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Conformal Invariance and the Yang-Lee Edge Singularity in Two Dimensions
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It is shown that very general features of the critical theory of the Yang-Lee edge singularity in
two dimensions completely determine the way in which the theory realizes conformal invariance.
This leads to the value a. = —~ for the edge exponent, and makes possible the calculation of the

correlation functions.
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Recently there has been considerable progress in ex-
ploiting the principle of conformal invariance of two-
dimensional systems at the critical point to obtain in-
formation about critical exponents and correlation
functions. '2 Unfortunately this principle by itself is
not sufficiently restrictive, and other criteria, such as
full unitarity of the theory, 2 have been invoked.
While such criteria are necessary for a sensible
quantum field theory, many interesting critical points
do not correspond to unitary theories. Another diffi-
culty of this approach is in the identification of a given
realization of conformal symmetry with a particular
universality class. So far, this has been accomplished
only by matching the predicted exponents, or the con-
formal anomaly c, with those values already known by
other means.

The Yang-Lee edge singularity3 4 is perhaps the sim-
plest nonunitary critical point. In addition, as will be
discussed below, it also corresponds to the simplest
universality class. It will turn out that these properties
are sufficient to determine a simple way in which con-
formal invariance can be realized in this model in two
dimensions. This determines the critical exponents
and the correlation functions.

The Yang-Lee edge singularity3 4 occurs in an Ising
model above its critical temperature in a nonzero,
purely imaginary magnetic field ih. For h larger than
some critical value h, (T) the partition function ac-
quires zeros, which become dense on the line
Reh ) h, in the thermodynamic limit. The density of
these zeros behaves near h, likes (h —h, ) . Fisher6
showed how the point h = h, can be regarded as a con-
ventional critical point. In high dimensions it corre-
sponds to the infrared behavior of the field theory of a
single scalar field @(r) with an action

A = J ddr [—,
' ('7@) + i (h —h, )@+ ,

' ig$ ]. (1)—

The imaginary coupling makes the theory nonunitary.
The critical point is where the renormalized coeffi-
cients of @ and @2 vanish. In 6 —e dimensions there
are apparently two relevant fields, coupling to @ and

However, correlations of @ are related to those of
P by the equation of motion, so in fact P2 is a redun-
dant operator. The two-point function (@(r, )@(r2) )

x~q = —,
' [(pn++ qn )' —(n++n )'], (2)

where p, q are positive integers, n+ =np + (1+n02)' 2,

and no is related to the conformal anomaly c of the
theory by c =1—24AO. In such theories, the correla-
tion functions satisfy linear differential equations, and
there are restrictions on which three-point functions
may be nonzero: ($~ q $~ q $~ q ) is zero unless (i)
pt+p2+p3=1 (mod2), (ii) (p, —1), (p2 —1), and
(p3 —1) satisfy the triangle inequalities (p~ —1)
+ (p2 —1) ~ (p3 —1), etc. Similar conditions must be
satisfied by the q, . For theories where n+/n is a ra-
tional number, these conditions imply that there are
only a finite number of basic operators in the theory.
Such cases appear to be connected to integrable
models in a way which is not yet understood. "

Let us assume that the critical theory corresponding
to the Yang-Lee edge in two dimensions is in the class
considered by Belavin, Polyakov, and Zamolodchikov,
and use conditions (a) and (b) as constraints on the
possible realizations. Since $ is to be relevant, it must
have a scaling dimension x ( 2. This restricts it to lie
in the strip

A A+ (PA++/A ( A+ A (3)

The conditions (i) and (ii) imply that the correlation
functions (&f»q$zq@ ) may be nonzero if p'= p +1ue ue

behaves like ~rt —r2~ at the critical point, where
2X = d —2+q is related to a- by Fisher's relation6
tT = (d —2+ q)/(d+ 2 —q). The simplicity of this
universality class lies in its lack of any internal sym-
metry, and in the existence of only one independent
(relevant) exponent.

In order to characterize the theory in two dimen-
sions, the following properties [valid to all orders in
the (6 —d) expansion ] will be assumed: (a) there is
only one9 relevant operator @; (b) the three-point
function ($(rt)@(r2)@(r3)) is nonzero.

Belavin, Polyakov, and Zamolodchikov' have shown
that there is a large class of field theories which realize
conformal symmetry in a simple way. The allowed
scaling dimensions of scalar operators in these theories
are given by the Kac formula'0
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(p even) or p' = p, p + 2 (p odd), and similarly for q'.
If p and q satisfy (3) it is easy to see graphically that in
general at least two of the possibilities for (p', q') also
satisfy (3), so that @~q will, in general, couple to other
relevant operators. '2 Thus in general it is very difficult
to satisfy condition (a). The only possibility is that @~q
is allowed to couple to just two operators, one of which
must be the unit operator (p', q') = (1, 1), the other
having a dimension x, , equal to that of $~q, so they
are physically the same operator. In this way, condi-
tion (b) is also satisfied. This will occur if (p, q)
= (1,2) [or (2, 1), which is equivalent]. In the former
case the only nonzero three-point function is
($t zest 2@1 3), where xt 2

= x& 3. Using the Kac
formula (2), after some simple algebra one obtains'3
x = ——,

' and no = 3/(40) ti2, corresponding to
c = ——", . Fisher's scaling relation then gives

6 '

Since $ corresponds to (p, q) = (1,2), it is degen-
erate on level 2, and it follows from the work of Bela-
vin, Polyakov, and Zamolodchikov' that all the corre-
lation functions satisfy second-order linear differential
equations. The calculation of the four-point function
closely parallels that of Dotsenko" for the three-state
Potts model. The result ist4

spread in different extrapolations. ) It has also been ar-
gued' that o. is related to the exponent 0 of directed
lattice animals in three dimensions by 0=1+a-. A
particular model of three-dimensional directed animals
has been solved by Dhar, ts by mapping the problem
onto the unphysical critical point of Baxter's hard hex-
agon model. '9 He finds 0 = —,', consistent with
a. = ——,'. In that work, a correction-to-scaling ex-
ponent 0 = —,

' was also found. This corresponds to an
operator with a renormalization-group eigenvalue
y = —0/v~. Since 2v~ =0, '7 it follows that y = —2.
This value is consistent with the result of the present
paper that the operator algebra closes with only one
operator @, since the conformal symmetry does not
rule out the possibility of other scaling fields with neg-
ative integral eigenvalues.

!n conclusion, the critical theory of the Yang-Lee
edge corresponds to a rather simple, albeit nonunitary,
realization of conformal symmetry. This suggests that
it corresponds to an exactly solvable model.

The author thanks A. Luther and B. McCoy for
comments. This work was supported by the National
Science Foundation under Grant No. PHY83-13324.
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where ( = zt2z34/zt3z24, and

= i I C I Iztzz23Z3, I

Note that this is purely imaginary as required by the
Lagrangian (1).

Finally, the result a. = —
6 may be compared with

other numerical and exact information. Series
analysis'6 leads to the value o. = —0.163 + 0.003,
and the ~ expansion, suitably resummed, gives
o. = —0.155+0.01. (The quoted error reflects the

By considering the limit zt3 ~ with zt2, z34 fixed one
may extract the normalized three-point functionts
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