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Pion Charge Exchange from Oriented, Deformed Nuclei
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We extend the theory of pion scattering to study charge-exchange reactions from oriented,
deformed nuclei. We show that measurement of the orientation asymmetry for pion charge
exchange can lead to a determination of the deformation, P2, of the excess neutron distribu-
tion.
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The measurement of the charge density in nuclei
has been the object of intense experimental investi-
gation with electromagnetic probes. The successes
of this program are made possible by the coupling
of the Coulomb interaction to the distribution of
charge, and by the fact that this interaction is well
understood. In particular, measurements made on
nuclei having intrinsic ground-state deformation
have revealed sufficient detail to allow the extrac-
tion of P2c, the quadrupole deformation of the
charge distribution. ' Comparison of these measure-
ments with theoretical models has been in general
quite favorable.

Determination of the neutron distribution in nu-
clei is considerably more difficult. The strongly in-
teracting probes n, p, d, n, and 7r have all been used
for this purpose, but they suffer from the limitation
that the forces are less well understood than in the
electromagnetic case. Uncertainties associated with
the strongly interacting probes have led to especial-
ly large uncertainties in the specification of the de-
formation of the neutron distribution.

The selective sensitivity of the (7r +, 7r ),
(m+, vr ) pion charge-exchange reactions to the
neutrons, the development of reliable spectrome-
ters for measuring these reactions, and the under-
standing of recent charge-exchange measurements
on spherical nuclei throughout the periodic table
have led us to reexamine the problem of determin-
ing the deformation of the neutron distribution.
We have in mind an application of the theory of
pion scattering that has been successful in these
cases to a class of possible measurements that have
not been made. To learn about P2 we must focus
on an observable that has some chance of being
sensitive to the deformation but insensitive to the
less well-known aspects of the reaction dynamics.

We thus define the orientation asymmetry

da /dA —dv()/dA

/dan

+do "dg
where d o- /d 0 and d v "/d 0 are the cross sections
for scattering from deformed nuclei oriented per-
pendicular and parallel, respectively, to the direc-
tion of the incident pions. Determination of Aq for
single-charge exchange is difficult but feasible with
the techniques developed in connection with earlier
measurements' of pion total cross sections from
aligned ' Ho.

The theory of charge-exchange reactions displays
a strong sensitivity to neutron densities, and we
next examine the theory to see whether it can help
us learn about P2. Because of the exploratory na-
ture of our investigation, we have made some ap-
proximations, including the standard eikonal
method. Such approaches are known to reproduce
the striking regularities in single-charge-exchange
measurements, and the connection of the eikonal
theory to the more detailed formulations has been
explored. " These studies verify that the eikonal
theory describes the sensitivity of the underlying
theory to nuclear structure quite faithfully.

For highly deformed nuclei there exist a large
number of low-lying levels easily excited by a
medium-energy projectile. These states must be
summed over in both the intermediate and final
state. To accomplish this we use the closure ap-
proximation, which implies that the orientation of
the nucleus is not changed during the scattering
process. The scattering amplitude depends, there-
fore, on the orientation 0 of the body-fixed system
in the laboratory. We will characterize this orienta-
tion by the Euler angles'2 0 = (o., p, y). We pro-
ject the amplitude F (q, A ) onto the nuclear initial
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and final states,

F(q) = (I'M'K'~F(q, fI) ~IMK), (2)
where F(q, fl ) is the scattering from the intrinsic
state whose orientation is 0 relative to the labora-
tory coordinate system.

For the wave function of the nuclear ground
state, we take a product of the intrinsic wave func-
tion in the body-fixed system and the eigenstate
]td(Mx(Q) of the collective variable describing the
orientation of the nucleus. The latter is an eigen-

state of the rigid-rotator Hamiltonian. These wave
functions are the rotation matrices N Mz (o., P, y).
Two specific cases are needed for the calculation of
dls(H): (1) If the nucleus is polarized along the Z
axis, the projection M of the total angular momen-
tum on the laboratory Z axis is M = I and

(2) in the case that the nucleus is polarized along
the X axis, we rotate Eq. (3) by 7r/2 about the I'
axis to obtain

QIIK ( n ) = [ (21 + 1 )/8m') ' '
XM s' l~ (0, m/2, 0) v ))rx (bb, (), 0) . (4)

(6)

where (, depends on the nuclear densities p( r )
and ]Imp( r ), which are the total and excess neutron
densities. If we ignore the Coulomb interaction on
nuclear structure, then

p( r ) = Xp])i( r ) +Z p~( r ),

Ap( r ) = Ãpiv ( r ) —Zp~ ( r ).

Equations (3) and (4) lead to the following expressions for the amplitudes:

F'] (q) = —,
' (2I + I )I si nod 0 l]dI'x (0) ~'F (q, 0),

F (q) = —, (2I + 1) $M ~d/~(7r/2) ~ j sinod & ~d)rx (0) ~2F (q, 8).

The charge-exchange amplitude to the analogs of
the final state is generated from this result by apply-

ing isotopic spin invariance. The physical amplitude
F 'J for elastic [(i,j) = (+, +) and ( —,—) and
for sr+ and n, respectively], single charge ex-
change [(ij) =(0, +) J, and double charge ex-
change [(ij ) = ( —,+ ) j may be expressed formal-

ly as

F(ij) $ g(ij)( )F (7)

F(b)=bib'J bd, b JD(db)[) —G, (bb)], ,

G (b e)= f d@'e (8)

where

x, (b, 0) = dZ U, (b, Z, II),1
(8a)

U, is the projection of Uonto the state of total iso-
spin,

U, (b, Z, 0)
= &&~((o+ri]@ Tiv+ "2(bt ' Tiv) ~r) (9)

and where uo, u~, and u2 describe" the isoscalar,
isovector, and isotensor components of U. We use
a local form for the optical potential, so that

U, = k (, + —, ')7 („ (10)

where 7. = T, T+1, and T —1 and where the set
A("l(r) are Clebsch-Gordan coefficients and are
given explicitly in Ref. 11.

We calculate F in the eikonal theory. The result
1S

The quantities g, also depend on the free pion-
nucleon scattering amplitude through an isoscalar
A.o and an isovector ) ~

' ~ coefficient. We may
write

(,(r, II )

= )to' p( r, II ) + 1(I' y
' (r )&p( r, II ), (12)

where y" (~) are Clebsch-Gordan coefficients (see
Ref. 11) and where we have now displayed the ex-
plicit dependence of p and Ap on the orientation O.
We omit the higher-order medium modifications in
this paper, although their influence could be includ-
ed at 165 MeV using the results of Ref. 7. It is
known that these scale the single-charge-exchange
(SCX) cross sections in a simple fashion so that As
is very insensitive to them. One must be more
careful in the case of double-charge-exchange
(DCX), where these corrections have a more subtle
effect and can modify the shape of do./d Q.

We shall take the specific case of ' Ho(X
=98,Z =67) to investigate the main ideas. This
nucleus is known to be highly deformed, and stud-
ies with p, -atom techniques have determined the
parameters of the charge density in the ground
state. ' A Woods-Saxon shape for the charge distri-
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bution was used in the analyses,

po

1+e'"-""(r,R) = (13)

As(O)

0.7—

0.6—
with the half-density radius R mapped onto the el-
lipsoidal surface 0.5

R = Rp[1 + p2 Y2p(0) ] (14) 0.4

whose major axis lies along the Z' axis of the
body-fixed coordinate system. The results of the
analyses give

p2C ——0.32, R ——6.1S, a = 0.49.

The spin quantum number of the ground state of
Ho is I =K = —,, where I is the total angular

momentum and K is its projection on the body-
fixed axis.

For our studies we imagine parametrizing the
relevant densities p;(r, RO, p2) as follows:

0.3

0.2

O. I

-O. I

-0.2—

I

I.3

P ("R p2)

= pi~ (r, Rp) +RpP2 Y2opi (r.Ro). (16)

This form is a good approximation for ' Ho. For
our actual calculations we have written p to be
the Woods-Saxon density in Eq. (13) and
pt') (rRo) = d p(o)(rRo)/dr. Making the depen-
dence on P' explicit in Eq. (8a),

X, (b, f), $') =X, ' (b, 8) +X,2 (b, f))cos @' (17)

-0.3—

FIG. 1. The asymmetries at 0' from ' 'Ho plotted as a
function of p2/p2 at T„=180MeV. Solid curve, single
charge exchange (m+, vr ); dashed curve, double charge
exchange (7r+, 7r ); dash-dotted curve, result for 7r+

elastic scattering. We have taken P2 to be fixed at the
value given in Eq. (15).

and then

6, (b, 8) = —,exp[ —Xt') (b, 0) ——,X( ) (b, 0) ]Io(—, X( ) (b, 0) ), (18)

where Ic(x) is a Bessel function of imaginary argu-
ment of order zero.

We have calculated the differential cross sections
and the asymmetries for pion incident energies
ranging from 120 to 250 MeV and for different
values of Ro and p2 to demonstrate the sensitivity
of the cross sections d o. /d A and d a."/d ft and
the asymmetry Az to these quantities.

Figure 1 shows the quantity As (0) plotted as a
function of p2/p2 at T = 180 MeV for elastic,
SCX, and DCX scatterings. Charge exchange
displays a striking sensitivity to the neutron defor-
mation. One notices that SCX and DCX are rough-
ly equivalent in this regard. Elastic scattering shows
very little sensitivity. One additional advantage of
charge-exchange over elastic scattering is that elas-
tic scattering is strongly affected by the Coulomb
interaction, which was not included in our results.
The Coulomb interaction dominates at small angles
and would tend to hide the signal. No such prob-
lem exists for charge exchange. In order to utilize

the sensitivity of DCX, it is necessary to include
medium modifications, and extensions of the
theory along this direction would be desirable.

We conclude from our results that charge-
exchange scattering is a sensitive measure of the
excess neutron deformation in rare-earth nuclei.
Single-charge-exchange experiments show promise
for resolving discrepancies among the measure-
ments that have been made in other less-sensitive
reactions with strongly interacting probes. Plans for
measuring the forward single-charge-exchange
scattering from aligned ' Ho to an accuracy of 10%
are being made at the Clinton P. Anderson Meson
Physics Facility (LAMPF). This should be suffi-
cient for a determination of p2/p2 to an accuracy of
5%. In anticipation of the forthcoming results, pre-
dictions of As(0) for realistic nuclear models (see,
for example, Refs. 2 and 3) would be useful. A
successful outcome of the initial experiment should
motivate a much wider class of interesting measure-
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ments of aligned targets.
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