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Contribution of Three-Nucleon Potential to Triton Binding Energy
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Faddeev calculations for the triton are performed with three two-body potentials (RSC,
URG, and Paris) taking eighteen channels, J~ 2, for an interacting pair. Using these wave
functions, we calculate the first-order perturbation energy for the Tucson-Melbourne three-
body interaction. For the usual dipole pionic form factor with the cutoff parameter of
A = 800 MeV, we get 0.89 MeV (RSC), 0.50 MeV (URG), and 0.67 MeV (Paris). Thus, the
calculated triton binding energies amount to 8.13 MeV (RSC), 8.00 MeV(URG), and 8.23
MeV (Paris). These values are very close to the experimental value of 8.482 MeV.

PACS numbers: 21.10.Dr, 21.30.+y, 21.40.+d, 27.10.+h

As is well known, realistic two-nucleon potentials
that fit two-nucleon data underbind the triton by
1-1.5 MeV. ' One possible explanation of this un-
derbinding is the neglect of three-nucleon interac-
tions. Among various three-nucleon potentials
which have been discussed, the two-pion —ex-
change three-nucleon potential (2PE-3NP) has re-
ceived theoretical attention because of its long
range nature.

To construct the 2PE-3NP, we need the m-X
scattering amplitude extrapolated to the pion off the
mass shell. There are two basic approaches to the
extrapolation: the model-independent and the
model-dependent approach. The model-inde-
pendent approach was done by Coon et al. 4 and by
Ueda, Sawada, and Takagi, 5 who used current alge-
bra and partial conservation of axial-vector
currents. On the other hand, the latest model-
dependent approach is due to Coelho, Das, and Ro-
bilotta, who used the effective Lagrangian which is
approximately chiral invariant.

Recently, Muslim, Kim, and Ueda, 7 Bomelburg
and Glockle, and Wiringa et al. 9 have investigated
effects of the 2PE-3NP in the triton using solutions
of the Faddeev equation with the Reid soft-core
(RSC) potential. ' They calculated the first-order
perturbation correction (E3) of the 2PE-3NP
( W2p( ) to the triton binding energy, E3
= ( P

~ W2pp ~ P), where 'P is a normalized triton
wave function. For Ij', they used the solution of
so-called five-channel Faddeev calculation in which
the two-nucleon potential is restricted to the 'So
and S~+ D~ states. For the 2PE-3NP, they used
the potential by Coon etal. (Tucson-Melbourne
potential) with a pionic form factor

with the cutoff parameter A =6p„where p, is the
pion mass. These authors obtained as E3 the values
0.07 MeV, 7 —0.16 MeV, 8 and —0.41 MeV, 9 and
concluded that the three-body effect is hopelessly
small7 or not enough. 9 Nevertheless, the result of
Ref. 9 is encouraging because it suggests a possibili-
ty that a small change in the triton wave function
may affect E3 greatly.

In this Letter, we report on calculations of E3 for
the Tucson-Melbourne potentia14 using solutions of
a full eighteen-channel Faddeev calculation for tri-
ton, in which all partial waves up to the total angu-
lar momentum J= 2 of the two-nucleon system are
included. With inclusion of higher partial waves,
the trition wave function slightly changes. But it
turns out that the effect of this small change on E3
is in fact very large, and first casts a hope of getting
the triton binding energy.

We solve the Faddeev equation by a perturba-
tional approach developed by Sasakawa and Sawa-
da."' In this method, we divide the two-body t
matrix of 'So and S~+ D~ states into two parts,
one separable and one nonseparable term. The
separable term is treated as the zeroth-order term
and all the remainders are treated as the perturba-
tion. This method is very suitable for the treatment
of small components. With this method, we have
solved the three-channel Faddeev equation, H in
Ref. 11 and He in Ref. 12, for the RSC potential.
Since then, we have modified this method to treat
also velocity-dependent potentials such as the
Ueda-Riewe-Green (URG) model IIts and the Paris
potentials. ' A detailed account is given by Sawada
and Sasakawa. '

In Table I, we show results of the five- and
eighteen-channel Faddeev calculations for the RSC,
VRG, and Paris potentials. From Table I, we see
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that our five-channel result for the RSC potential
(RSC-5) agrees with other recent Faddeev calcula-
tions ' ' very well, although the result for the
Paris potential is slightly different (0.18 MeV) from
that of Hajduk and Sauer. ' For RSC-5, the S-, 5'-,
and D-state probabilities in percent are given by
88.90, 1.67, and 9.34, respectively, in agreement
with other authors. ' '

We express E3 as

E3 = 3 ( Ir
I W(123) I P),

Two-nucleon
potential

Binding energy (MeV)
Five-channel Eighteen-channel

RSC
URG
Paris

7.03
7.48
7.48

7.24
7.50
7.56

TABLE I. Triton binding energies for three two-
nucleon potentials in the five- and eighteen-channel cal-
culations.

where W(123) denotes the Tucson-Melbourne potential

(ktk2k3I W(123) Iktk2k3)

H(Q', ) H(Q,')
i6 4~2 2 2 2 2

(~1 Ql)(~2 Q2)(2 ) 4M Qt+p, Q +p,

x (&i r2[ —a+ bQt Q2
—c(Q&+Q2)] —d(r3. r2x r&)(rr3 Q2xQt))

The coordinate representation of W(123) is given
by Ishikawa et al. '

The results of our calculations of E3 for the form
factor of Eq. (1) with the cutoff parameter A = 800
MeV are summarized in Table II. Comparing with
previous calculations for RSC-5,8 we see a satis-
factory agreement between our value (—0.47 MeV)
and the value by Wiringa et al. (—0.41 MeV). 9 The
eighteen-channel calculation yields —0.89 (—0.50
and —0.67) MeV for RSC (URG and Paris). As a
result, the calculated triton binding energy amounts
to 8.13 (8.00 and 8.23) MeV for the RSC (URG
and Paris) potential. These values are very close to
the experimental value of 8.482 MeV, giving a
bright prospect for further study of triton.

It is interesting to see what makes the difference
between the five-channel and eighteen-channel cal-
culations. In Table III, 2; (i =1,2, 3, and 4) denote
the contributions to E3 from the terms multiplied
by —a, b, —c, and —d, respectively, of Eq. (3).
Comparing the RSC-18 with RSC-5 (or RSC-
18 5 with RSC-5 5) in this table, we see that
the repulsive effect in the five-channel calculation
is due to the term A3. This effect is reduced in the
eighteen-channel calculation. Comparing RSC-18
with RSC-18 5 (or RSC-5 with RSC-5 5), we
see that small components give an attractive effect
through the term A2. Both of these effects make
IE3I increase.

In Table IV, we list values of E', +E, (1
—5,), where E3=$ E „n denoting a spin-

isospin-angular state given in Table I of Bomel-
burg. In Table IV, we list the matrix elements
which are larger than 0.1 MeV in absolute value for
either one of RSC-5 or RSC-18. The main differ-
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ence in the eighteen-channel and the five-channel
cases is seen in the terms (2, 3)+(3,2) and
(2, 4)+ (4, 2): In the eighteen-channel calcula-
tions, these two contributions cancel out, while in
the five-channel calculations these terms yield a
repulsive effect of 0.46 MeV. This difference is re-
flected in E3 as seen in Table II. For other two-
nucleon potentials, these contributions do not can-
cel completely in the eighteen-channel case, but the
sum of these two states is smaller than that of the
five-channel case.

Another important remark from Table IV is that
the sum X of the dominantly contributing terms for
the eighteen-channel case is —0.24 MeV, which is
only about 27% of the total value; E3= —0.89
MeV. The difference —0.65 MeV is due to the sum
of terms, each of which is less than 0.1 MeV in ab-
solute value. This is a result of slow convergence
of the partial wave expansion.

Here we should make a remark about the agree-
ment and the disagreement between Ref. 8 and the
present work. The last two rows in Table III show
that RSC-5 5 values by Bomelburg and the
present work almost agree with each other. On the
other hand, the E3 value of RSC-5 is —0.16 MeV by
Bomelburg and Glockle, while —0.47 MeV by us
(Table II). This shows that this difference was
caused in the course of the coordinate transforma-
tion that results in small components. (For the
coordinate transformation, see the caption for Table
II.) In fact, for instance, Table IV gives a number
—0.24 for E2 &3+E&3 2, while the corresponding
value in Ref. 8 is 0.183~ We see some such differ-
ences for a number of other small channels. In this
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TABLE II. First-order perturbation calculations to the
triton binding energy of the Tucson-Melbourne poten-
tial, with A=800 MeV, for various triton wave func-
tions. The wave function W in Eq. (2) is a sum of the
Faddeev components V (ij,k): 'P = 0 (12,3) + ql'(23, 1)
+'P(31, 2). In RSC-5 (-18), we take five (eighteen)
channels for each component and solve the Faddeev
equation. Then the components 'Il'(23, 1) and 'P(31, 2)
are expressed in terms of the coordinates (12,3). This
coordinate transformation results in an infinite number
of channels for these components, but only eighteen
(eighteen) channels are retained in the calculation of Eq.
(2).

Two-nucleon
Potential

E3(MeV)
Five-channel Eighteen-channel

RSC
URG
Paris

—0.47
—0.07
—0.15

—0.89
—0.50
—0.67

regard, we think that our calculation is to be pre-
ferred, since our values of RSC-5 almost agree with
Wiringa et al. who did not project the total wave
function onto a truncated basis set.

In Ref. 7, all terms with odd I. values were not
taken into account after the coordinate transforma-
tion. This resulted in a rather small value for
RSC-S.

The strong sensitivity of E3 to the two-body po-
tential, the shape of the form factor, and the cutoff
parameter is seen in Table V. With the values in
this table, we will be able to obtain a "correct"
binding energy of triton with any eighteen-channel
calculation, if we choose the form factor and the
cutoff parameter suitably. However, before we get

TABLE IV. Dominant contributions to E3 for RSC-5
and RSC-18. The Tucson-Melbourne potential (Ref. 4)
with A=800 MeV is used.

E'3~ +E 3 (I —8 ) (MeV)

RSCS RSC18 Difference

Sum X
E3

1

2
3
4
5

9
10
17

2
3
4
8
9

12
13

8
13

—0.15
0.14

—0.18
—0.23

0.20
—0.34

0.17
—0.11
—0.14
—0.96

1.42
0.47
0.28

—0.21
—0.24

0.11
0.14

0.37
—0.47

—0.15
0.14

—0.22
—0.20

0.20
—0.28

0.17
—0.11
—0.14
—1.11

1.11
0.38
0.21

—0.18
—0.24

0.07
0.11

—0.24
—0.89

0.00
0.00

—0.04
0.03
0.00
0.06
0.00
0.00
0.00

—0.15
—0.31
—0.09
—0.07

0.03
0.00

—0.04
—0.03

—0.61
—0.42

a reliable triton binding energy, we should find a
reasonable (phenomenological) form factor by ex-
tensive analyses of other phenomena or by a more
fundamental theory as a quark model.

In the present paper, we have reported the result
with the Tucson-Melbourne potential. We got simi-
lar results for the Ueda potential, 5 which will be
published elsewhere.

Our conclusion in the present paper is that small

TABLE III. Contribution to E3 from each term of Eq. (3). For 2; (i =1,2, 3, 4), see
the text. The row marked as RSC-18 (RSC-5) shows the values calculated as in the cap-
tion for Table II. The row marked as RSC-18 5 (RSC-5 5) shows the values ob-
tained in the following manner: After eighteen- (five-) channel Faddeev calculations are
performed, the coordinate transformations as described in the caption for Table II are
done for the Faddeev components. Then, five (five) channels are retained in the calcula-
tion of Eq. (2). The values in the last row are due to Bomelburg (Ref. 8).

Sum

RSC-18
RSC-18 5
RSC-5
RSC-5 5
RSC-5 5

0.05
0.05
0.07
0.08
0.091

—0.97
—0.54
—1.06
—0.54
—0.579

0.25
0.26
0.63
0.69
0.813

—0.22
—0.08
—0.11
—0.08
—0.123

—0.89
—0.31
—0.47

0.15
0.203
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TABLE V. Dependence of E3 on the form factor, the
cutoff parameter A, and the two-body potential. The
Tucson-Melbourne potential (Ref. 4) is used for the
three-body interaction. The form factor of row I is given

by Eq. (1), while that of row II is given by

H(Q ) = (A' —IM')/(A'+Q ).

A (MeV) 600 800 1000

RSC-18

URG-18

Paris-18

I
II
I

II
I

II

—0.17
—1.42
—0.02
—0.99
—0.07
—1.21

—0.89
—2.60
—0.50
—2.01
—0.67
—2.35

—1.84
—3.56
—1.23
—2.93
—1.53
—3.33

components are very important to obtain the triton
binding energy. Beyond this statement, we will not
be able to draw any further conclusion from the
present level of calculations, for instance, even if
we perform fifty-channel calculations. At this mo-
ment, we can only say that getting the triton bind-

ing energy is not hopeless. Before we draw any fur-
ther conclusion, we should take account of three-
body effects due to meson exchanges other than
two-pion exchange, and solve the three-nucleon
problem with full three-body interactions, although
comparisons between the binding energy obtained
from the first-order solution with three-body in-
teractions and the expectation value for the same
interactions show that the difference between these
is rather small. '

We thank Dr. B. F. Gibson for discussions about
Ref. 9.

Note added. —During the refereeing of this paper,
the Los Alamos group performed RSC-18 calcula-
tions. Dr. G. L. Payne has shown one of us (T.S.)
that their calculation yields the same or very close
values to ours everywhere. For instance, their
value for E2 &3+ Ei3 2 is —0.246, the same as ours. ,

Thus, we conclude that the calculations of Ref. 8
should be checked.

J. L. Friar, B. F. Gibson, and G. L. Payne, Annu.
Rev. Nucl. Part. Sci. 34, 403 (1984).

2B. H. J. McKeller and R. Rajaraman, in Mesons in ¹

clei,edited by M. Rho and D. Wilkinson (North-Holland,
Amsterdam, 1979), p. 358.

3B. H. J. McKeller and W. Glockle, Nucl. Phys. A416,
435c (1984).

4S. A. Coon, M. D. Scadron, P. C. McNamee, B. R.
Barrett, D. W. E. Blatt, and B. H. J. McKeller, Nucl.
Phys. A317, 242 (1979); S. A. Coon and W. Glockle,
Phys. Rev. C 23, 1970 (1981).

5T. Ueda, T. Sawada, and S. Takagi, Nucl. Phys. A285,
429 (1977);T. Ueda, unpublished.

6H. T. Coelho, T. K. Das, and M. R. Robilotta, Phys.
Rev. C 28, 1812 (1983).

7Muslim, Y. E. Kim, and T. Ueda, Phys. Lett. 115B,
273 (1982), and Nucl. Phys. A393, 399 (1983).

sA. Bomelburg, Phys. Rev. C 28, 403 (1983);
A. Bomelburg and W. Glockle, Phys. Rev. C 28, 2149
(1983).

9R. B. Wiringa, J. L. Friar, B. F. Gibson, G. L. Payne,
and C. R. Chen, Phys. Lett. 143B, 273 (1984).

t ttR. V. Reid, Ann. Phys. (N.Y.) 50, 411 (1968).
T. Sasakawa and T. Sawada, Phys. Rev. C 19, 2035

(1979).
i2T. Sasakawa, H. Okuno, and T. Sawada, Phys. Rev. C

23, 905 (1981).
&3T. Ueda, F. E. Riewe, and A. E. S. Green, Phys. Rev.

C 17, 1763 (1978).
i4M. Lacombe, B. Loiseau, J. M. Richard, R. Vinh

Mau, J. Cote, P. Pires, and R. de Tourreil, Phys. Rev; C
21, 861 (1980).

i5T. Sawada and T. Sasakawa, Sci. Rep. Tohoku Univ.
Ser. 8, 4, 1 (1983).

i6G. L. Payne, J. L. Friar, B. F. Gibson, and I. R. Af-
nan, Phys. Rev. C 22, 823 (1980).

7Ch. Hajduk and P. U. Sauer, Nucl. Phys. A369, 321
(1981).

&8J. L. Friar, E. L. Tomusiak, B. F. Gibson, and G. L.
Payne, Phys. Rev. C 24, 677 (1981).

i9S. Ishikawa, T. Sasakawa, T. Sawada, and T. Ueda,
Sci. Rep. Tohoku Univ. Ser. 8, 4, 98 (1983).

T. Ueda, T. Sawada, T. Sasakawa, and S. Ishikawa,
Osaka University Report No. OUAM 84-7-12 (to be pub-

lished).
2&J. Torre, J. J. Benayoun, and J. Chauvin, Z. Phys. A

300, 319 (1981).
22W. Glockle, Nucl. Phys. A381, 343 (1982).

1880


