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%e present a fully quantum-mechanical theory of the inelastic scattering of low-energy
atoms from surfaces, based on the perturbation series and an expansion in numbers of pho-
nons exchanged. Numerical calculations are carried out with a simple potential model and
good agreement is obtained for the thermal attenuation of a helium beam by a close-packed
surface of copper.
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The decrease of diffracted beam intensity with in-
creasing crystal temperature is a much more com-
plicated problem in low-energy atom scattering
from surfaces than it is for x-ray or neutron diffrac-
tion from bulk samples. In these latter two cases,
the scattering intensities can be adequately calculat-
ed in first-order perturbation theory and the ther-
mal attenuation is given by a multiplicative Debye-
Waller factor, exp( —2 W), and for sufficiently
elevated temperatures T„W is proportional to T, .
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how these can be calculated exactly, complete with
all necessary phonon averaging, term by term in
perturbation theory. As an example of the applica-
tion of this formalism, we consider elastic specular
scattering of He from a simple model of a close-
packed surface of Cu and obtain good agreement
with experimental results.

In terms of the transition matrix, T&, , the intensi-
ty of an elastic diffraction peak associated with the
reciprocal-lattice vector G is given by

case of low-energy atom-surface diffraction is
less simple since the interaction energies are 1 — 2srim ir k;, kG, TG;

e compared to the incident particle energies. where k;, is the perpendicular component of the in-
experimental data, particularly for He scattered cident particle momentum (capital letters will be

metal surfaces, often give temperature depen- used for parallel components) and the angular
cies of logarithmic diffraction intensities which brackets represent the thermal average. For elastic
w considerable deviation from linear behavior, scattering, it has been demonstrated that
n after account of anharmonic corrections. ' ((~ TG; ~') ) can be replaced by the simpler expres-
n this Letter, we consider the elastic and inelas- sion

~ ((TG;) ) ~
.2 Thus, the thermal attenuation of

ntensities in atom-surface scattering and show a diffracted beam is obtained from (1) by replacing
Tz; by its thermal average

((TG;)) =((vG/))+((X/vG/(E; —E/+ g'/ —@'/+/e) T//)), (2)

6+= (Et+ H; —He H, +ie) ' ( —i(e) f eee—(t(E—(r; =—He —H, +te, )t/e]dt

where the total potential is V = L/+ v, with U the distorting potential of a rigid lattice. The sum g/ runs over
all possible intermediate states, both elastic and inelastic, E~ is the particle energy, and 8'

~ is the crystal en-
ergy. Extracting a Debye-%aller factor directly from the T matrix can be done only at the expense of making
very severe approximations. In fact, an approximation often made is to simplify the Green's-function
denominator by assuming that the energy change of the crystal 8'; —$'I is negligible. In a separate calcula-
tion, we have shown directly that this leads to a perturbation series which is divergent. Briefly stated, the
nth order term will contain the factor ((u ")) (or a more general function reducing to this for small u), and
this thermal average grows without bound as n increases. The treatment described below does not have this
divergence problem.

A general method for evaluating the thermal average of the transition matrix in Eq. (2) is to start with the
Green operator expressed in integral form, i.e.,
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where H, is the crystal Hamiltonian and Ho is the particle Hamiltonian

H() = ( t /—2m) '7 + U.

Then a short calculation allows one to write the thermally averaged transition operator as

((P)) =(( )) —(tin) f, «((v(t)P(t)P)), (5)

where P (t) = exp[i(E; Ho+—i e)t/t] depends only on the particle coordinates and u(t) is the potential in
the interaction picture,

v(t) = exp(iH, t/t) v exp( —iH, t/t).

((T) ) = ((u) ) + ( —i/t) JI, dt ((u(t)&(t)u(0)) )

+( —tltt)'Jl, dtt f, «t((v(tt+tt)P(tt) v(tt)P(tt) (0)) ) +. . . .

The formalism exhibited in Eq. (7) is particularly
adapted to a potential which is the sum of pairwise
interactions between the incoming atom and those
of the crystal; however, for the sake of brevity, we
specialize to the following model potential with a
thermally corrugated exponential respulsion and a
static attractive part:

(7)

orders can be readily carried out in the harmonic
approximation. With U = ( ( V(z, u) ) ), the first-
order term of Eq. (7) vanishes, while the second-
order term involves

( ((e2K(t(() v ) (e2KI((0) )/ 2) )

(9)V(z, u) =D[e '"' "'/u() —2e "']

Iterating T in Eq. (5) leads to the perturbation expansion in time-ordered operators, the first few terms of
which are

where u is the normal component of the thermal
potential displacement and uo= exp(2~ ((u ) ) ) is
the thermal average of the exp(2nu). All of the
essential features of the formalism are retained
starting from Eq. (8), and furthermore, this model,
with an appropriate static corrugation, gives excel-
lent agreement with elastic diffraction intensities
from metal surfaces when the experimental intensi-
ties are extrapolated to zero temperature.

With this potential, all the phonon averages to all

where Q(t) =4~ ((u(t)u(0))) is the displace-
ment correlation function which, in the usual way,
can be expressed as an integral over the phonon
spectral density p(~) and the Bose-Einstein func-
tion n(co). Expanding exp[Q(t)] in powers of
Q (t) is equivalent to an expansion in the number
of intermediate virtual phonons transferred. The
specular intensity for this potential is most con-
veniently written in terms of a dimensionless transi-
tion matrix as Io= ~1 —(im/4p;)Fo~ and the first
nonvanishing contribution is

( )
m p„„p(o)),( )

n(cu) n(0))+1
Fo pt
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(10)

and the higher phonon terms can be readily written
down In Eq. (. 10), d =2mD/t ~, 0) =2mu/t)0,
p; = k;,/(0, M is the crystal atom mass, and the func-
tions f(q,p) and L(q,j) are the Morse potential
matrix elements of an exponential perturbation for
continuum-continuum and continuum-bound tran-
sitions, respectively. We note that Eq. (10) con-
tains exactly all possible single-phonon virtual-
exchange processes for the potential of (8), and

l

furthermore includes all phonon-assisted bound-
state resonances.

It is straightforward exercise to extend Eq. (10)
to higher orders, and we note that our calculations
indicate that the two-phonon contribution coming
from the second term in the expansion of
exp[Q(t)] —1 is negligible. The important two-

phonon effects come from the next higher order of
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perturbation theory, an effect which has been point-
ed out previous]y. s We note that the perturbation
series seems to be convergent, and this is to be ex-
pected, since the thermal corrugations at these tem-
peratures are small compared to a typical static cor-
rugation.

The model used to generate Eq. (10) for the
specular scattering amplitude is a potential with a

rigidly vibrating exponential repulsive part. The
results of calculations are compared with experi-
ment in Figs. 1 and 2 for both low-energy (21 meV)
and high-energy (63 meV) He incident on Cu(100).
In these calculations, we have used the spectral
density p(ra) corresponding to the incident He
atom interacting with the average over a cell con-
taining four Cu atoms of the (100) face, to account
for the geometrical effect that the atom interacts
simultaneously with several surface atoms as is
found, for instance, with a pairwise summation po-
tential. In addition, the spectral density is multi-

l.O "

0.8

plied by a factor of o, = 4, a parameter which ac-
counts primarily for the fact that the isopotentials of
the Morse interaction of Eq. (8) have a vibrational
amplitude 2u at low energies, diminishing to u at
high energies. This factor also accounts for the in-
teractions with atoms outside of the four atoms of
the cell, and for the fact that the model does not
have the physical constraint of conservation of
parallel momentum, both of these being effects
which would tend to reduce the effective spectral
density. Inclusion of nonadditive contributions to
the potential, and averaging over the size of the He
atom, would further reduce the strength of the in-
teraction potential, but since the scattering ampli-
tude of Eq. (10) is quadratic in both the matrix ele-
ments and the thermal displacement, these seem-
ingly widely different effects can be accounted for
by the same parameter. Even with the simple and
restricted model that we have used the agreement
with experiment is good; the important point is that
the deviation from linear behavior in the experi-
mental points is well matched, particularly at the
higher energy.

The effect of the attractive well is very dramatic.
Shown in Fig. 3(a) are examples of calculations
with o. = 1 of the specular intensity versus tempera-
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FIG. 1. Specular intensity as a function of temperature
for 21-meV He scattered by a Cu (100) surface; D = 6.35
meV and K = 1.05 A '. Experimental points are those of
Lapujoulade and co-workers for angles of incidence
73.5', 55.5', and 31.8' as shown. Since the experimental
intensities do not extrapolate to unity for each incidence
angle, the calculated intensities have been multiplied by
the corresponding experimental unitarity.

100 500 500

FIG. 2. Same as Fig. 1 expect for an incident energy of
63 meV and different incident angles.
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FIG. 3. Effects of well depth and the hard-wall limit in
the specular intensity as a function of temperature for
21-meV He scattered by a Cu (100) surface at e; = 73.5 .
Solid lines, calculations for different values of the well
depth D, ~=1.05 A ', dashed lines, calculations for the
exponential repulsive potential (D =0) with values of
x=2.5 A ' and ~ ~ (CHW) showing the approach to
the hard-wall limit; dash-dotted line, the exponential
repulsive potential with the Beeby correction for D = 6.35
meV and ~ = 1.05 A

ture for several values of the well depth, including
the case of the exponential repulsive potential
(D=0). The exponential repulsive model gives a
specular intensity that is always far larger than ex-
periment, the difference increasing with tempera-
ture. Nate that as K increases, the corrugated-
hard-wall'c (CHW) limit is approached. Even the
exponential repulsion potential with the well simu-
lated by a Beeby correction, also shown in Fig. 3
(i.e., the only effects of the well are to enhance the
perpendicular momentum and refract the incident
beam), gives intensities which are too large. Thus

we must conclude that a simple exponential poten-
tial is certainly an. inadequate model, even when the
well is simulated in a semiclassical manner.

Similar methods can be used to calculate the in-
elastic scattering intensities, and in fact, the inelas-
tic transition rate is contained in the elastic scatter-
ing amplitudes through the optical theorem. For
strongly diffractive systems, one develops the in-

elastic scattering amplitudes starting from a strong
scattering elastic formalism using projection tech-
niques similar to those used to handle bound-state
resonances in purely elastic scattering.

The calculations presented here serve to under-
score our introductory statement that thermal at-
tenuation is a much more involved problem in
atom-surface diffraction than in many other diffrac-
tion experiments. The fact that a logarithmic plot
of the experimentally observed intensities from
metal surfaces is not linear in temperature for large
temperatures points out that it is inconvenient to
attempt to represent the thermal attenuation by a
Debye-Wailer-type factor, and we have demonstrat-
ed that agreement can be readily obtained by direct
cakulation of the inelastic scattering.
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