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We study the evolution of liquid structure factors with changing bond-orientational (hexa-
tic) order. The form of the radial structure factor is found to depend strongly on the mean
square amplitude of fluctuations in the hexatic order parameter. The effects of substrates on
the hexatic ordering process in two dimensions are also examined. Our results apply not only
to hexatic fluids, but also to other liquids whose local densities are coupled to x-y-like pri-

mary order parameters.
PACS numbers: 64.70.—p, 61.30.Gd

Several years ago, Halperin and Nelson proposed
that continuous melting of two-dimensional crystals
occurs in two steps.1 First, at a temperature T
= Ty, there is a dislocation unbinding transition
into a hexatic liquid phase, with quasi-long-range
order in the orientations of the bonds between
molecules. Subsequently, at 7= Ty _;, there is a
disclination unbinding transition to an ordinary
liquid phase, without bond-orientational order.

The x-ray scattering technique, which measures
the mean square of the Fourier-transformed liquid
density py, is sensitive to evolving hexatic order
because of the coupling, first described by Bruins-
ma and Nelson,? between pg and the hexatic order
parameter. In this paper, we report on a study of
the density fluctuations in the presence of such
coupling. Beyond the well-known fact that the
scattering pattern for hexatic fluids consists of dif-
fuse spots rather than rings, as for isotropic fluids,
we find that the form of the structure factor,
(lpg|®), as a function of ¢ = |G|, changes as the
isotropic to hexatic transition is approached. Furth-
ermore, we show explicitly how, for T near Ty _,,
both the mean intermolecular spacing and liquid
correlation length are related to the specific heat.
Finally, we estimate the influence of fields conju-
gate to the hexatic order parameter. The substrates
used in studies of physisorbed gases® invariably give
rise to such fields.

The results to be presented below are in excellent
agreement with experiments on both liquid crystals*
and xenon adsorbed on graphite.> They are also
very general, indeed, they apply to a wide range of
liquids whose local densities are coupled to other,
primary order parameters. If these liquids are well
correlated, measuring the position of a maximum in
the x-ray structure factor can be a convenient

method for determining the specific-heat exponent
«. Our expressions for the d dependence of the
structure factor are easily modified for arbitrary x-
y-like primary order parameters, including that
describing the biaxial nematic (N') phase.® Thus,
the x-ray scattering technique is a useful tool in the
search for new liquid phases, not only because of
the singular behavior in easily measured parame-
ters, such as the mean interlayer spacing, but also
because of changes in the line shapes that the ex-
istence of such phases would entail.

To perform calculations, it is useful to divide the
fluid into microscopic cells of sidelength Ag L
where Ag ! is large compared to the liquid correla-
tion length £ In each of these cells V-, labeled
by their positions T, we can calculate the Fourier-
transformed density p(T) for |G| > Ay. For an
ordinary liquid, the free-energy functional govern-
ing p5(T) is

Fo= [ d%q [ a%lpg(T) 4,
Ag<gq

(1)

In an x-ray experiment with ¢ =G| > Ay> £},
the cells scatter independently, and the correspond-
ing structure factor is Sg=[d% (lp5(T)I?)
=T/4,. If S5 reaches its maximum when g = g,
Aq| —‘C|an be expanded near ¢, in powers of §,
=141—dqo:

A =B +62+... . @)

When higher-order terms in §, are ignored, the re-
sulting x-ray scattering profile is a Lorentzian of
width Ko-

In hexatic liquids, the positional correlation
length remains finite, while there is long-range or-
der in the intermolecular bond angles. Consequent-
ly, Sﬁ will contain a sixfold modulation as a func-
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tion of 65, the angle formed in a particular plane between a reference axis @ and the scattering vector . The
plane in question is defined by the substrates in the gas-monolayer experiments and by the smectic layers in
the liquid-crystal work. In the remainder of this paper, we restrict our attention to those q with vanishing
out-of-plane components. Using the order parameter pa-( T ), which has an infinite number of components

(indexed by @), we can construct a two-component vector, or equivalently, a complex number, representing
the hexatic order parameter:

J;‘Q<q <4\pq( r )lzeXD(610_.)dd

2 4d
.I;\0<q<A1lpTi(r)| dq

Note that q is restricted to an annulus in reciprocal space surrounding the first maximum in the in-plane
structure factor. ¥ (T) can also be defined as [exp6i6¢], where 04 represents the intermolecular bond orien-
tation angles defined (in the smectic or substrate planes) with respect to 4, and the square brackets denote an
average over the cell V. Near the hexatic-isotropic transition, & < Ag’ ! remains finite and the cell-to-cell
fluctuations in pa( T) merely follow the fluctuations in ¥ (7). Thus, the liquid’s full free-energy function-
al, which includes terms coupling p—q~( T) evaluated for different cells V'~ and momenta q, can be replaced
by the effective functional Fepr=Fy[W(T)]+F,lp5(T)]1+ Fy_,[¥(T), p5(T)] where only Fy couples
different cells. Indeed, Fy describes an x -y model:

v(T)= I\If(?')lexp[6imp(?)]= 3

Fu=Jo coan @ GIVYPHrd W+ TughV |+ he¥ +hivp). ()

A substrate, such as graphite, induces a field 44 conjugate to the order parameter ¥. For both liquid crystals
and gas monolayers, ordering of other degrees of freedom, 26,7 guch as molecular tilt, also produces nonvan-
ishing effective fields . The dimensionality d =3 for bulk liquid crystals,*®® while ¢ =2 for thin liquid-
crystal films and gas monolayers.>*

Equation (3) defines the hexatic order parameter ¥ (T) in terms of p;(T). Consequently, the effective
free-energy functional F; must include a coupling term

Fu-p=Joycacn, @ f ar (o, 1W (D], cosl6log = (T pg(FIP, )
where f is a real-valued function of three variables. The following expansion of fis applicable for T > Ty _:
fq, (6165 —w(T)1)) =B, ¥ (T)lcos(6log— (T} +C,[W(T)I% (6)

The term C, |W (T)|? accounts for the increased density allowed by sixfold coordination, while the contribu-
tion proportlonal to B, favors p—~( T') where q is along one of the hexatic axes determined by ¢(T). Thus, f
must display minima where 05— y(T)=n2n/6, and so B, <0 for ¢ = ¢q,. Like 4,, B, and C, can be ex-
panded in powers of §,. To include the essential physics of the coupling between ¥ and P it suffices to
consider only the constant B and the linear term C +2D§$, in the expansions for B, and C,, respectively.
Note that D < 0 because hexatic order favors higher densities, and hence those Fourier components P3 of
the density with larger q.
Using the free-energy functional Fg, we find that

kT
g (P =( = —) (1)
{lpg 4,470 ¥ ()], cosl6lo; — (1))

which is independent of T by translation invariance. The angular brackets denote a thermal average over the
hexatic degrees of freedom. We perform this average exactly with respect to fluctuations in the phase of
¥ (T), and to lowest order with respect to fluctuations in the amplitude (). In other words, |W(T)| is
replaced by its root-mean-square value { |W|2)"/2. The result is that

Sa=N i Sq(p)COS(6P9—q‘)<COS(6plII))' ®)
p=—o
where
| /6 cos(6pyg)
Sq(p)__2_1r/—6f—fr/6 Ve +7 (g, (W) 172, cos(6u)) 7
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and N is a G- and (|¥|?) Y%independent prefactor proportional to the volume L% The averages in Eq. (8)
must be computed using the following effective Hamiltonian for the phase variables:

He=%K4(T) [ a% |V 2= iig [ cos6y d¥r/at. (10)

In (10), —7/6<y(T) < w/6, K,(T) is the Franck constant for phase fluctuations,'! a§ is the volume per
molecule, and i g= hge(|¥|?) V244,

For temperatures above Ty _;, all terms with p # 0 in the series (8) vanish. Even below, but near Ty _,
where |(cos(6¢)) | << 1, the series will converge rapidly because (cos(6py)) = (cos(6y))?’. Using the
expansion (6) for f, and retaining only the first two terms in (8) yields

Eizi L b 2 21-1/2 .
N —a a ’

where a =4, + C,(|¥|?) and b =B, (|¥|*) V2. If we perform the Fourier transform of S84 with respect to
6 we should recover the hexatic order parameter ¥ [Eq. (3)]. For small ([¥(?), our choice for the coup-
ling F, is indeed consistent with the definition of ¥ if B, = — 24,.

At lower temperatures, hexatic order will be well developed and |{cos(6py)) | =1 for many values of p,
with the result that the series (8) will converge slowly. However, we can take advantage of the fact that for
T << Ty_;, the mean square fluctuations {|5y|?) in ¢ are small. Thus, (cos(6py)) =exp(— 18p?
x (|8¢]%) ), and summing the series (8) yields the spin-wave result,

N [ exp(— 397/ (18y1*))dy

-1/2
+—Z— cos(60—q~)(cos(6w))[1 - [l - l—s

~ SW o __

ST T (T = 4+ 7Ga (W) 7, cosb(6q— ) (12

where (|8y|2) = (27) 79T [ d%/(K,q*+36h). I
We now discuss the evolution of S, with T for k' =(fo+rk*++(Is¢|?) f§ )2 Transverse scans
he=0. At high temperatures (T >> Ty _;), b=B are given by the convolution of a Gaussian with a
x (|w|*)V2 is small and S assumes the usual Lorentzian; if, again, fo+k%> 57§ (18w|?), the
Lorentzian form ( K(Z)-i-qu)—‘1 near qo. Further- corresponding angular half-width will be «'/
more, S; will be independent of 6;. In contrast, (% £ )2, Consequently, radial and angular half-
for T < Ty, the structure factor, when measured widths should have a T-independent ratio for
as a function of 05" will display the sixfold mod- T << Ty_y, as is indeed observed® near the melt-
ulation characteristic of hexatic order. For T ing temperature T), for xenon on graphite. For
<< Ty, Eq. (12) applies and near the maxima d=2, h¢=0, and T very close to T),, these results

(at 05 =, =2mwn/6) of the structure factor, we can agree with those of Ostlund and Halperin.®
make the expansion f =fo+-;- 0 (Oq'—lll"lbn)z- If The most interesting behavior occurs for T
fo+ud> £ (I8yl?), radial scans through the = Ty _;, where the first term in the expansion (8)
maxima will be Lorentzians of half-width dominates. Using the expansions for 4;, B;, and
I C,, we find from Eq. (11) that

Se/N=1[(g—q6)*+«% 172 [(g —q5)*+ k2172 (13)

To second order in (|¥|?)"2, the inverse lengths
K + are, when squared, k+ for T near Ty _;. In particular, where « is the
exponent and 4 , /A _ the amplitude ratio charac-
i =g £ BI(IW) 2+ C([w]). (14) terizing the specific heat, g (T)—q¢(Ty_;)=
Similarly, the inverse intermolecular spacing is, on ~ A4 |T—=Ty_;I'""* and +A4_|T—Ty_;|'" for
average, ;> THBI _ and T < T1 H—1I> lresptelctigletlly. Near
, -1, the inverse correlation lengths behave simi-
46 =qo+ IDI(I¥]). 15 larly. Note, however, that for T < Ty _,, any in-
Note that if «} is comparable to B(|¥|)V2+C verse radial correlation length k. (T), derived, for
x (|w]?), ST;' near g, is well approximated by the example, from fits of Lorentzians to actual data,
square root of a Lorentzian of width «_.!° Because depends on 64, reaching its minimum for q parallel
(d/dT) {|¥|?) = C(T) where C(T) is the specific to any of the three axes defined by the hexatic or-
heat, there will be singular contributions to g4 and der. Since Taylor expansions [based on Eq. (8)] for
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such k. (7) include terms proportional to
(cos(6py)), ke(T) will contain singularities
characterized by the exponents pgB (p=1,2,
3, ... ), with corrections of order n for p > 1, as
well as 1 —«. Fortunately, there are considerable
simplifications when a powder average (integral
with respect to 96) of Sa is performed. Upon
averaging, all terms in the series (8) with p =0
vanish and again Egs. (13)-(15) define the struc-
ture factor.

We now consider the effects of substrate fields
on the hexatic ordering process. Of course, the
symmetry-breaking field 44 eliminates the hexatic-
isotropic phase transition, much as an applied mag-
netic field destroys second-order ferromagnetic-
paramagnetic transitions. Nonetheless, as for fer-
romagnets, the field 44 can be sufficiently small
that the system will behave nearly as if hg=0. Our
object here is to make the phrases ‘‘sufficiently
small”” and ‘‘nearly’”’ more precise for the case of
greatest interest, gas monolayers adsorbed on
graphite. For T < Ty_; and small hg, (cos6iys)
=~ (he/T)"“ " where n=18T/nK,.!"! Because
n=+ for T=T,, (cos6y) will be of order 0.5 or
more as long as hg/T > (0.5)“¢~ /1> 3x1075. If
T > Ty_,, the linear response result, (cos6y)
=Xehe=£E}""he/T =&}f*hg/T, will be valid pro-
vided that the hexatic correlation length
£y < &.=(he/T)™ Y5 Thus, for xenon on gra-
phite, where hg=0.2 K/atom '? and T}, = 100 K}
substrate effects on the hexatic order will be severe
both above (¢&,=30 interatomic spacings) and
below (hg/T =1073) Ty _,.
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