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By means of the Feynman path-integral method the experiment proposed by Silverman is
analyzed under the classical approximation. The results give a new verification of the
Aharonov-Bohm effect. It is pointed out that the multiple-valued wave functions are reason-
able for describing the experiment. Furthermore, it is verified that the eigenvalues of the
angular momentum of a charged, spinless particle-solenoid composite are flux dependent.

PACS numbers: 03.65.Bz

Wilczek' recently has explored subtle quantum
properties of a system containing electric charge
and a solenoid. According to him, the rotation gen-
erator of a charged, spinless particle orbiting a
current-carrying impenetrable solenoid can be given
arbitrary eigenvalues. Jackiw and Redlich point
out that there is a difference between the kinetic
angular momentum and the canonical angular
momentum whenever velocity-dependent forces
occur. The focal point of their arguments concerns
whether the kinetic or canonical angular momen-
tum connects with the spin statistics.

Among various arguments, there is an interesting
paper by Silverrnan proposing an experiment to
test for the rotational properties of the charged,
spinless-particle —magnetic-flux-tube composite.

In the present paper we will first analyze the ex-
periment using the Feynman path-integral method.
We will then use multiple-valued wave functions to
describe the experiment under rotations.

Following Silverman, an incident wave packet
Q(xp, tp) at time tp splits into two coherent wave
packets separately passing around two current-
carrying impenetrable solenoids. At time t the two
wave packets meet at a detector.

The wave function at time t according to Feyn-
man is

t
E(x, t;xptp) = Xexp —

J L(x, x, t')dt' . (2)
fp

The infinite sum is over all of possible paths in
space-time from xo to x. The Lagrangian L in the
discussed case is

L = —,
'

lt, x'+ (q/c) A( x, t')

As a result of the arrangement of the experiment,
the classical approximation can be used. 4 For the
two beams of the charged particles the wave func-
tion at time tis

y(x, t) =yR(x, t)+yL(x, t), (4)

where the QR and Qt represent the wave packets
correspondingly orbiting the right-hand and the

Q (x, t) =~td xp E(x, t;xp, tp)lP ( xp, tp),

where the propagator IC(x, t;xp, tp) from xp, tp to
x, t is given by the path integrals

1984 The American Physical Society 859



VOLUME 53, NUMBER 9 PHYSICAL REVIEW LETTERS 27 AUGUST 1984

left-hand solenoid. For

Pz(x, t) —exp
'

x dx+ A
2h ch

j

(5)

plane rotator orbiting the solenoid is given by

H = (il'/2I) [ —i (fl/gale) —n]', (10)

where I= p, R2 is the moment of inertia and R the
radius of the orbit.

For single-valued wave functions,
the integral is evaluated along the right-hand path,
while for

QL(x, t) —exp x dx+ Ai ~ dx,
2f ch

eim8

The eigenvalues of energy are given by

E = (lr2/2I)(m —n)2. (12)

(6)

the integral is evaluated along the left-hand path.
In the above

(R)A = 0 ——r0,
27K r 2

&4p BA(L) 0 r0
2' r 2

where (xPp is the flux through the solenoid Qp
= ch/q; B is the background magnetic field and 0 is

the unit vector of 0 direction.
Working out the integrals in Eqs. (5) and (6)

along the classical orbits in n revolutions we have

4=4~+4L
—[exp(i2nmu) + exp( —i2n7roi) ].

The intensity is

I —cos 2gmo, .

This result gives the familiar Aharonov-Bohm in-
terference: The intensity depends on the flux in
the solenoid. If one adjusts the flux so that o. = —,

' it

leads to a constructive interference. 5

Thus our interference is an Aharonov-Bohm-like
result. According to Silverman the experiment
should confirm that the kinetic angular-momentum
operator should serve as the generator of rotations.
On the other hand, Jackiw and Redlich2 have al-

ready demonstrated that the generator of rotations
is the canonical angular momentum prescribed by
Noether's theorem as a conserved quantity. This
contradiction can be appropriately solved by using
the canonical angular momentum as the generator
of rotations as Jackiw and Redlich do. However, we
will use multiple-valued wave functions for the
charged particle and impenetrable solenoid system.

In Silverman's experiment the particles move
along a circular orbit under the influence of the
background field. In the classical limit the problem
reduces to a plane rotator.

In a nonsingular gauge, the Hamiltonian of the

860

This result is considered as the bound-state
Aharonov-Bohm effect in the literature.

For the multiple-valued wave functions, which
should satisfy the Bloch condition P~ii+2 = e'"P~ii
(where in our case X = 2m 0.),

e j~8eia8
V'm f (13)

where m is integer.
The eigenvalues of the energy are

I, = m+a, I,"'"=m (15)

The eigenvalues of the energy and kinetic angular
momentum are the same as for a flux-free rotator.

Under a singular gauge transformation

A'= 0 —VA, A= 8,2' r 27T
(16)

which corresponds to a unitary transformation in
quantum mechanics

U= exp — = exp(- i08),qA
ch

(17)

the canonical angular momentum and wave func-
tions become

L,'= UL, U '=h'[ —i(ti/BO)+n],

e im8

Any eigenvalue of observables is gauge invariant.
In the singular gauge the wave functions are just
formal single-valued functions, but they are not in-
variant under a 2m "rotation"

8'(27r)g' =exp[ —i(L,'/A')2n ]e' 8

ei™ei 2m'e (20)

The wave functions in Eq. (13) were used to argue
against the Aharonov-Bohm effect. s However, the

(14)

while the angular momentum and kinetic angular
momentum are given by



VOLUME 53, NUMBER 9 PHYSICAL REVIEW LETTERS 27 AUGUST 1984

while for the left-hand pathmultiple-valuedness of the wave functions, which
incur a phase change under a 2m rotation, naturally
causes the Aharonov-Bohm interference. This has
been noticed by Henneberger.

In the following, Silverman's experiment will be
reanalyzed using the multiple-valued wave func-
tions for the reason that the mean angular velocity
of a wave packet constructed by the superposition
of multiple-valued eigenfunctions (13) is indepen-
dent of o. in agreement with the correspondence
principle under the classical limit. As a matter of
fact, the mean angular velocity of the wave packet
equals qB/p, c[= (2tt/I)ns] where txitpp is the flux
of the background magnetic field embraced by the
orbit. '

For the right-hand path the Hamiltonian and the
wave functions are given by

0 = (h'/2I) [ —i (t)/t)&)+cr]', (23)

(24),(, L eim&e —ia8

For the sake of simplicity the background field is
not accounted for here. The eigenvalues of the en-

ergy are the same for the right- and left-hand paths,
since the radius of the orbit is the same for both
sides. These eigenvalues are

ER EL (it 2/2I) m2 (2s)

A wave packet can be constructed by the super-
position of eigenfunctions:

yR(II t)

„C e' 'e'a'exp i (—E"/If) t. (26)
H = (ir /2I) [ —i(ti/tip) —tx]2

.), g eim8e'+m e f

(21)
After the wave packet moves around the solenoid n

revolutions, the wave function becomes"

(II+ n2m, t+ nr) =expi(L, /It)n QR(8, t+ nr) =p (H, t+ nr)e'

where r is the period of one revolution. With the expression in (26) we find

(27)

(H, t+ nr) = X C~e'~ e' exp i(E—~/It)(nr+ t) (2&)

QL(g t+ n&)e
—i2 ann

Then the forward wave packet is given by

yR+yL et2ana+ e
—12ana

and

g —cos 2no. m.

(29)

(30)

(31)

This agrees with the result (9) obtained using the
Feynman-path-integral method. This Letter reports
the first use of an explicit multiple-valued wave
function to analyze an Aharonov-Bohm interfer-
ence experiment.

In conclusion, our results give the familiar
Aharonov-Bohm interference. %'e also verify,
under the classical limit, that the orbital angular-
momentum spectrum of a charged, spinless particle
in a multiply connected space is quantized in units

l, = integer+ n. (Is)
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In a similar way the wave function on the left hand
1s

titL(8+ n27r, t+ nr)
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&OAs an example, let us consider a Gaussian wave pack-
et P(0) = Aj'exp —[6'/2(60)2] e' 'exp(ines), where
exp[ —82/2(68)2], with a 27r periodic extension, is de-
fined in the region —m. ~ 0 ~ ~. The mean angular
velocity of the wave packet is evalued by (P ~ (l/
I) [ —i(tl/&(i) —n+as](P) = (2f/I)ns, in agreement

with the classical angular velocity.
t tin the singular gauge [Eq.(16)] the rotation operator

is R'(n27r ) = exp[ —i (L,'/g) n27r], so that under a n27r
rotation the wave function incurs the same phase change
(e' ~"~) which leads to the Aharonov-Bohm interfer-
ence.


