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Electron Acceleration in High-Frequency Longitudinal Waves,
Doppler-Shifted Ponderomotive Forces, and Landau Damping
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An electron in the field of a high-frequency longitudinal wave experiences both Doppler-shifted
intensity-gradient and phase-gradient ponderomotive forces. It is shown that Landau damping can
be considered as a phase-gradient force effect. By taking the wave amplitude space dependence into
account, we demonstrate another collisionless effect due to the intensity-gradient force. Either
damping or amplification of the wave can occur depending on whether the electron density in-
creases or decreases.

PACS numbers: 52.3S.Fp, 03.20.+i, 32.90.+a, 41.70.+t

As is well known, an electron in the field of a high-
frequency (HF) transverse or longitudinal electromag-
netic wave shows a low-frequency (LF) behavior
resulting from the action of the so-called "pondero-
motive forces. " These LF forces play a fundamental
role in the laser interaction with free electrons, '

atoms, and plasmas. The basic purpose of this paper
is to show that in addition to the usual ponderomotive
intensity-gradient force V8', another ponderomotive
force exists, involving a slow time variation of the
wave amplitude together with the Doppler shift, which
plays an important part inasmuch as it is responsible
for the well-known Landau damping of longitudinal
waves. Another aim of this paper is to show that a
novel collisionless effect involving the spatial variation
of the wave amplitude can result in either damping or
amplification of the wave when Landau damping is
negligible.

We consider a longitudinal wave of the form5

E(x,t) = er'8'(x) coscu~,

where 8'(x) is a space-dependent amplitude with a
slowly varying time dependence e~' (y && tu), physi-
cally describing an adiabatic switching on or turning off
of the interaction. ~ = t —P (x)/cu, where @(x) is the
phase.

A convenient way to solve the nonlinear equation of
motion for a test electron,

m d'x/dt'= —eE (x, t),

is to introduce a double-time scale procedure. The po-
sition x and velocity v are split into a HF part (xh, vh)
corresponding to the linearized motion and a LF part
(x(, v() describing the nonlinear behavior. The latter
is defined by x( = (x) „and v( = (v),„. The linearized
electron response is then described by the HF equa-
tion:

dvh/dt = —(e/m)E(x, , t).

If the field amplitude is such that the condition

IV 8'/8'
I « I~/v(I

is satisfied, the solution of Eq. (3) may be written

vh ———[ef&'(x()/mtu'n']e~'(sin(us +p' coscu7 ), (5)

xh = [e 8'(x()/m cu' o.
' ]er'(q' coscu~ —2p' sintu~),

(6)
where cu' = tu —k (x) v, is the Doppler-shifted frequen-
cy "seen" by the electron in its instantaneous rest
frame, k(x) ='7$, P'=y/(u', n'=1+P'2, and q'=1
—p' . Under the assumption that xh'7 « 1 (or
vh'7 « (u), the field E (x, t) may be expanded in Tay-
lor series about x( as E(x, t) =E(x(,t) + [(xhV')E], .

The LF motion equation can then be written in the
form

m dv(/dt =~,
where ~ = —e ([(x„V)E]„),„. Using Eqs. (1) and

(6) we obtain

a = —(e/4m tu'n') e"'[q"7&' —4p' 8'"7@] (8)

The first term in square brackets of Eq. (8) is a gen-
eralization of the well-known intensity-gradient force,
taking into account the Doppler shift and y2/cu2 terms
(the usefulness of which will become apparent later
on). The second term is connected to LF phase-
gradient effects of collisionless origin. To our
knowledge, the collisionless Doppler-shifted LF force
has not been discussed in the available literature.
However, we wish to show that it plays a basic role for
electron acceleration in longitudinal waves.

For this purpose, it is useful to consider the follow-
ing three cases: (I) Icu'I » IyI; (II) Ice'I « IyI, and
(III) I

~'
I
—

I y I.
If R denotes the ratio between the intensity-gradiesit

force (IGF) and the phase-gradient force (PGF) then
for a given value of L '= I'78'2/8'2, R = Itu'I/

4IyIkL» 1 in case (I) and R = IyI/4Icu' kL» 1 in
case (II), that is, the IGF is much more effective than
the PGF in both cases. A peculiar situation occurs in

case (III) where R = Itu' —y I/4y kL. Clearly, if the
electron velocity v( becomes (locally) of a value such
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(+v) (+hvh) +~ vr (9)

Substituting Eqs. (1), (5), and (8) into Eq. (9), we
easily obtain

that ~a&
—k (x)v, ~

is of the same order of magnitude as
~y~, the PGF will be the predominant force. Hence,
through the Doppler shift, electrons of a plasma in-
teracting with a longitudinal wave of the form (1) ex-
perience both LF forces, in a proportion which varies
with the electron speed. The discussion which follows
is intended to show that the physical meaning of the
PGF is intimately connected with the well-known col-
lisionless damping effect of longitudinal waves (of
space-independent amplitude) discovered by Landau, 4

while the IGF is responsible for a novel noncollisional
effect.

For this purpose, we compute the mean work per
unit time B W/Br done by the electrostatic force
F = —eE(x, t) on a test electron with velocity v.

and v&(x) = r0/k (x) the damping term corresponding
to a novel effect: the acceleration (deceleration) of
nonresonant electrons by the Doppler-shifted IGF
resulting from field inhomogeneity, contributing an
extra damping (amplification) to the wave.

Before going into details on this effect, let us derive
the total energy transfer rate. The energy density of
the wave is

(E')., B5=
, co 1

87r BQt hatt cu = co

where co~, =4vrn, e /m and where n, (x) =f f'dv is
the electron density. It is related to BW/Bt through
the energy conservation equation BW/Bt = —BS/Bt.
Using Eqs. (1) and (11) we immediately find

where

BW/Br = (e'/4m)e'~t(2pg ' qv, V8'2)—, (10) y, = (2m'e'~/mk') (Bf/Bv, )„,„,

t

7T
2 22re 8'e~

2mk B'vt
(12)

is the usual Landau damping term" (for a space-
independent wave amplitude), and where

BW~ 2yt ~@2~~( ) (13)
Bt 4mk

+- B(fvr)~ (v~) =~jt (v, —v~) 'dvt, (14)

where p = y(~' —k'vt'+ y') (~'+ y') ' and q = (~'
2)(r02+y2)2

The total mean work per unit time done by the field
on the electron population is then

BW/Bt = Jt (B W/Bt)f'(x, vt)dvt,

where f'(x, v&) denotes the electron distribution func-
tion which we assume to be unperturbed by the field
in first approximation. It is worth noting that

p = (B/Bvr ) [yvt (~' —y') ' j

= (m/k)(B/Bv, ) [v,n(v, —r0/k) ]
and

q = —(B/Bv, ) [(vt —r0/k) (co' —y') ']
= k '(B/Bvt)9'(I/r0'),

where H denotes the Cauchy principal value. It fol-
lows that

B W/Br = B W, /Br + B W /Br,

where

which is recognized as being the well-known Landau
damping rate, and

y~ = (2m e /mk ) (~g /g )&~(v ) (16)

the damping rate corresponding to the above-men-
tioned new effect.

The present derivation of Landau damping con-
sidered as an LF collisionless PGF effect has shed
some more light onto this basic effect. As p'(r0')
= —p' ( —r0'), Eq. (8) shows that those electrons
whose velocity v~ is greater than the local phase veloci-
ty v& of the wave are accelerated by the PGF and, con-
versely, decelerated if v ~ & v&. The classical term
(Bf'/Bv, )„~„xepr es sscthe corresponding balance
between the number of accelerated and decelerated
particles. The fact that Landau damping is a resonant
effect at v& = v& is obvious from the singularity
p'(~' = 0).

The above-mentioned effect resulting from field in-
homogeneity has quite a simple physical representa-
tion. The IGF is "odd" with respect to the relevant
quantity ~' —

y . This means that, if for example
V'8'2 & 0, those electrons whose speed is such that
(co'~ ) ~y( are accelerated by the IGF, whereas they
are decelerated when ~co'

~
( [y ~. Obviously, if

V& & 0 the opposite is true. The resulting momen-
tum balance is expressed by the term B(fv)/Bv in
M (v&). As there is no singularity at ~co'~ = ~y( in the
IGF, we are dealing here with a nonresonant effect, a
fact suggested by the principal value in ~.

At a first glance, the additional effect appears as a
correction to Landau damping, due to field inhomo-
geneity. In fact, we are dealing with another noncol-
lisional effect independent of Landau's effect. In or-
der to emphasize its physical importance, we assume
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the unperturbed electron velocity distribution to be a shifted Maxwellian: fM(x, vi) = n (x)a exp[ —b(v u)2]
with a = (b/7r )' and b = 1/2v, , where v, denotes the thermal velocity; u denotes any drtft veloctty.

In this case we easily obtain from Eq. (14)

~~M(tr, p) = (n, /J2v, ) [(1—2a. —2ap)X —2(o. + p) ],

where a-= (v& —u)/J2v, , p= u/J2v, , and where X(o.) denotes the real part of the Hilbert transform of the
Gaussian of real argument. Equations (15) and (16) become

yL
———Jm(to&/to) (o. + p) o exp( —o ), 7'p = e(to&/4~) (o +p) [(1—2o —2a p)X —2(a +p) ],

where e is an algebraic parameter defined by vr 8'z/
= ek. e « 1 as a result of (4).

An easy numerical computation shows that the op-
timum value of y& arises when cr —0, that is, when
to —ku (top of the shifted distribution function) and
v, « u (such a physical situation is exemplified by an
electron beam). In this case the Landau damping rate
yL is negligibly small in comparison with y~ which
takes the simple value

where A.o ——v, /to~, is the Debye length. It is to be not-
ed that, in contrast with yL, y~ can represent either
damping or amplification depending on whether e is
positive or negative. Furthermore, since in the
present case the LF electron current density is approxi-
mately j,= n, u, Maxwell*s equation BE/Bt = —4vrj
yields VS' —V'n. Therefore, damping or amplifica-
tion of longitudinal waves occurs respectively in those
regions where the electron density increases or de-
creases.

To conclude, we have shown that Landau damping
can be considered as a ponderomotive phase-gradient
effect and that a further noncollisional (damping or
amplification) effect due to field inhomogeneity exists.
This last effect can play an important role in physical
situations where Landau damping is ineffective.
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