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The momentum density of the quantum solid hcp 4He has been measured at 1.70 K at the
molar volumes 18.20 and 19.45 cm . The measurements were made with pulsed incident
neutrons of energy 505 meV, and with momentum transfers in the range of 12 to 22.5 A
The momentum density is obtained from the inelastic-scattering spectrum at each of eight
scattering angles. The measured distribution is Gaussian and the derived kinetic energies are
larger than proposed by existing theories.

PACS numbers: 67.80.-s, 61.12.Fy

The solid heliums (both 3He and 4He) provide
extreme examples of quantum solids which have at-
tracted much theoretical and experimental interest
over the years. Theoretical descriptions of the
properties of solid helium are complicated by the
relatively large kinetic energy and strong correla-
tions of the atomic motion. Thus, theoretical
methods that accurately describe the dynamics of
most solids are not adequate to describe the proper-
ties of the solid heliums. ' Although considerable
progress has been made in theoretical estimates of
the properties of solid heliums, many uncertainties
remain. For example, theoretical estimates of
vacancy-tunneling frequencies differ by more than
an order of magnitude. 2 These uncertainties also
preclude ah initio estimates of particle-exchange in-
tegrals which are of interest, for example, in the
magnetism of solid 3He.

Information about the real-space wave function
of solid helium is obtainable via the single-atom
momentum distribution. In this Letter we report
the first momentum density measurements on a
solid helium which provide a detailed test for
ground-state calculations. Our measurements of
the spherically averaged momentum distribution
made on hcp He at two molar volumes, further-
more, provide the variation with sample density.

It has been known for years that neutron scatter-
ing at high energies offers a technique to obtain in-
formation about the wave function of solid helium
through the momentum distribution, n (p), which
is the square of the Fourier transform of the real-
space wave function. However such experiments
are difficult with reactor sources because the rela-
tively low epithermal neutron flux requires long
counting times. Spallation neutron sources, which

If the impulse approximation is valid, we expect
the data collected at a given scattering angle to be
centered about an energy transfer value, referred to
as the recoil energy, of

E = (0 Q /2M). (2)

This is the relation that is valid for scattering of'

neutrons from free helium atoms.
Many systems have a momentum density that is

well represented by a Gaussian of the form

n(p) = Cexp( —p2/t2A ).
While there is no a priori reason that n (p) for heli-

um should be of this form, our data indicate that a
Gaussian accurately represents this function, as dis-
cussed below. Inserting Eq. (3) into Eq. (1), one
finds the dynamic structure factor to be

(E E)&
S(Q,E) = Cexp

a'O'A/M'
(4)

have recently begun to come on line around the
world, give one the opportunity to do such experi-
ments reliably and with short counting times, 40 h
per sample in the case of the present experiment. If
the dynamic structure factor, S(Q,E), is measured
as a function of energy transfer E at sufficiently
high wave vectors Q, the scattering can be treated
as a collection of scattering events involving isolat-
ed atoms of mass M and the dynamic structure fac-
tor can, with good accuracy, be written in the form
of the impulse approximation (IA)3

S(Q,E) = Jl n(p)5[E —(A 02/2M)

-a'(Q p/M) ld'p.
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The dynamic structure factor is thus a Gaussian
centered at the recoil energy E„,of variance

= (t"Q A/2M ) (5)
Measurement of the inelastic scattering cross sec-
tion at suitably large momentum and energy
transfer would thus yield A, the width parameter in
n(p). Further, the form of Eq. (3) corresponds to
a kinetic energy

(K) = ,'t'(W—/M) (6)

so this also provides a test for ground-state kinetic
energy calculations.

In the above discussion, information about n (p)
is deduced using the impulse approximation. The
IA is expected to be valid when the recoil energy is
very large relative to the dynamic excitation ener-
gies of the system which, in hcp "He, extend to
about 7 meV. 4 Thus recoil energies of say 100 meV
and above are required, implying wave vectors
0 —14 A ' and higher. Earlier neutron scattering
studies of solid helium' indicated an approach to
single-particle scattering at 0 up to about 5.5 A
however, these were unable to yield critical infor-
mation about the momentum density.

While Eq. (6) has been deduced using the IA, we
point out that the relation between (K) and the
second moment of S(Q,E) is established by the ex-
istence of a rigorous sum rule, 0-02=( —,)E,(K),
valid for all Q, independent of the IA. However,
numerical determination of moments is somewhat
difficult. Because our experimentally determined
S(Q,E) can, at constant Q, be empirically fitted
very well by a Gaussian, we use the fit to establish
the variance of S(Q,E). For this reason, our mea-
surement of (K) is independent of the validity of
the IA.

The data were taken on the low-resolution
chopper spectrometer, a time-of-flight spectrometer
at the Intense Pulsed Neutron Source (IPNS-1) at
Argonne National Laboratory. The neutron detec-
tors were positioned at mean scattering angles from
47.7' to 115.5', this gave data for momentum
transfers in the range 12.2 to 22.5 A ' and energy
energy transfers in the range 77 to 264 meV for the
505-meV incident neutrons. Samples of hcp 4He
were grown at molar volumes 19.45 and 18.20 cm3;
the molar volume was determined from the pres-
sure and temperature at which each sample solidi-
fied. Data were taken with each sample held at 1.7
K which, when compared with the Debye tempera-
tures (30 and 36 K for the two densities), implies
that the samples were essentially in the ground
state.

The samples were cylindrical, 2.7 cm diameter by

m ko
C& = cos$ —1;

1

nt is the neutron mass and ko and k~ are its incident
and scattered wave vectors. We confirmed the va-

lidity of Eq. (7) by interpolating the many observed
S(Q,E) to get S(Q,E), and fitting Gaussians to the
two sets of data. Having calculated o.&, one must
correct for the finite instrument resolution, the cal-
culation of which is reported separately. 9 The reso-
lution was also deduced from scattering from a
vanadium sample and convoluted with S(Q,E) cal-
culated for a room-temperature vanadium sample.
Good agreement was obtained with the measured
spectra, thus providing a check on the resolution
functions calculated for our hcp 4He measurement.

The measured S(P,E) was fitted to a Gaussian
with a linear background, i.e.,

S(@,E) = C, -pl- (E-E„,)'/2,'1
+ C2E+ C3, (9)

and a typical fit to the data is shown in Fig. 1. In

5.7 cm high, and were contained in an aluminum
sample cell to minimize the scattering from the cell.
The high thermal conductivity of aluminum also
promoted the growth of polycrystalline samples; the
extent to which the samples were polycrystalline
was checked by observing the neutron diffraction
pattern from the high-density solid sample. We
chose to prepare polycrystalline samples because it
was not clear from theory the extent to which n ( p )
was expected to be isotropic, 7 8 and we wanted to
measure an average n (p ) in this experiment.

The raw time-of-flight data were converted to the
scattering function after the background data, ob-
tained with the sample cell empty, were subtracted.
Detector efficiencies were incorporated using the
known filling pressure and energy variation of the
He absorption cross section. The sample transmis-

sion was 93%; multiple-scattering effects represent
about 4% of the signal and will not significantly af-
fect the shape of the recoil peak. The data were ob-
tained with the scattering angle held constant; the
resulting structure factor is denoted as S(Q,E),
whereas the form of Eq. (4) is for a constant-Q
scan. An analysis of the peak shape for a constant
angle scan shows that if the constant-Q scan has a
Gaussian peak of variance o.g~ the constant angle
scan will to the first approximation also have a
Gaussian peak, but of variance 0.

&~ given by

o.
~

= (r0(1 —Cp) (7)

where
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FIG. 1. The measured dynamic structure factor in ar-
bitrary units is shown for the 19.45 cm /mole sample
with the scattering angle at 105.9'. The statistical error
bars are shown, together with a least-squares fit to the
Gaussian form [Eq. (9)1. For this data peak a 0=28.9
meV and the resolution width is 11.3 meV.

Fig. 2 we have plotted the values of the fitted E~k as
a function of 02. The line is a plot of Eq. (2) with
M being the 4He atomic mass. That the measured
recoil energies lie on the line indicates that the
scattering events occur between a single neutron
and a single 4He atom. This is a necessary, though
not sufficient, condition for IA applicability. From
the fitted values of a~ we obtain o-~ using Eq. (7).
According to Eq. (5), a.~ should be a linear func-
tion of Q; in Fig. 3 we have plotted the results of
our measurement for the two hcp 4He samples to-
gether with a linear fit constrained to pass through
the origin. We believe some of the scatter to be
caused by anisotropy effects evident in diffraction
data taken on the high-density hcp sample which in-
dicated some degree of nonrandom orientation.

The diffraction data taken on the high-density
solid indicates that the sample was made up of fairly
large grained crystalline regions. The observed an-
isotropy in this sample was sufficient to explain why
the points in Fig. 3 tend to lie further from the fit
than their uncertainty. A simple model based on
the picture of a helium atom constrained inside a
Wigner-Seitz cell appropriate for 18.20 cm3/mole
hcp 4He accounts for this anisotropy and, though
such a cell model is not capable of accurately
modeling the properties of solid helium, '0 we find it
explains the apparent anisotropy in the data. This
anisotropy is averaged over in our data analysis so
that our results are appropriate for the spherically
averaged n(p). Further experiments are necessary

FIG. 2. The peak positions fit to S(Q,E) are shown
together with the straight line calculated for single-
particle scattering. The error in the fitted values is given
by the size of the points, and the values for all the sam-
ples are within the errors.
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FIG. 3. The standard deviation of the fit to the data is
shown as a function of the momentum transfers; the size
of the points is the estimated error in the variance. The
straight line fit was constrained to pass through the ori-
gin. The full line and the triangles correspond to the
18.20 cm /mole solid sample, while the dashed line and
the circles correspond to the 19.45 cm'/mole sample.
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on single-crystal 4He samples before one can make
quantitative statements about the anisotropy of
n(p) in the solid.

From the values of o.~ extracted from the fits in
Fig. 3, we find the following values of the single-
atom kinetic energy, in temperature units, in the
two samples:

(K) =34.3 +0.9K at 18.20 cms/mole

and

(E) = 31.1 + 0.9 K at 19.45 cm'/mole.
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A Monte Carlo calculation has been reporteds
that yields a ground-state kinetic energy and
momentum density for fcc solid helium, with atoms
interacting via a Lennard-Jones potential, at a molar
volume of 19.12 cm3. These authors quote a
ground-state kinetic energy of (K) =27.2 +0.1 K.
This value is 15'i'0 lower than our measured values
and, although their calculation yields a somewhat
larger calculated value for the hcp phase, " crystal
structure apparently does not account for the differ-
ence in the measured and predicted values. How-
ever, the experimentally determined dependence of
(K) on the molar volume agrees well with the
values calculated by these authors.

In conclusion, the momentum density of hcp 4He

measured in this experiment is Gaussian, within
statistics and resolution, and it is broader than that
theoretically predicted. This experiment is repre-
sentative of the techniques that are well suited to
spallation neutron sources due to the high flux of
epithermal neutrons available.
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