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We discuss coherent excitation of ions incident on crystal surfaces at grazing angles and
show that substantial gains for soft x rays can be achieved for reasonable beam currents.
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Coherent excitation of ions by the periodic poten-
tial of a crystal was proposed by Okorokov some
time ago' and has been observed by different
groups who passed highly ionized atoms through
thin foils.>3 The effect arises from the fact that an
ion moving in a crystal with speed v experiences a
time-dependent potential with harmonics Q,= (2
xvn)/d, where nis a positive integer and dis the
lattice spacing in the direction of ionic motion. If v
and d are such that (), matches an ionic transition
frequency, then ions are resonantly excited by the
nth harmonic. The probability that ions are in an
excited state becomes a periodic function of the
thickness of the foil,* which can be viewed as a
consequence of the Rabi oscillations® of ions in
their rest frame. The Okorokov effect depends crit-
ically on the finiteness of the probability that ions
keep their charge states constant while inside the
crystal.

One can expect the same physical picture to hold
for ions scattering from crystal surfaces at grazing
incidences. This may be called the surface-Oko-
rokov effect and offers interesting possibilities for
obtaining stimulated emission of soft x rays from
ions. For such a purpose, the surface scattering
geometry has considerable advantage over the
beam-foil geometry. The damage to the surface
resulting from ion bombardment is minimized at
grazing incidences and the same surface can be used
repeatedly.® Stopping powers of surfaces can be
lower than stopping powers of bulk materials, and
therefore, ions can resonantly interact with surfaces
for longer distances than with foils.

In this paper I consider the scattering of hydro-
genic ions, such as Li*2, Be*3, etc., from crystal
surfaces at grazing incidences, and show that ions
execute extremely rapid Rabi oscillations in their
rest frame. It is assumed that the ionic beam simul-
taneously interacts with a coherent electromagnetic
field whose frequency matches one of the ionic
transition frequencies corresponding to an effective
population inversion, and it is shown that the inho-
mogeneously broadened gain of the signal can be
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substantial.

The geometry of the problem is shown in Fig. 1.
An ion is incident from the left, moving in the z’
direction. In the laboratory frame, the periodic
crystal potential can be described by

VIR =0(xg—x) 357 ge'C ¥, 1)

Here, x, designates the distance between the center
of mass of the ion and the surface (xg is negative if
the ion is above the surface, positive if the ion
penetrates the surface). G’s are the reciprocal lat-
tice vectors. The crystal is assumed to terminate
sharply on a plane at xy. This plane need not coin-
cide with the plane of the first layer of surface
atoms; rather, it is an effective plane where the in-
fluence of the surface on the ion begins to be ap-
preciable.

In the ionic rest frame, V/(X') is transformed
into a vector [A.(X,)] and a scalar potential
[V.(X,0]. A, is purely longitudinal, and can be
eliminated by a gauge transformation on the wave
function of the ionic electron, ¥ (x,1) =expliA(X,
t)16(X,0, such that VA= (e/ic)A,. ¢ satisfies
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FIG. 1. The schematic of the grazing-incidence surface
scattering.
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the Schrédinger equation

9, =[2m) " 1P —eA,c™D2=Z2|R|" 1+ V + V19, (2a)
where

V(R ) =eybxg—x)3,, 7 gel® %, s,=(Gl2-G=0}, (2b)

V“(7(‘,[)=ey‘19(x0—x)2s”Vaexp[i(}-(i',_+-y_z'+2'yvt)], sy={(Glz-G=0}, (2¢0)

A, =pA,cos(kyz —wgt) is the signal field, and y= (1—v%/¢2)~Y2. V| is a static potential and depends on
the transverse coordinates of the ionic electron. Note that going from the laboratory frame to the ionic rest
frame is equivalent to taking a time average of the crystal potential along the ionic trajectory;, V is this
time-averaged potential.””® The level shifts induced by ¥, on ionic spectra in foils are estimated in Ref. 8.
Here, however, we w1ll 1gnore V., and its level shifts. For us the important term is the time-dependent po-
tential V. If G 1G1+mG2+ nG3, where I, m,n are integers, then the harmonics of V, are given by
YUz (1G1+ mG2+ nG3) In the following, we will assume that one of the fundamental frequencies ob-
tained from this expression equals or is near an ionic transition frequency. Specifically, we will assume that
only n =1 and n =3 levels of the ion are involved in the transitions induced by the crystal, and that an effec-
tive population inversion occurs between n = 3 and n =2 levels as shown in Fig. 1. One can then suppress all
G’s in the set s, except for those which give a constant frequency () which is either resonant or nearly so
with the ionic transition frequency w3;. Thus we define the set of vectors g such that € =XG, + G, + 2y G,
and |g - 2| =const= Q/v. Ignoring the signal field for the moment, the amplitude equations in the rotating-
wave approximation are

ic100=expli(Q — w31) 1 M100.30m C31m> (3a)

iC3m =expl — i(Q — w31) t1M{00.31mC100, (3b)
where

=GV T e Vo [ @3 1, ()0 (xg— x) e T, (), (3¢)

and u,, are the hydrogenic wave functions. Assuming c190(0) =1 and c3,,(0) =0, the solution of (3a) and
(3b) is

cloo(D=(Q*e 17— Q" 10T/ (0 —Q7), (42)
C31m(l)=M{koo;31m(€in+l—ein_l)/(ﬂ+_Qm), (4b)
where

QE(m) = (03— Q)/2 + (03— Q) Y4+ Q 3, 1V2

and Q gy, = | M00.3im| is the Rabi frequency.
If the ion penetrates the surface and |xo| ~ 1 A> (ag/Z), one can essentially ignore the step function in
(3¢) since u,,’s are localized to a radius of approximately (nag)/Z. One then finds

M 300 =3(3m) e (4y) "1 35 VB (BE+3)(BE+ 1) 74, (5a)

M10031m_1(77)1/26(%'}/\/—)_12—° (Bg+2)(Bg+1) 3Y[m(g) (Sb)
@ om=2[2]" E%Y (2)8}
10032m ')' p < g {2m g

s+ (5/2)

By , (50

T (BZ+ 1)

m

BB+ _[l]‘” = T(s+3)(s—3)
6(B2+1)* s=02T (s+ DT (s+ %)
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where B,=4Z/(3gag) and the superscript p is
meant to imply a penetrating ion. Note that only
Ml((fo;sw describes an electric dipole transition; the
others arise from higher-order multipole transi-
tions. This is in contrast to the formulation of the
Okorokov effect in Refs. 4 and 9, where the dipole
approximation is assumed to hold. In justification
of (5a)-(5¢), note that whether one can make the
dipole approximation depends on the ratio of the
crystal period to the radius of the ion’s electronic
orbital, that is on whether |g|(agn/Z) << 1. For
typical crystals one can easily obtain |g|(agn/Z)
~ 1 even for low-lying orbitals. The dipole approx-
imation breaks down. Incidentally, this fact can be
exploited to populate those states which are not di-
pole connected to the ground state and therefore,
relatively long lived.

If one takes the pseudopotential values of ¥ 7
that are used in structure calculations,'® and uses
just the smallest and the next smallest g’s in the
sums of (5), one finds for a crystal llke Si _that
|M103300| |M10032ml~1016 ¢™! and |M10331_ql
~ 10" sec™'. The resonance condmon vz (G
+G2+G3)~w31~ 193 eV can be satisfied for a
Be*? jon moving with speed v ~ 10° cm/sec. It fol-
lows that the ion can be completely excited after

~3-30A.

In (5b) and (5¢) the contributions of different
terms are proportional to Y,,(g). There are, there-
fore, orientation-dependent interferences among
7" components. By varying the direction of the
ionic beam, it is possible to pick different sets of g
vectors, and thus obtain information about dif-
ferent 7~ ¢ components from a comparison of
QR[m-

We now treat the coupling of the ion to the
coherent signal field as a perturbation imposed
upon the evolution described by (4a) and (4b). In
the calculation of the gain, the steps are: (a) deter-
mine ¢y, (?) to first order in A, with use of (4b);
(b) calculate the transverse current density result-
ing from (3/m)— (2/'m’) transitions; (c) substi-
tute it into the Maxwell equation for A; to obtain a
dispersion relation between a real w, and a complex
ks. Imk; gives the small signal gain for ions moving
at a fixed speed v. Finally, (d) multiply the gain at
v with the probability distribution of ion velocities,
Pion(v), and replace Q by v|z-g|. It is assumed
that p;on(v) is sufficiently narrow as not to effect
the overall choice of the set of €’s, and integration
is over —oo < v < co. In the limit that the life-
times of the states in the n =2 shell go to oo, the
inhomogeneously broadened gain is given by

traveling a ‘“‘Rabi distance” Iy, =70/ Qg |
2% e? PCSN,o 2, d Dimpion (Vi)
Gs=——— 2 2 _ 2 2 ’
wsm?c L0, L ws—w)2+ Q3]

(6a)

where Nj,, is the density of ions, P is the probability that the charge state of ions remains unchanged, and

v,, is a tuning velocity given by

Vim=(1/12 " EDfws— 03— [Q Zim/ (05— 03) 1+ w3y} (6b)
D, is a coefficient related to the momentum matrix elements,
Dim = E/ 21” " 21 m'; 31"m"j;ﬂm/-,31mM100;31mM;00;31”m”’ (6¢)
where
@ 2Im;31/m'=f d3x u2*lm( - iV)u31,m,
=—(Z/ap)dp0(5,, ,+5,, _1)[8,‘05,,,1(7,1)1/%8,, 181,,2(7;2)‘/2]. (6d)

Here n;=213:32.5"19=76x10"3 and n,=2!%-33
-5710=0.72 are pure numbers.!! A representative
gain curve versus w; is depicted in Fig. 2 just for
one particular (/m) in the sum (6a), and for a
Gaussian probability distribution of average velocity
vo and width Av: p;o,(v)=(Avw) lexp[— (v
—vO)Z/szl. It has double peaks surrounding the
exact resonance at wg= w3, where it vanishes. %
is the sum of several such curves which have differ-
ing heights and widths, but which vanish on exact
resonance.
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According to (6a) ¥ , has an effective population
inversion factor Nion Q &im/ [ (03— ®32)>+ Q Ry ] in-
stead of the usual (Nypper— Niower). Thus all ions
participate in the emission. The degree of their
cooperation is determined by Q gyp-

Going back to the Be*? example and assuming
P~ 0.5, one finds & 3~ (Nipn/10'2 cm™3) x (v/
Av)x10~=*cm™! for a signal of w;~ 30 eV. Thus,
for Av/v~10~% and an ionic current density

Jion—~4.8 A/mm? onehas & (~1cm™!,
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FIG. 2. The gain for a particular (/m) vs 8s= (w;
—w3,)(|2-8lAv)~L.  For illustrative purposes, &g
=Qz(2-Elav)"! and 8c= (w3 —vol2-EN)(I2-El
x Av)~!are taken to be 3 and 1, respectively.

As an ion moves inside the crystal or on its sur-
face, it loses energy to the material electrons, and
its center of mass slows down. This can cause the
ion to detune from the resonance with the crystal
field. Scaling from the stopping powers of protons
in bulk materials,'? one finds S~ 10° eV/cm for
Be*? with v~10° cm/sec for a Si target. For
grazing-angle scatterings one can expect S to be
lower since the number of material electrons may
be depleted near the effective plane at x; as a result
of the formation of inversion layers further down in
the interior.!3 It is also possible to choose the beam
direction in such a way that ions can move between
the crystal planes, avoiding heavy concentration of
material electrons. Such channeling of ions can de-
crease S by orders of magnitude.'* For an ion mov-
ing the Rabi distance /z, the minimum energy loss
is Ejoss~ Sir. Taking S ~ 10® eV/cm for channeled
ions and [g~3—30 A, one finds AEs/Eion

~10~%—10"% for Be*3, which is quite small.
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