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Chiral anomaly in (2+1)-dimensional fermion theory coupled with an external elec-
tromagnetic field is studied. Its connection with the quantized Hall effect is pointed out.
Hall conductivity is quantized and agrees with the experimental value.
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In a recent paper,! it is pointed out that chiral
anomaly is due to the appearance of a path-
dependent phase factor in the Euclidean partition
function and a path-dependent term in the loga-
rithm of the partition function, the free energy.
The path-dependent phase factor is produced by a
zero-eigenvalue solution of the Euclidean Dirac
equation. Since the zero eigenvalue of the Dirac
equation makes the partition function vanish, and
the free energy become infinity, this is a singular
point of the partition function. The path-dependent
phase factor can be produced by the singularity but
not by the regular part, which is the ordinary part in
the Lagrangian. Hence there is no correction from
higher-order effects in the anomaly term.

Here we shall discuss the same anomaly in 2+1
dimensions.2 Actually the anomaly in 2+1 dimen-
sions has been obtained already,? but it may be use-
ful to discuss it from a different point of view.

A consistency condition for an external magnetic
field which couples with fermions and a current
which is induced by an external electric field shall
be obtained. The induced current which is orthogo-

nal to the electric field is shown to exist. Its value
J

all n

remains constant in the large fermion mass limit,
and in the small mobility limit, and agrees with the
experimentally observed quantized Hall current.

We investigate a system described by

L =Pyt (ind,+ ed, )b — miy, (1)

in 2+1 dimensions. In these dimensions, y, ma-
trices are 2x 2 and satisfy

E;va'yuyv'yp =i (1 ), (2)

in Minkowski (Euclidean) space. Here €,,, is a to-
tally antisymmetric tensor.

A peculiar property which has its origin in Eq. (2)
and will be used later can be seen in the quantity
St o Trld ) (X) yod, (%) 1, where {¢, (X)) is a com-
plete set satisfying

_ 2
Pn=i2,v/(ifd;+ed)dp=Nyb,. 3)
Jj=1

Not only is the calculation of 3,Trle,(X)ye
X ¢,(X)] itself important, but also similar calcula-
tions shall be needed several times in this paper,
and so I show it here. The method is due to
Fujikawa*:

3 Trlo) (O yob, (1= lim 3 Trlé, (X)yoexp(—AY M), ()]

= lim 3 Trle, (X)yoexp(~BY M), (3)]

= lim Y e~ ®Tryyexp(— B/ M?)e™

M— k

= lim Ye~®Trysexp{— M~ 2(D,D*+ 5[y*,y'1F,,)} ™

M— k

= (277'7[)_167(})(1712).

4)

In the above equation, the regularization mass M was introduced in the intermediate step. The final result is,
however, independent of M and this term exists even in the finite-M case.” The zero-eigenvalue solution of
Eq. (3) (A=0)% contributes to this term. In fact, [d®x Trl$, (X)yeh,(X)] is nonzero only for the zero-
eigenvalue solution, ¢¢(X), since yo anticommutes with 2.

We now obtain one consistency condition for a magnetic flux, based on a representation of the partition
function Z, and an induced current, based on a different representation.

The Green’s function in Euclidean space is calculated from

Z=[durexpl—1 = [ £ dx1= [ durexpl—k =" [ deo{byhuman+ (i +m) byay)], (5)
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where

dup= Hda,,(xo) dbm(XO), lfJ(Xo,Y) = Enan(xo)d)lll(?): E(XO: X)= Enbn(xo)%':(_’?)’

Pm =fd2x b (X yebm(X), [yOeA0+é‘,lyf( 18+ eA)) 1, (X) = ik (). ©

The external vector fields 4, are assumed to be time independent in this part.
Let us study the following transformation:

fdxoxp(i',xo)—’ eiO(?)yodeOlll(T(',Xo), fdxolﬁ(i’,xo)—' fdx()@(’i,xo)em(?)"’. (7)
The measure dup is transformed as

114a,(xo) db,,(x¢) — []da,db, = detC*[]da, db,,, (8)
where C,,, = (¢,’,Tei07°d>,,,). Following Fujikawa,* we calculate detC? for infinitesimal 6 as

detC?=exptrinC?= exp[2n2i(¢;,Ti9y°¢,;) ]= exp[2i(e/h)fd2x Fi,8(X)]. 9)

Hence, for finite 6 (X) we have
HdetC2=exp[2i(e/h)fd2x F1,0(X)]. (10)

From the transformation Eq. (7), the field ¢ is transformed back to the original field if 6(X) is equal to 2.
Thus the physical requirement that Z is single valued’ leads to

exp[2ifd2x 2w (e/h) Fl=1, fdzx Fio=+(h/e) xinteger. 1

This is a flux quantization condition.
Next we study the change of action which is caused by an adiabatic change of 4,,. It is convenient to calcu-
late in Euclidean space. Since Z is equal to the determinant of 2 — m, its small change is given by

8Z=ZTr[(B—m) 1y, 84%], (12)
when 4, is changed adiabatically by 84,. Thus
dInZ =Trl(B—m) 1y, 84* 1 =Tr{(B+m)[(B—m)(B+m)] "1y, 844
=deSTr{(ﬂ +m)eSPImm)y s AR} = (&Y dmh ) eHPF,, 54, + m™ 20 (F2)8A. (13)

In the last step of the above equation, use has been made of a method similar to Eq. (4). The first term cor-
responds to the topological term. The coefficient is uniquely determined.
From Eq. (13), we have an induced current:
dInZ _ _e?

. 1 62 1
£ civp L n_ € 2 o
54, 47756 va+ sz(F) h F01+——m20(F) (G#i). (14)

Now we apply the previous argument to planar electrons under strong magnetic field. The Hall effect will
be studied.

The electron’s energy is small in solid state physics and the relativistic effect is negligible. The
Schrodinger equation may be used without any serious problems. However, in some situations two states are
involved in the system’s time development and a momentum-dependent correlation between them exists. 1
would like to propose the use of the Dirac equation in this case.

Let us assume that there are only two states, which are represented by fields ¥, (x) and y,(x) and have
masses m; and m,. Furthermore, mobility is assumed to exist. Although the physical reason for the mobili-
ty in two-dimensional systems has not been made clear, we can study its physical consequences and obtain a
universal property about Hall conductivity based on this assumption. Even in the limit of vanishing mobility
the result regarding Hall conductivity is unchanged.

The Hamiltonian density which describes two electron states is assumed to be®

I = ms} (W (x) + mab Y, (x) + el i 0y + cyw¥iﬁayw2+H.c.}. (15)
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It is assumed that their momenta are small and only linear terms with respect to momentum are included.
The coefficients ¢; are complex constants, which may be very small.

It is convenient to start from the Lagrangian when we investigate the electromagnetic properties of the sys-
tem. The Lagrangian density by which the previous Hamiltonian is derived is

F =dlyolindo+ eg) — dly'(id ;) — m1y, (16)
where

, o m=mi—m,;, ey=+(m+m,),

(17)
0 1
-1 o]'

o=y, w= .
LY2)Y0, d’Z

Imc, —Rec, 1 0 01
» Y1=1|1 o

o Yo= 0 —1 s V2T

(d)=[

Ime, — Reg,

after a suitable phase convention is chosen. The coupling of iy with an external electromagnetic field is
determined by the usual minimal coupling. Thus we have

L =¢lyo(itdo+ edo+ ep) + diyi(ifd;+ ed;) — m1p. (18)

In a situation where the two states are generated
by an external magnetic field special attention is (14). The first term is unchanged with the pres-
needed. A strong magnetic field in an orthogonal ence of the numerical constant d; in Eq. (18).°
direction to the planar electrons is known to lead to Even in the limit of vanishing mobility (cj—' 0),
the electrons splitting into many levels which are the value is unchanged. The second term, howev-

confined spatially and are called Larlldau levels.  er, vanishes if ¢; vanishes. The localization of
A vector potential (—3(y—Y)H,3(x—X)H)  charge carriers corresponds to the vanishing of c;.
= (Ax,Ay), which corresponds to a constant mag- Even in that limit, there is a current, with quantized

netic field, leads to the Landau-level center (X,Y) value, in the direction orthogonal to the electric
for instance. When we study the response of the field. The current in the direction parallel to the
system to an additional external change, we add the electric field vanishes in that limit.

additional term to the vector potential.® Only these If there are many levels below the Fermi energy,
terms should be put into Eq. (18) in order a unit of quantized current from each gap region
to avoid double counting. More specifically, if a contributes. Thus the total current density is given
time-independent small current is added to the sys- by

tem, the response to it is studied by adding . 2 . s

’ . = h)Fy; X integer Z ). 20
(8A49,84,,84,) to the vector potential. Here 84, Ji= (e h) Fy o ger (j#1) (20)
and 84, are connected with the current density Recently, quantization of the Hall current was
through measured by Klitzing, Dorda, and Pepper.!® The

b d Hall conductivity i
dW/8A4;=j, (19)  observed Hall conductivity is

2 .
where 8 W is the corresponding change of action. (e’/h) x integer, 1)
We understand that the vector potential in Eq. (18) when the conductivity in the direction parallel to

means these potentials hereafter. the current vanishes. The value calculated here
It would be reasonable to assume that only the agrees with the experimentally observed value.
nearest-neighbor two levels among many levels are In the present argument the ¢y may be any bound

involved in low-energy phenomena if all energy states, since we do not need any property of s ex-
levels are well separated and if the Fermi energy is cept that they can move and have unit charge.
located in their gap region. This may occur under They do not need to be pure Landau levels, but
strong magnetic field. Thus the phenomenon may be those states which are modified by phonon

which we are discussing may occur only under interactions.
strong magnetic field. Laughlin!! gave a general argument based on
The effect of finite electron density is represent- gauge invariance. Ours may be a microscopic ex-

ed by inclusion of the chemical potential in the tension of Laughlin’s argument, although there

Lagrangian. We do not need to change anything seems to be a distinction between them.

except to redefine eq in Eq. (17). Note added.—This is a revised version of Hok-
The induced current density is seen from Eq.  kaido University Report No. EPHOU 83 DEC 005.
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The derivation of the induced current is slightly
changed. After completion of the present Letter I
became aware of papers which discuss similar to-
pics: Y. N. Srivastava and A. Widom, to be pub-
lished; M. H. Friedman et al., Phys. Rev. Lett. 52,
1587 (1984).
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