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We show that in parity-conserving vectorlike theories such as QCD, parity conservation is

not spontaneously broken.
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Recently, rigorous inequalities have been used to
obtain information about which symmetries are
spontaneously broken in QCD. Weingarten'
proved an inequality which —given anomaly con-
straints and an assumption of confinement—proves that the axial-vector (chiral) symmetries
of quarks must be spontaneously broken. %e have
elsewhere proved, with mild technical assump-
tions, that the vector symmetries, such as isospin
and baryon number, cannot be spontaneously bro-
ken. These results apply, in fact, not just to QCD
but to arbitrary parity-conserving vectorlike theo-
ries of fermions and gauge mesons4 (at 8 = 0—a re-
striction that is always assumed in what follows). In
this paper we will consider from a similar point of
view the discrete symmetries —C, P, and T. The
argument we will give is an extension of one we
used previously in discussing gauge theories in 2+1
dimensions. 5

The CPT theorem states that the product CPT of
the discrete symmetries is unbroken. (The most
easily proved statement is that arbitrary local rela-
tivistic Lagrangians conserve CPT, but the CPT
theorem properly states in addition that the vacuum
and all observables are CPT invariant. s) In this pa-
per we will show that P is not spontaneously broken
in parity-conserving, vectorlike theories such as
QCD. Here P is the standard transformation
[At)(x, r), A;(x, r) ] [Ao( —x, t), —A, ( —x, r) ].
We do not know of a general argument excluding C
or T breakdown in QCD. However, since P and
CPT are both unbroken, if either C or T is unbro-
ken so is the other.

What we will actually prove is that the vacuum
expectation value of an arbitrary Hermitian, P-
nonconserving observable X is zero in theories such
as QCD. The argument that follows is most natural
if X is a local operator constructed from Bose fields
only. There are an infinite number of such P-

nonconserving operators [such as e"" r TrF„„F P,

it is implausible that they all have zero vacuum ex-
pectation value if P is spontaneously broken. How-

ever, our argument does not really require X to be a
local operator and can be carried out even if X in-
volves Fermi fields.

Let W be the Lagrangian of the theory under con-
sideration, and let ~ (A. ) be the generalized
Lagrangian ~—) X. For real ), W is Hermitian,
since we assume X Hermitian. Let E(A. ) be the
vacuum energy of the theory with Lagrangian
~(lt). To lowest order in lt, E (k) = E(0)
+X(X), where (X) is the vacuum expectation
value of X at X = 0. If (X) is not zero, it can have
either sign (since X is odd under parity), so that re-
gardless of the sign of A. , the theory can choose a
vacuum state in which X(X) is negative. The state-
ment that (X) N 0 would therefore imply that for
small, nonzero A. , E(h. ) (E(0).

To show that this is impossible, we will consider
the Euclidean path-integral expression for E(X).
We must first discuss what happens to parity-
nonconserving operators under Wick rotation. The
Hermitian operator X is real in Minkowski space.
To be Lorentz invariant, X is constructed from the
gauge field A'„, the metric tensor g „, and the an-
tisymmetric tensor ~„„&. Although 3„' and g„„
remain real in Euclidean space, e„„&picks up a fac-
tor of i under %ick rotation. A Lorentz-invariant
but parity-nonconserving operator X must be pro-
portional to an odd power of e„„&,and so X picks
up a factor of i in %ick rotation.

In a Euclidean volume V, the path-integral for-
mula for the ground-state energy is

e
—VE (A, )

dA„'d d exp — d x +iAX, 1
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where we have exhibited the factor of i that arises from Kick rotation. %hen we integrate out the fermions,
this becomes

e ~ = dA„'det +M exp — 4g ' d xTrF„,F„, exp iA. d xX, (2)

where M is the fermion mass matr!x. In vectorlike theories, the fermion integral det(P +M) is positive, so
that the integrand in (2) is positive except for the phase factor exp(i Xfd x X). Inclusion of this phase factor
can only make the integral less, and so E(A. ) has its minimum at A. =O. Therefore, the vacuum expectation
value of X is zero at h. = 0, and parity is not spontaneously broken in theories such as QCD.

Incidentally, the same argument applied to the 8 dependence of the QCD vacuum energy
t

e = dA„' det +M exp — 4g ' d x TrF„,F„, exp d x e"' PTrF„„F &

i0

shows that the minimum energy is at 0=0. This is
essential for the viability of the axion approach to
the strong CP problem, in which the vacuum angle
is a dynamical variable and relaxes to the value that
minimizes the energy. If the gauge field 3„ in
QCD is regarded as a 3 x 3 anti-Hermitian matrix,
then the standard time-reversal transformation is
[Ao(x, t), A;(x, t)] [ —

A&& (x, —t), A;"(x,t)];
here A„' is the complex conjugate (not adjoint) of
A. It is possible to find Hermitian operators odd
under this transformation and real in Euclidean
space, so that our argument cannot be extended to
exclude spontaneous breakdown of T conservation.
The standard C transformation is A„(x,t)

A „' (x, t); again Hermitian, C-nonconserving
operators can be real in Euclidean space, and so our
argument does not apply to C conservation. The
standard CT transformation is [Ao(x, t), A;(x,
t) ] [ A p( x, t), A; ( x, t) ]. Hermitian operators
odd under this transformation are indeed always
imaginary in Euclidean space, so that our argument
does apply to CT. The fact that the argument ap-
plies to P and CT is simply one aspect of the CPT
theorem.

Perhaps it is worthwhile to point out that at
0= m, parity is spontaneously broken in a certain
range of quark bare masses. ' Therefore, positivi-
ty of the Euclidean measure is necessary as well as
sufficient for proving that parity is not spontaneous-
ly broken in QCD.
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This argument needs to be specified more carefully.
There are two values of 0, 9 = 0 and 0 = m, at which CP is
conserved. Which is realized in nature? The state that
minimizes the energy has the property that (m„uu),
(mqdd), and (m, ss) are all negative, as this makes the
shift in vacuum energy due to quark masses (m„uu
+ mddd + m, ss) as negative as possible. This is the state
that is realized in nature, because the Gell-Mann-
Oakes —Renner analysis of the pseudoscalar masses [M.
Gell-Mann, R. J. Oakes, and B. Renner, Phys. Rev. 175,
2195 (1968)] shows that ( m„uu ), ( mddd ), and (m, ss )
are all negative in nature. If 8 were shifted by a-,

(m„uu) would have opposite sign from the others [R. J.
Crewther, P. diVecchia, G. Venezidno, and E. Witten,
Phys. Lett. 88B, 123 (1979)],contradicting what emerges
from the Gell-Mann-Oakes —Renner analysis. The ob-
servation that the state realized in nature is the state of
minimum energy is all that is needed to make the axion
theory viable. As to whether this minimum energy state
is 0= 0 or 0= m, this depends on certain conventions. If
we choose phase conventions so that even in the instan-
ton sector det(P + M ) is always positive, then the mean-
ing of 0 is fully specified and the argument in the text
shows that the minimum energy is at 0 = 0.

Crewther, diVecchia, Veneziano, and Witten, Ref. 8.
R. Dashen, Phys. Rev. D 3, 1879 (1971).

536


