
VOLUME 53, NUMBER 13 PHYSICAL REVIE% LETTERS 24 SEPTEMBER 1984

Hydrogen in Niobium-Molybdenum Alloys: A Realistic Example of a
Random-FieM Ising Model

Carol K. Hall, Arthur I. Shirley, and Paramdeep S. Sahni
Department of Chemical Engineering, Princeton University, Princeton%, ew Jersey 08544

(Received 9 January 1984)

A theory of metal-hydrogen systems is described which predicts how the phase diagram
will change when low concentrations of substitutional impurities are added to the system.
Realistic models for Nb095Moooq-H and Nb08qMool5-H systems are developed which are
lattice-gas analogs of the random-field Ising model. By Monte Carlo simulation the phase di-

agrams are obtained and compared with recent experiments.

PACS numbers: 61.70.Br, 05.50.+q, 61.70.Yq, 64.70.Kb

During the past decade, there has been consider-
able interest in the study of random or disordered
systems. Both theoretical' 3 and experimental4 5 in-
vestigations have been directed towards the under-
standing of the effects of disorder, particularly
those caused by impurites on the various physical
and chemical properties of magnetic systems. Be-
cause of the complex nature of the problem,
theoretical studies have, in general, been limited to
simple idealized systems. For example, studies
have been conducted on Ising models with random
interactions between nearest neighbors or with ran-
dom interactions of infinite range. ' Ising models
have also been studied in which the local field con-
jugate to the spins, rather than the exchange in-

teractions, is random. However, very few theoreti-
cal investigations of more realistic and hence more
complex systems have been reported.

In this Letter we report the results of our efforts
to understand the effects of the randomly distribut-
ed substitutional impurity, molybdenum, on the
phase diagram of the hydrogen-niobium system.
As was originally pointed out by Fenzl and Peisl,
this system (which is nonmagnetic) may be con-
sidered to be a lattice-gas analog of a random-field
Ising model. The interactions between hydrogen
atoms and between hydrogen atoms and impurity
atoms (the random "field" ) are calculated by the
methods of lattice statics. By the Monte Carlo tech-
nique, we have obtained phase diagrams for hydro-
gen dissolved in Nb095MOOQ5 and in Nb085Moo i5
which are shown to be in reasonable agreement
with experiments. Our study illustrates the impor-
tant role that randomness must play in theories of
hydrogen in metals containing impurities.

The phase-change behavior of hydrogen in pure
metals is best described by models based on the
Horner-Wagner theory' in which hydrogen atoms
interact with each other directly via electronic in-
teractions, and indirectly via the strain fields pro-
duced by the hydrogen atoms in the matrix of the

host metal. For example, Fig. 1 shows a compar-
ison between the experimentally determined phase
diagram" for the H-Nb system and the phase dia-
gram calculated theoretically' for this system by
the Horner and Wagner approach. Here, the phases
u and u' are disordered phases while the P phase is
an ordered phase. In contrast to the case of hydro-
gen in pure metals, the behavior of hydrogen in
metal alloys is more difficult to model since both
the electronic and elastic interactions between hy-
drogen atoms in an alloy are functions of the local
environment surrounding the hydrogen atoms. To
account for these changes Futran et al. ' modified
the Horner-Wagner model to allow for the presence
of two types of metal atoms. In so doing, they as-
sumed that the local configuration of metal atoms
surrounding a pair of hydrogen atoms could be ap-
proximated by a homogeneous array of metal atoms
of a single type with properties intermediate
between those of the component metals. When the
model was applied to the hydrogen-niobium-
vanadium system it was found that the changes in
the elastic interactions which occur when vanadium
is added substitutionally to the niobium matrix
cause a decrease in the o.-n' critical temperature,
T„as observed in experiments.

When molybdenum is added substitutionally to
the hydrogen-niobium system the critical-point
temperature also decreases but the effect is much
more drastic than when vanadium is added. In fact,
the experimental work of Fenzl and Peisl and
Matsumoto, Saito, and Fukai has shown that the
addition of as little as 5'/0 molybdenum completely
erases the 0.-0, ' transition region. As discussed
below in detail, these dramatic changes in the phase
diagram can be understood by treating the hy-
drogen-molybdenum interactions in terms of a ran-
dom field. The model developed by Futran et al. '

is incapable of describing these dramatic changes in
the phase diagram.

The lattice model consists of a body-centered ar-
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FIG. 1. Comparison of the calculated (open circles) and experimental phase diagrams for NbQ95Moa O5-H. Experimen-
tal points are from Matsumoto, Saito, and Fukai (Ref. 8) (solid squares), Sasaki and Amano (Ref. 9) (solid triangle),
and Fenzl and Peisl (Ref. 6) (solid circles). Open triangles are calculated for Nb095Mooo5-H without the field and the
open squares are calculated for Nbo s5Mop ~5-H with the field. The inset shows the experimental (Ref. 11) and calculated
(Ref. 12) phase diagram for Nb-H.

ray of NL metal atoms of which NM, are molybde-
num and NL —NM, =N» are niobium. The dis-
solved N hydrogen atoms occupy a fraction of the
NH = 6NL tetrahedral interstitial sites available to
hydrogen atoms. The Hamiltonian describing this
hydrogenated alloy contains all possible interatomic

potentials between Nb, Mo, and H atoms. When
treated in the harmonic approximation, the Hamil-
tonian separates into a phonon term which is in-
dependent of hydrogen concentration (and thus
plays no part in the calculation of the phase dia-
gram) and a term which is dependent on hydrogen
concentration:

H = $, , ( 8'„+U„)r g 0 g + 2 $g a ( W', s + U,b ) 7,r s, '

where W,& ( W'„) and U, t, (U„) are the elastic and electronic interaction energies, respectively, between a H
at interstitial site a and a H (Mo) at interstitial (lattice) site b (c). The occupation variable r, =1 or 0
depending upon whether interstitial site a is occupied or unoccupied by a hydrogen atom. Similarly, o-, = 0 if
lattice site c is occupied by a Nb atom and =1 if it is occupied by a Mo atom.

The elastic interaction energies, 8',b and 8'„can be calculated from lattice elasticity theory by use of the
elastic properties of the metal or alloy in question. Following the discussion of Horner and Wagner, '0 we
separate these energies into two parts:

~ab ~ah+ ~ ~ah~ 8'a, = 8~, +5 H~„

where 8',b and 8;, are the interactions in a crystal with periodic boundary conditions and 4 8',b and 6 8'„
are the corrections necessary for crystals with free surfaces. From lattice statics we find that

3

~ab 2
d q „e q, s „" e„q,s cosq R —R" M~2

s=l m n p, v

where 0 = volume/(metal atom), M = mass/(metal atom), p, and v are Cartesian coordinates, and QP is the
force in direction p, between a hydrogen atom at site "a" and a metal atom at site "m" which has rest posi-
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tion R . The variables s, co(q), and e(q, s) are the
phonon mode, phonon frequency, and polarization
vector for the unloaded (i.e. , without hydrogen) lat-
tice. The integration is performed over all wave
vectors q (q A 0) in the first Brillouin zone. Equa-
tion (3) is also used for W„except that P„"b is re-
placed by 0„"', the force between a Mo atom at site c
and a metal atom (either Nb or Mo) at site m. The
forces P~' and 8„"' are determined from measure-
ments of the force-dipole tensor.

The electronic interactions U,& and U„are ex-
tremely difficult to calculate from first principles.
Instead, we take a more phenomenological ap-
proach and parametrize U,b and U„ from experi-
ment. Following Horner and Wagner, ' and Futran
et al. ,

' we approximate U,& as an infinite repulsion
out to third neighbors and take U,&

= 0 beyond that
shell. For U„we use the results of Shirley and
Hall' who set U„=0.8 eV for nearest-neighboring
Ho-H pairs and U„=0 beyond that point.

To determine the thermodynamic properties of
the system, the terms W,&, W„, U,&, and U„are

combined into a reference Hamiltonian Hp..

H p
=

2 $~ b ( Ugb + Kgb )r, r b + X h~ r,
where

h, = $, (U„+ W„)a.,

(4)

(5)

denotes a random field at site a. The reference free
energy, A p, associated with this Hamiltonian is
given by

A p(N, T) = —kT gN 'ln Xexp—
{~,~

Hp

kT
(6)

where k is Boltzmann's constant, T is the tempera-
ture, and N is the number of field configurations
considered. As is customary in cases involving
frozen-in disorder, the free energy is evaluated for
a given configuration of impurity atoms (field) and
then averaged over all impurity configurations. The
free-surface corrections to the elastic interactions
are of macroscopic range and can be treated (prob-
ably exactly) in the mean-field approximation to
give the total system free energy

3 (N, T) =Ap(N, T)+ —, (N/Nu) g, bhW, b+(N/N„) X, ,AW„. (7)

Since the last term in Eq. (7) is linear in hydrogen
concentration, it will appear as a constant in the
chemical potential and can be safely ignored. The
second term can be evaluated in terms of the trace
of the force-dipole tensor, 3P~, the bulk modulus,
B, and the values calculated for W,b, by the rela-
tion,

a, b

N2 (PH)2

BO
—QW, b

a, b

We use experimental data of Matsumoto, Saito, and
Fukai and Powers, Martel, and Woods" to obtain

W,&, W„, P, and B. The Mo concentrations
(5%,15%) used in this paper were chosen because
of the existence of experimental data for use in cal-
culating the H-H and H-Mo interactions. For de-
tails the reader is referred to a later publication. '

The probability distribution P ( h, ) associated
with the random field h, appearing in Eq. (4)
depends on the concentration of the Mo atoms. To
determine the distribution function, we first ran-

domly distribute Mo atoms at a given concentration
on the bcc lattice and evaluate the sum given in Eq.
(5) to obtain h, for that configuration This pro-
cedure is repeated over 50000 different configura-
tions of Mo atoms randomly distributed on the lat-
tice. The distribution function obtained in this
manner is displayed in Fig. 2. The peaks are the
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result of the very large repulsive interaction which
occurs when a hydrogen and a molybdenum are
nearest neighbors; the size of each peak is propor-
tional to the probability that the hydrogen atom will

have 0, 1, 2, 3, or 4 molybdenum atoms as nearest
neighbors. To simplify the random selection of the
field values during the Monte Carlo simulation, the
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FIG. 2. The probability distribution for the random

field, P(h, ). The dashed line is calculated as explained
in the text and the solid line represents the fit of this

function by a sum of Gaussians.



VOLUME 537 NUMBER 13 PHYSICAL REVIEW LETTERS 24 SEPTEMBER 1984

probability distribution is fitted by a sum of Gauss-
ians with appropriate means and standard devia-
tions. Comparison of the two is shown in Fig. 2.

The free energy for the Nb-Mo-H system is ob-
tained by performing Monte Carlo simulations on a
4x4x2 unit cell of the bcc lattice which contains
384 tetrahedral interstitial sites. The grand canoni-
cal ensemble is used in order to facilitate the search
for the order-disorder transition, u P. In order
to generate hydrogen-atom configurations, the
standard Monte Carlo simulation techniques are
used. For each set of field values jh, ), 40000 hy-
drogen configurations/chemical potential are con-
sidered. This is repeated for twenty different sets
of field values, (h, }, and a final average of the
number of hydrogen atoms, energy, etc. , at each
chemical potential is calculated.

The phase diagrams calculated theoretically for
Nb-H, Nbo 95MOO 05-H, and Nbo 85Moo &5-H are
shown in Fig. 1. Also shown in Fig. 1 is a calculat-
ed phase diagram for Nb095Mo005-H in which the
field energies are set equal to zero; this illustrates
the important role played by the random field in the
prediction of the phase diagram. The phase dia-
grams obtained may be compared with the experi-
mentally determined phase diagrams which are also
shown in Fig. 1. Fenzl and Peisl found that the o.-
a' coexistence region, which is present in Nb-H
(see Fig. 1, inset), completely disappears and the
n-P transition, which is first-order in Nb-H, ap-
pears' to be second order above a certain tempera-
ture (the tricritical point) in Nbc95Mooo5-H. The
Nbo 95Moo 0&-H system was also investigated by
Matsumoto, Saito, and Fukai and by Sasaki and
Amano whose values for the terminal solubility are
also shown in Fig. 1. The experimental and
theoretical phase diagrams for Nba 9&Moo 05-H agree
qualitatively in that both have a first- and second-
order ot P transition separated by a tricritical
point. Fenzl and Peisl also list a few data points
for Nb090Moo&O-H, which indicate that the phase
boundaries drop to lower temperatures as the Mo
concentration increases in qualitative agreement
with the trends we have observed by considering
the Nbo»Moo 05-H system.

In summary, we have developed a theory which
predicts how the phase diagram of a metal-hydrogen
system will change when low concentrations of sub-
stitutional impurities are added to the system. Our
model predicts that the addition of as little as 5%
Mo to the Nb-H system results in dramatic changes
in the phase diagram, in agreement with experi-
mental findings. We conclude that hydrogen-metal
systems containing impurities are indeed nonmag-

netic experimental realizations of the random-field
Ising model.
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