~ ratio method 84-44
~ ratio method: l6 8
x

O g Q

R)2=—R)+ O'R2, (6)
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TABLE I. Summary of results obtained for b,p for the
pure SU(2) gauge theory (nf = 0) at various values of P.

Basic ratios Tree-level ratios

2.3 '
2 4a
2.5
2.6
2.75
3.0

0.489 + 0.053
0.273 + 0.030
0.251 + 0.36
0.270 + 0.055
0.285 + 0.058
0.333 + 0.082

0.440 + 0.018
0.265 + 0,010
0.221 + 0.010
0.232 + 0.013
0.253 + 0.014
0.266 + 0.016

'Multihit method of Ref. 7 has been used to measure the Wilson-
loop expectation values.

with n determined such as to cancel the lattice ar-
tefacts in tree-level perturbation theory. 5 6

In the following we will present the results for AP
from tree-level improved ratios both for pure SU(2)
lattice gauge theory and for SU(2) with two flavors of
dynamical fermions, included with the pseudofermion
algorithm. Besides providing us with information
about deviations from asymptotic scaling, which for
pure SU(2) are expected to be less dramatic than for
SU(3), the present simulation should help us clarify
whether the pseudofermion algorithm is capable of
simulating the correct fermion feedback by giving the
right P function.

The results are obtained from Monte Carlo data on
84 and 44 lattices at different values of P. These lattice
sizes were chosen such as to make the inclusion of fer-
mions feasible. To increase the number of ratios we
used Wilson loops up to size 3 x 3 on the 44 lattice and
6x6 on the 84 lattice. This is a valid procedure since
the (strong) finite-size effects of these loops are the
same on both lattices and cancel in the matching pro-
cedure.

Our results for AP(P) obtained from basic and
tree-level improved ratios for the pure SU(2) theory
are given in Table I. The tree-level results are shown
in Fig. 1. Included in the figure are AP's as extracted
from string-tension measurementss 9 and measure-
ments of the deconfinement transition tempera-
ture. to" At p=2.6 the prediction from a tree-level
matching of a 164 lattice'2 to an 84 lattice is also
shown. It agrees within errors with the matching from
84 to 44, showing that the finite-size effects in the

0.2—
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2,0
I

2.5

FIG. 1. Collection of the available information on Ap for
the pure SU(2) gauge theory. Shown is Ap vs p obtained
from the ratio method for tree-level improved ratios on a 84

lattice (circles) and 164 8~ lattice (triangle). Also shown
are data taken from measurements of the deconfinement
temperature (crosses) (from Refs. 10 and 11) and the string
tension (square) (from Refs. 8 and 9). The dashed line in-
dicates the expectation based on the asymptotic scaling rela-
tion, Eq. (4): Ap =0.2575+0.0403/p.

TABLE II. Same as Table I but for the SU(2) gauge
theory with two flavors of dynamical fermions (nf = 2). As
the multihit method of Ref. 7 is not applicable in the pres-
ence of dynamical fermions it becomes much harder to mea-
sure large Wilson loops at small values of p. At p = 2. 1 only
three basic ratios could be measured. For these we give the
mean value and in parentheses the smallest and largest
values measured.

2.1

2.2
2.3
2.4

Basic ratios

0.48 (0.52,0.41)
0.276 + 0.027
0.221 + 0.032
0.249 + 0.024

Tree-level ratios

0.242 + 0.012
0.193 + 0.009
0.225 + 0.010

matching procedure cancel. The structure of b,P as a
function of P is very similar to the one found in
SU(3), though the dip seen around P = 2.5 is some-
what less pronounced. This is consistent with the in-
terpretation that the dip is connected to a critical point
in the fundamental-adjoint plane which is further away
and thus less influential for SU(2) than for SU(3).'
Our results indicate that the deviations from asymptot-
ic scaling are less than —20'/o for P ) 2.2. A qualita-
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Comparing AP(P) with and without dynamical fer-
mions we see that the onset of asymptotic scaling oc-
curs at a smaller value of P (shifted by —0.2) in the
former case. The fact that hP for two fermion flavors
is compatible with the asymptotic prediction indicates
that the pseudofermion algorithm is capable of correct-
ly simulating the effects of dynamical fermions. Un-
fortunately the presence of the dip in the pure gauge
sector around P= 2.5 weakens this conclusion some-
what since it makes the difference in b,P between the
pure gauge sector and the theory with fermions less
pronounced in this coupling-constant regime. To
strengthen the argument it would therefore be in-
teresting to determine b,P for larger values of I8 or in
the presence of more flavors of fermions which should
increase the difference in AP.

We would like to thank P. Hasenfratz for his stimu-
lating interest in this calculation. This work was partly
supported by the National Science Foundation under
Grant No. NSF-PHY82-01948.

FIG. 2. bP vs P for the SU(2) gauge theory with two fla-
vors of dynamical fermions. Shown are the results obtained
from the ratio method for tree-level improved ratios (cir-
cles) and results from the chiral phase transition (cross)
(Ref. 15). The dash-dotted line shows the asymptotic scal-
ing prediction in the absence of dynamical quarks, while the
dashed line is the expectation for two flavors: b,P = 0.2107
+0.0258/P. At P=2.1 the error bar indicates only the
spread of the three basic ratios measured.

tively similar behavior of AP has been found by Mac-
kenzie using the block-spin method. '

The inclusion of dynamical fermions in numerical
simulations requires working at finite (bare) quark
mass. Under a scale change by a factor of 2 this mass
(in lattice units) changes by a factor of 2 up to loga-
rithmic corrections due to anomalous dimensions. We
neglected the logarithmic corrections and worked on a
84 lattice with fermions of mass ma = 0.1 and on the 44

lattice with ma = 0.2. Since in weak coupling fermions
affect Wilson loops only at the one-loop level (order
I/P ) the tree-level mixing coefficients are the same
as in the pure gauge sector. 6 The results for b,P from
matching of basic and tree-level improved ratios for
SU(2) with two fermion flavors are summarized in
Table II and the tree-level results are shown in Fig. 2,
where we included also one point extracted from the
measurement of the chiral-symmetry restoration tem-
perature. '5 For P ) 2.2 AP agrees within errors with
the asymptotic behavior, the deviations being less than—15%. Since AP(P) reflects the scaling behavior
between P —b,P(P) and P this implies that physical
observables should show (nearly) asymptotic scaling
behavior above P = 2.0.
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