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Hopping in Exponential Band Tails
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(Received 26 September 1984)

Hopping of photoexcited carriers directly between localized, band-tail states gives rise to a new
regime of energy relaxation which is manifested at low temperatures: For times shorter than a
characteristic "segregation time, " carriers hop directly to lower-energy states; at longer times, ther-
mal excitation —resulting in multiple trapping —is more important. Even in the multiple-trapping
regime, however, the current is carried at a transport energy within the band tail. We present a sim-
ple description which includes both of these processes in a single, self-consistent model, and esti-
mate the segregation time.

PACS numbers: 72.80.Ng, 72.20.Jv

Transient measurements near room temperature in
a variety of amorphous semiconductors are well
described by the multiple-trapping (MT) model, in
which injected carriers thermalize in a broad distribu-
tion of localized, band-tail states, ' moving to deeper
energies as a result of thermal activation to transport
states and subsequent retrapping. Under these cir-
cumstances the time dependence of the transient pho-
tocurrent provides a spectroscopy of the density of
states (DOS) in the tail; a power-law time decay cor-
responds to an exponential DOS:

g(E) =NL/kTpexp(E/kTp).

Here E (which is defined to be increasingly negative
for states deeper in the gap) is the energy of a trap
with respect to the mobility edge, and NL is the total
number of localized states. The temperature To which
characterizes the width of the exponential is typically a
few hundred degrees; for example, for holes in both
a-As2Se3 and a-Si:H, To —550 K. The power-law
exponent, plotted in Fig. 1, is predicted to be
—1+ T/Tp, and this temperature dependence is con-
firmed for T & 200 K.

At lower temperatures, however, recent measure-
ments have shown deviations from this simple
model, in both of the materials mentioned: The
photocurrent decays too rapidly at low temperatures,
as indicated by the fitted power-law exponents below
200 K in Fig. 1. In addition, the induced optical ab-
sorption in a-As2Se3 shows a large spectral shift with
time even at low temperatures'; this suggests that the
carriers are moving to deeper states faster than would
be expected from MT alone. In this Letter, we explain
these observations in terms of a thermalization process
in which carriers hop directly between the states in the
band tail. This process is contrasted with the thermal-
excitation process in Fig. 2; the key distinction is
whether the rate-limiting transition is to higher or
lower energy, not the extended or localized nature of
the final state. We will show that the intuitive pic-
ture 5 developed for MT can be adapted to provide

vtj = vp exp( —2yR;I) x '

E;~ (0.
(2)

Here v;~ is the hopping rate between occupied site i

and unoccupied site j separated in energy by E~ and in
distance by R,~. y

' is the decay length of the wave
functions. The attempt-to-hop frequency vp is expect-
ed to be of the order of 10' s

Because the decreasing DOS makes it much harder
to find a close neighbor at low energies, carriers in
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FIG. 1. Exponent of power-law fit to transient photo-
current, on a time scale of order microseconds, at different
temperatures. Data are shown for holes in a-As2Se3 and
holes in a-Si:H (Ref. 8). The straight line is the prediction
of MT; the dashed line is a guide to the eye for the a-As2Se3
data, showing the deviations from MT at low temperatures.

significant insight into the hopping case as well.
In order to provide a concrete example, we will as-

sume the simplest form for the hopping rate which is
consistent with the restriction imposed by detailed bal-
ance that the hopping rates up and down in energy
differ by a Boltzmann factor:

exp( —E,,/kT), EJ ) 0,

146 Qc 1985 The American Physical Society



VOLUME 54, NUMBER 2 PHYSICAL REVIEW LETTERS 14 JANUARY 1985

Space Space

CU

LLj

CU

LLI

FIG. 2. Illustration of two thermalization mechanisms.
(a) Hopping directly to deeper states. (b) Thermal excita-
tion to shallower states (transport states), transport, and
subsequent retrapping at deeper states.

deep states will move by thermal excitation to shal-
lower states, while carriers in shallow states will move
by hopping to other shallow states. In either case, the
typical rate at which carriers hop away from a state is
much smaller for deeper initial energies, because of
the exponential dependence of the rate on energy
difference (important for deep states) and the ex-
ponential dependence of density and thus wave func-
tion overlap on energy (important for shallow states).

We can therefore divide states into fast and slow
(compared to the observation time) on the basis of
their energy. Shallower states have fast rates, and car-
riers will leave as fast as they arrive. They accumulate
in deeper states, which have slow leaving rates and still
contain all carriers which have hopped into them. The
energy separating fast and slow states is the (time and
temperature-dependent) demarcation energy Ed de-
fined as the energy at which the typical hopping-away
rate vtyp is equal to the reciprocal of the observation
time. Because of the rapidly decreasing DOS, most of
the carriers are near the demarcation energy, which
gets deeper as time progresses.

At short times, when the demarcation energy is
shallow, the carriers are in a high DOS, and the result-
ing large overlap between states means that carriers
move primarily by hopping directly to lower energies.
The number of states available below the initial energy
E is just NL exp(E/kTo), so the typical rate is the rate
for hopping a typical distance to a lower state:

v,„„(E)= vo exp[ —2yNL ' exp( —E/3kTo) ], (3)

and the demarcation energy (at which v,„~t = 1) is

Ed (r) = kTo In(8y /Nl ) —3kTo ln[ln(vot ) ].
We expect that the first term of Eq. (4) represents an
energy not too far from the mobility edge, since the

localized wave functions should just overlap at the mo-
bility edge.

This form was derived by Kastner" to describe the
change of peak luminescence energy with time in chal-
cogenide glasses; it also seems to apply to a-Si:H quite
well. ' The hopping-down process may well be as
ubiquitous in low-temperature transient measurements
as the multiple-trapping phenomenon is at high tem-
peratures.

The current observed in the hopping-down regime
arises from the bias the electric field causes in the
hopping-down process itself; this current will be pro-
portional to the number of carriers hopping down per
unit time. Since the rate-limiting step for the redistri-
bution of carriers is hopping out of states which have
rates of order I/t, the total current will thus be I/t
times the downfield charge displacement per hop.
Since the typical distance hopped depends only loga-
rithmically on time, the overall time dependence of
the current will be roughly I/t, with In(vot) correc-
tions. This is consistent with the data for a-As2Se3
shown in Fig. 1, which seem to reach a constant slope
of —1 at low temperature (the lowest-temperature
data in Ref. 7 were in error).

As the carriers continue to lose energy, the
hopping-down process becomes slower because of the
rapidly decreasing DOS. The rate at which carriers
lose energy per logarithmic time increment is just the
derivative with respect to lnt of the demarcation ener-
gy. From Eq. (4) this is 3kTo/ln(vpr). In contrast, if
activation to higher energies limits the thermalization,
the carriers move deeper at a constant rate of kT per
logarithmic time interval, since the Boltzrnann factor
changes the rate by a factor of e for a change of kT in
energy. Setting these two rates equal, we find that
hopping down becomes slower than thermal activation
after a time

~, = va 'exp(3To/T).

Using vo —10' s ', and To= 550 K, we expect v, to
reach the microsecond time scale at around 12S K.
Considering the simplicity of the model, this is in good
agreement with the observed temperature at which the
data of Fig. 1 deviate from the MT predictions. The
model also predicts that the deviations should occur
for all materials at the same fraction 3/In(vot) of To.
The similarity of the behavior of holes in materials as
different as a-As2Se3 and a-Si:H supports this idea.
Indeed, similar effects have been observed for elec-
trons in a-Si:H; although the temperature at which
they occur is smaller by a factor of 2, as is To.

It is important to note that when thermal activation
predominates, carriers do not hop all the way up to the
mobility edge, but only to the energy at which the
variation of the wave function overlap becomes too
small to compete with the Boltzmann factor. This is
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just the energy at which thermal activation began to
predominate, which is, using Eq. (5) in Eq. (4),

E, = kT, ln(8&'/27N, ) —3T, ln(T, /T).

This transport energy plays a role similar to the mo-
bility edge: At long times, carriers in deeper states
(traps) move by thermal activation to E, Fu. rther-
more, current is carried in the quasiequilibrium distri-
bution in the transport states, which are those at E,
and shallower. The kinetic distinction between traps
and transport states is due to Schmidlin'; here we
have extended it to a distinction in energy. As T be-
comes smaller, the transport energy becomes signifi-
cantly deeper.

We call ~, the segregation time because only for
times longer than this do the shallower states act as
transport states and the deeper states as traps. In addi-
tion, since v,„~(Ed ) = 1/~„~, is a representative
hopping rate for carriers in the transport states. The
dramatically longer ~, at low temperature may there-
fore be manifested in steady-state measurements, for
example ac conductivity.

For all times longer than the segregation time, ther-
mal activation is the mechanism for thermalization:

v,yp(E) = '7, ' exp [ —(E, —E)/kT]

which differs from MT only in that carriers are activat-
ed to E, rather than to the mobility edge. In addition,
since the number of available states is smaller at the
transport energy than at higher energies, the prefactor
is reduced from vo to ~, , which is the hopping rate
for E =E, .

This hopping-up regime is identical to MT except
for the interpretation of the microscopic parameters, as
was first indicated by the work of Schmidlin' and in
numerical simulations by Silver, Schoenherr, and
Baessler. ' For example, the current is proportional to
the number of carriers n (r) in transport states (near
E, ). This differs from the total number of carriers N
(which are mostly at Ed ) by a Boltzmann factor
exp[ —(E, —Ed)/kT] and a degeneracy factor exp[(E,
—Ed)/kTo], so that n (t) —N(t/7, )

To compare the magnitude of the photoconductivity
at different temperatures, n (t) should be multiplied
by the effective microscopic mobility of carriers near
E„which scales with the characteristic hopping rate

Because this rate is activated [Eq. (5)], the
power-law transients for different temperatures, plot-
ted on a double logarithmic plot, should focus at a
time of order vo, just as they do for activation to the
mobility edge. Experimentally, however, the magni-
tude of the mobility to which such plots focus is —0.2
cm /V s in a-AsqSe3, ' which would be rather too
small for extended-state conduction (assuming a de-
generacy factor N, /NI —l) but is very reasonable for
conduction by hopping.

In the long-time regime, the current results from
hopping of those carriers in states near the transport
energy, which have quasiequilibrium occupation; the
same set of states and the same occupation (except for
overall magnitude) determine the dc transport proper-
ties. While space does not permit a discussion of the
dc properties of this model, ' we note that the hopping
nature of the transport provides a natural explanation
of the many anomalous features of transport in amor-
phous semiconductors, as reflected for example in the
field-dependent conductivity, ' the difference between
the thermopower slope and the conductivity activation
energy, ' and the Hall effect. ' The hopping process
also lowers the activation energy of the dark conduc-
tivity by several kTO below the energy difference
between the Fermi level and the mobility edge.

The simple formulas given in this Letter were ob-
tained by using the average hopping distance to deter-
mine the typical rate, rather than averaging over rates
directly. This approach, introduced by Mott, 20 has the
virtue that exponentially fast rates (corresponding to
rare, small separations) are not allowed to dominate
the averages, which would be unphysical since only a
small fraction of carriers are on centers with such
rates. Furthermore, since for an exponential DOS the
average separation varies very strongly with energy,
statistical fluctuations in separation are of even less im-
portance. Nonetheless, although the present descrip-
tion can be justified more completely, ' it is funda-
mentally approximate and descriptive, and thus com-
plementary to more rigorous approaches, ' which treat
the many complex issues much more carefully than we
have done here. It is therefore gratifying to note that
the approach of Grunewald, Pohlmann, Movaghar,
and Wurtz, when applied to transient photocurrent in
an exponential DOS, agrees quite well with both the
data and our simple predictions.

In summary, we have presented a simple description
of the behavior of carriers in a band tail when hopping
in addition to thermal excitation to the band edge is in-
cluded. The hopping manifests itself directly through
hopping-down thermalization only at low tempera-
tures. Even at high temperatures, however, current is
carried by hopping at the transport energy within the
band tail; the hopping nature of the transport may
manifest itself in various dc measurements. The
transport energy provides a means of reconciling ob-
servations indicating hopping transport with those sug-
gesting the existence of a well-defined energy similar
to the mobility edge.
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