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Isospin-Symmetry Breaking in Electroweak Theories
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The breaking of isospin symmetry in the electroweak theory with a dynamical Higgs sector
is analyzed. The natural size of the breaking in various amplitudes is estimated, given that
the breaking is very large in the fermion mass matrix. Special attention is paid to the param-
eter p

—= Ms'/Mz'cos'0„. Hypercolor models are then investigated. There it is noted that

p —1 will naturally exhibit a sensitive, linear dependence on the fermion-doublet mass split-
tings.

PACS numbers: 12.10.Ck, 11.30.Jw

The observation of the charged and neutral weak
bosons' reinforces our belief in the standard
model of color-electroweak interactions. The final
missing link is an understanding of the mechanism
of electroweak symmetry breaking. It is attractive
to assume that the breaking arises spontaneously,
and within this framework at least two distinct pos-
sibilities emerge. One is that of the light, elementa-
ry Higgs field whose weak self-interactions are ar-
ranged to give it a nonzero vacuum expectation
value. A problem with this scheme is that truly ele-
mentary Higgs fields offer no understanding of fer-
mion masses which are merely parametrized by the
Yukawa couplings of the Higgs field to the fer-
mions. Another possibility is that the spontaneous
symmetry breakdown is due to new matter and
strong forces at a mass scale around 1 TeV. In hy-
percolor models, for example, the Higgs sector is a
set of bound states and resonances formed from
new, strongly interacting fermions. If new matter
is involved, the masses of ordinary fermions must
come from some direct interaction between the or-
dinary fermions and the new matter. In hypercolor
models this must look like a four-fermion interac-
tion or, at a deeper level, perhaps arise from the ex-
change of very massive ( &10 Tev) extended-
hypercolor bosons. While no realistic model of this
sort has been constructed, it remains an attractive
idea and one that at least offers the possibility of a
deeper understanding of fermion masses.

In either of these cases, the observed strong iso-
spin nonconservation in the fermion mass matrix
must be built into, if not explained by, the Lagran-
gian. It is important then to ask how this breaking
infects other sectors of the theory through quantum
corrections. In particular, one may expect correc-

tions to the gauge-boson mass matrix and the pre-
diction

p =Mtv/Mzcos 0„=1,

which is known to hold experimentally to within a
few percent. The relation p= 1 will be satisfied if
the global symmetry of the Higgs sector is
SU(2) k 8 SU(2) it, which then spontaneously
breaks to SU(2) k +it. s The explicit breaking of the
SU(2) kk, required to get the right fermion mass ma-
trix, will necessarily give corrections to this relation.
We briefly review this problem in the elementary
Higgs case and then discuss these corrections in the
presence of a heavy, strongly interacting Higgs sec-
tor and, in particular, in hypercolor models. There
we find a qualitatively new effect and discuss its ex-
perimental significance.

In the elementary-Higgs model the SU(2) sym-
metry necessary to produce p=l arises as an ac-
cidental global symmetry of the potential of a com-
plex scalar doublet 4. The potential V= V(4 4)
is O(4) =SU(2) 8 SU(2) symmetric. When

(p ) 40, this O(4) breaks to O(3) =SU(2)k+tk.
The original O(4) symmetry is larger than the
SU(2) k 8 U(1) r symmetry needed to couple the
Higgs sector consistently to the gauged weak-
interaction sector, and this extra symmetry is the
origin of the relation p = l.

It is clear that both gauge interactions and isospin
breaking in the fermion mass matrix violate the
SU(2) symmetry. As expected, radiative gauge-
boson effects produce a contribution of order o. to
Ap= p —1.

To see the consequence of isospin breaking in the
fermion mass matrix we write out the Yukawa cou-
plings for a generic family of fermions:

W, =y„(tt&dL)» +yd(ttk, dk ) o dik +H.c., (2)
t

where u denotes charge- —,
' quarks and d charge-( ——,') quarks. For y„=yq=y this takes the SU(2)k
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8 SU(2)q symmetric form yqLMq~, where M is

the 2&2 matrix field of the o- model. In the case
y„&yd the contribution of fermion loops to the
gauge-boson two-point function gives 7

2 2 22m„md md
bp=g

2 2 &
ln

2 +m„+md
16m M~ m„—md m„

(3)
where ( counts colors.

This expression vanishes quadratically as Am
—= m„—md goes to zero. The quadratic dependence
appears since at least two mass insertions are re-
quired by helicity conservation. The experimental
constraint

Ap (0.05

then requires the mass of a heavy quark with a
massless partner to be less than about 400 GeV.
One may also derive Eq. (3) by considering the fer-
mion loop contribution to the Goldstone-boson
propagator.

The above discussion can be extended to a
strongly interacting Higgs sector by utilizing the
gauged nonlinear sigma model to describe the
theory at E (1 TeV.9 Corrections to the leading
low-energy behavior can then be summarized in the
form of operators of increasing dimension that ex-
hibit the SU(2) I 8 SU(2) ~ symmetry of the
Higgs sector together with SU(2)z-breaking ef-
fects. By estimating the natural size of these opera-
tors, the sensitivity of low-energy measurements,
such as the p parameter, to the 1-TeV dynamics and
to the breaking of SU(2) R to U(1) can be com-
pletely described. '

The coupling of the Goldstone fields to the gauge
fields is given by

&~i =(f /4) Tr(D„U) (D"U),

where f= (2M~/g) =250 G—eV, U=M/f obeys
the nonlinear constraint UU' = U' U =1, and

D„U = rl„U+ ig 7 W„U/2 —ig'B„Ur3/2

The fermion masses are again described by the Yu-
kawa coupling W» [Eq. (2)].

Among the new operators consistent with
SU(2)L 8 U(1) symmetry, there is only one with
the same dimension as W~L (dimension two) with
Udimensionless. It can be written in the form

2'2 = (af'/4) [Tr(r3 U D„U) ]', (6)
where a is a dimensionless parameter. This opera-
tor is the only one, apart from ~zL, that contri-
butes to the gauge-boson propagators at q =0, and
therefore it completely determines Ap as measured
in low-energy neutrino scattering experiments. A
simple computation reveals that 5p = —2 a. A
minimal size for a can be estimated by noting that
~2 will be induced by radiative corrections involv-
ing the U(1) gauge field. It is found' that this
source of SU(2) ~ breaking gives rise to an a of or-
der (a„/m) tan20„, a value well within the experi-
mental bound.

The SU(2) ~ breaking in the Yukawa interactions
[Eq. (2)] will also induce 2'2. The lowest-order
computation is the same as in the elementary-Higgs
theory, leading to Eq. (3). This analysis can be ex-
tended to higher orders in the loop expansion and
to higher-dimension operators. The result, if we
note that the loop expansion rapidly breaks down
because of the strong Higgs interactions, is the fol-
lowing: If there is no other source of SU(2) z sym-
metry breaking, beyond the Yukawa coupling ~~
and the U(1) gauge field coupling, then even in the
presence of a strongly interacting Higgs sector with
a 1-TeV mass scale, no quantum-induced correc-
tions to W2 and Ap are generated that exceed the
elementary-Higgs result [Eq. (3)]. This analysis
will be presented in detail and extended to higher-
dimension operators and other physical effects in a
forthcoming paper. "

We now analyze the case where the electroweak
symmetry breaking is due to new strongly interact-
ing fermions —hyperfermions ( T) . The SU (2)
symmetry that guarantees p=1 at the tree level is
the diagonal subgroup of the SU(2)L, 8 SU(2)~
chiral symmetry group of the hyperfermion sector.

Without further interactions the chiral symmetry
of the ordinary fermions is unbroken —they are
massless. The most economical way to give them
mass is to couple them to hyperfermions via an ef-
fective four-fermion interaction of the form

W~ = ( G, /2) fi [ TT +i r (i Ty5 r T) ]f~ + ( G2/2) fL [ TT +i r (iTy) 7T) ] &3' +Hc.

Since isospin nonconservation in the strong hyper-
color interaction would give a large [O(nHc)] con-
tribution to Ap we assume that the only source of
isospin nonconservation, other than the U(1) z
gauge field coupling, is the coupling WfT. Then a
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simple one-loop estimate gives

b m = m„—md = ( Gp/g 7r ) AHc,

where AHc is the scale at which the hypercolor in-
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teraction becomes strong. It can be helpful to think
of m„and md as arising in a two-step process. First,
the hypercolor dynamics leads to the effective Yu-
kawa coupling [Eq. (2)] along with the nonlinear
Goldstone Lagrangian [Eq. (5)]. The vacuum value
U=l then gives Eq. (8), with the identification

y. yd
—G2AHc/8~ and f AHc.

We now describe the new contributions to the
operator W2 and to Ap that arise in hypercolor
theories. The first observation is that there will na-
turally exist a variety of four-fermion interactions
in addition to WfT, with coupling strengths on the
order of Gi and G2. These will, for example, be in-
duced by iterations of the interaction WfT. If the
integrations are not cut off at energies below the
unitarity bound, = Gi ', G2 ', these new interac-
tions will naturally be of the same strength as WfT.
It might be, of course, that the integrations are
damped below the unitarity bound. In extended hy-
percolor (EHC) models, for example, ~fT could
be the result of an EHC boson exchange with a
small dimensionless coupling constant. The high-
er-order interactions will then be small. It is natural
in these models, however, that the tree-level ex-
change of an EHC boson also contributes to the ad-
ditional four-fermion interactions. Unless some
suppression mechanism is present, this contribution
will be of strength comparable to WfT.

Among the four-fermion interactions to be ex-
pected from these considerations are the following,
involving only right-handed fermions:

~jT = G2fR& "r3TR TR&„r3fR +H c'

TT 63TR y T3 TR TR'yRT3 TR.

(9)

(10)

These two have been exhibited simply because they
act as a new source of SU(2) R symmetry breaking
and because they contribute most directly to Ap.

To estimate the contribution of either W~ or

+TT to hp, it is simplest to imagine turning off the
U(1) gauge coupling g'. In this limit, 8„=0 and p
is simply MR/Mz. Turning g' back on will then
give higher-order corrections to the dominant con-
tributions.

Consider first the interaction WfT. It can contri-
bute to the 8' and Z masses through the graph

Am 1 AmAp=
y, —

yd 8m2f 8m2 f (12)

This is linear in the ordinary fermion mass split-
tings. '

The numerical factors in this expression are only
rough estimates. Nevertheless, it is perhaps worth-

shown in Fig. 1. Because''T involves only right-
handed fermions, there can be two 73's in the trace
around the figure-eight loop and therefore a non-
vanishing contribution to Ap. With g =0, howev-
er, the right-handed fermions do not couple to the
gauge bosons without the helicity flip provided by
mass insertions on the fermion lines. With these
necessary insertions on the light-fermion lines the
contribution to 6p will not be more important than
the one-loop result [Eq. (3)]. To estimate its size,
it is again useful to proceed in two steps. Integrat-
ing out the hypercolor fields will produce a new,
SU(2)R-breaking, effective coupling of the gauge
field to right-handed fermions. Appropriate factors
of U will also be present to produce a gauge-
invariant operator. " If we call the dimensionless
coupling associated with this new interaction
y' = G2 AHc/8n. , the final integration over the ordi-
nary fermion loop will produce a contribution to Ap
of order ((y'/8m ) (m /f ) We exp. ect y' to be of
the same order as y„and yd, and therefore this is a
smaller contribution to Ap than Eq. (3) unless fer-
mion masses become on the order of M~ or larger.

It is the interaction W TT that potentially gives the
larger contribution to Ap. Since it is the product of
two SU(2) R-violating currents, the figure-eight
trace in Fig. 2 will contribute directly to Ap. Furth-
ermore, since the hyperfermion mass is expected to
be of order AHc ( = 1 TeV), no price is paid to con-
vert the right-handed hyperfermion to the left-
handed one necessary to couple to the gauge fields.
An estimate analogous to the one above then gives

Ap =y3/8m,

where y3—= G3AHc/8m'. (A color factor could also
be included. ) To see the significance of this result,
we rewrite it in terms of mass splittings. With use
of Eq. (8), and for y3 -—y„—yd,

'TVT

FIG. 1. Gauge-boson self-energy diagram from in-
teraction ~~. Single lines are light ferrnions while dou-
ble lines represent hyperfermions.

FIG. 2. Gauge-boson self-energy diagram from in-
teraction ~ TT.
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while to compare its size to the result [Eq. (3)] and
to the experimental bound. For m„)) md and for
(=3, the expression in Eq. (3) becomes (3/167r2)
x(bm'/f ). Clearly, for small enough bm, the
linear expression [Eq. (12)] will dominate the qua-
dratic one. If the numerical factor in Eq. (12) can
be trusted, the two expressions become comparable
when Am is of order f, corresponding to a b,p on
the order of a few percent. This lies just within the
current experimental bound. If this bound can be
reduced, then the linear expression [Eq. (12)] will

play the dominant role in constraining the mass
splitting Am.

Although the linear dependence is obtained in-

directly, through the effect of the four-hyper-
fermion operator W TT, we have argued that it is
likely to be a generic property of hypercolor
theories. It is, in fact, not unlikely that this kind of
result is a general feature of any theory in which
electroweak symmetry breaking is due to some new
dynamics with a mass scale of a few teraelectron-
volts. There must always be some SU(2) R-

violating interactions to give the correct fermion
mass matrix and these could well feed back into Ap
in the manner discussed here.
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