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Theory of Upper Critical Fields in Highly Disordered Superconductors: Localization Effects
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The authors compute the temperature T dependence of the upper critical field &,2

arising from incipient localization effects in highly disordered three-dimensional super-
conductors. In agreement with experiments, p &(7') is enhanced over the standard re-
sult for dirty superconductors. This enhancement is due to the field-induced suppression
of localization. It is demonstrated that properties of JI ~(T) are intimately connected o
those of the magnetoresistance. This connection 3nd other predictions of the authors'
theory can be tested experimentally.

PACS numbers: 74.70.Nr, 71.55.Jv, 74.60.Ec, 74.70.Lp

Recent measurements" of the upper critical H„(T) and T, perturbatively in two dimensions in
magnetic field H„(T) of amorphous transition- the weak-disorder regime &F~» 1. However, in
metal-based alloys and similar materials have three dimensions, the effects of incipient locali-
shown a significant lack of agreement with the zation only become appreciable for strong disor-
standard Werthamer-Helfand-Hohenberg (WHH) der (E~7 -1) and therefore cannot be examined
theory of dirty superconductors. ' The low-tern- with perturbation theory. The present formalism
perature values of the upper critical field B„, allows us to examine this regime.
for a given &„plotted as a function of tempera- Our impurity eigenstate approach follows the
ture & show consistent enhancement over the cor- work of deGennes' and more directly that of An-
responding WHH curve. Carter et al.' have pro- derson, Muttalib, and Ramakrishnan. ' These
posed a phenomenological model based on spatial latter authors have shown that in the presence of
inhomogeneities which may explain such de»a- (incipient) localization the Coulomb interaction
tions. However, Tenhover, Johnson, and Tsuei' becomes highly retarded because of the anoma-
have ruled out this mechanism for their samples. ious scale-dependent diffusion associated with
In addition they have noted that the magnitude of localization. This enhances the Coulomb pseudo-
the deviation of H„ from WHH theory seems to potential p. * and hence reduces T, . In order to
have a systematic correlation with the room-tern- sort out how important localization phenomena
perature normal-state resisitivity p„of the ma- are in superconductivity as opposed to nonlocal-
terial. In the measurements of Befs. 1 and 2 this ization effects on 1'„ it appears that studies of
resistivity is greater than 100 p cm, where ef- the temperature dependence of H,2 may be partic-
fects of localization may be important. ularly useful. In H„-vs-& measurements, varia-

In the present paper we calculate H„(T) for tions with 7 (or H) of the density of states and
highly disordered superconduetors and show that the electron-phonon interactions are expected to
the deviations from the WHH curve can be ex- be relatively weak. This allows us to focus on
plained as a localization effect. Our work empha- the Coulombic interactions as the dominant ef-
sizes that the study of H„(T) provides a relatively feet.
good handle on determining the importance of The main result of the present work (which
localization effects on superconductivity, and will be derived below) is that in highly disordered
may also help clarify the effects of magnetic supereonduetors, the primary effect of localiza-
fields on localization phenomena. tion on H„ean be incorporated into a renormal-

Maekawa, Ebisawa, and Fukuyama' have re- ized Coulomb pseudopotential p, *(H). The upper
cently calculated some effects of localization on

~

critical field satisfies the equation

1 =[N(0)V p„—p. ~(H„)][in(1.14@~ tl)+ P(z) —P(z+P@DH„/2W, )], P =(&B&) ' (1)

where g, =Ac/2e, p is a digamma function, and N(0) is the density of states per spin at the Fermi ener-
gy which, like the phonon interaction Vzb, in general, includes localization and field effects. D is the
(long-time) field-dependent diffusion coefficient. An explicit expression for p*(H) will be presented
below. The major difference between Eg. (1) and the usual WHH expression is that the Coulomb pseudo-
potential, which appears explicitly in our formalism, contains a dependence on both the normal-state
resistivity p„and the magnetic fie1.d H. Physically the enhancement of H„arises because the applica-
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tion of a magn. etic field diminishes the effects of incipient localization. As a consequence, for a given
sample, p, *(H) decreases with increasing field so that the enhancement over the WHH prediction in-
creases with decreasing T, as is frequently observed experimentally. '

Our calculation of H„ follows the work of deGennes, ' who noted that the phonon contribution to the
real-space superconducting order parameter depends on the correlation function

g(rr';t) =(g,.y, *(r)y, (r )y, *(r)y,(r') exp[i(E, -E,.)t])„ (2)

where ( ~ ~); denotes an impurity average and E, is the eigenvalue for the ith state q, . We may readily"
generalize Ref. 6 to include the Coulomb contribution to the superconducting order parameter which is
given in terms of the kernel

V,g{rr'; u m'—)
1+2N(0)V, f~DFd&u f„Dd&u' g(rr; ~ —&u')/(~ +sr') '

Here g is the Fourier transform of g and V, is the coefficient of the simplified (5 function) Coulomb po-
tential. " In deriving Eq. (3) we have used the fact (which we will prove below) that g(rr'; ~ —&o') falls
off exponentially with I ~ —~' l.

We first calculate g when the diffusion coefficient is not anomalous. In the presence of a field g satis-
fies a modified diffusion equation,

iQg(rr' 0) =D(V„- 2i eA/c)ig(«';0), (4)

where D is the diffusion constant. To calculate the critical field, the low-frequency contribution to g
is obtained" by replacing the frequency ar~nnent by the lowest eigenvalue of Eq. (4), ~, =2DeH/c.
The Fourier transform of g with the initial condition g(«';0) =t)(r -r') is given by

1 —1 ()),
. -x')'+ (y -y')'

Q(t) ~ 4ot tanh(w t/2)/(td t/2) (5)

Here Q(t) = (4&Dt)' ' sinh(~„t/2)/(~„t/2) and ~H =4DeH/iic. Finally we derive Eq. (1) by adding the pho-
non contribution and using the fact tderived from Eq. (5)] that g falls off exponentially with r —r . We
can identify

N(0) V.g(«;.„}
1+2N(0)V, f DFd(u f„DFd(o' g(rr;(u —(u')/(su+ (u') '

In the limit II =0 this reduces to the usual Cou-
lomb pseudopotential.

It is important to note that the quantity g (rr; &u)

which determines the H dependence of p* also
determines the localizati. on contribution to the
field dependence of the magnetoconductivity
through the equation'

5v (H, u) —1, ) der

v, ))N(0) ~

where o, is the Drude conductivity. Hence there
is an intimate relation between localization con-
tributions to 0 (H) and the behavior of H„. We
now include the anomalous diffusion' associated
with localization. Equations (6) and (I) are gener-
ally valid for any g. In the absence of an exact
theory we proceed approximately by obtaining
g(rr';t) from Eq. (5) after replacing D by the
(space- and time-dependent) diffusion coefficient.
We also replace c', by 0(H =0) which guarantees
that in the spatially uniform and the H =0 limit
our approach is identical to that of Vollhardt and

D(r) =D,t. / rt, &r&L,(H),

D (r) =D =D,l, /L, (H), L,(H) & r, (8b)

where i, is the elastic mean free path and D is

Wolf le." The diffusion coefficient, which is not
known precisely, mill be modeled with scaling ar-
guments. We expect that our results, although
not fully self- consistent, "are qualitatively insen-
sitive to this modeling.

We assume that there exists a field-dependent
scaling length L,(H), upon which the spatially de-
pendent diffusion constant D (r) depends. The
time dependence associated with this & depen-
dence enters through a change' in Q(t) in Eq. (5).
It follows from the form of magnetoconductivity"'
(which we have evaluated for finite-size systems)
that as in the case H =0, D (r) has a 1/r depen-
dence for small & and is constant for & greater
than the characteristic magnetic length. Hence
D (r) can always be written in the form
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the low-frequency limit of the diffusion coeffi-
cient which must also appear in the generaliza-
tion of Eq. (4). The effects of the inelastic mean
free path l&»L, (H) will be discussed below. To
calculate L,(H) we use the zero-field result (L, /
l, ) = (p~/p, ). Here p, is the characteristic resis-
tivity which determines the importance of local-
ization effects. We make the natural Ansatz that
for Hc0, L,(H)/l, =(p„/p, )&. After solving Eq.
(7), using Eqs. (8) and (5), we find that 1/L, (H)
-1/L, ~+H in strong fields and ~H' in weak
fields. Our results are similar to those found
elsewhere, ' except that now we have included an
explicit dependence on p„/p, in ()v(H)." Further-
more even in the nonanomalous regime we have
avoided inaccuracies arising from a series trun-
cation, by using an exact solution of the field-
dependent diffusion equation [ Eq. (5)]. To com-
pute D(~) [or L,(FI)] we use our calculated re-
sults for the high- and low-field limits and inter-
polate between these following Ref. (9).

It is important to note that because the field de-
pendence of the scaling length approaches zero
as H', the derivative & p */&H I„,also vanishes.
As a consequence &H„/&T I r, reduces to the usual
WHH expression. This is in accord with most
experiments" which suggest that H„(T) can be
fitted by WHH theory in the vicinity of T,. Fur-
thermore it serves to reinforce our Ansatz which
relates the magnetoresistance to L,(H). As long
as the change in magnetoresistance vanishes as
H', where 5) 0, this result for dH„/dT I r, will
be valid.

Localization effects are most important for
high frequencies corresponding to ~~) (p„/p, ) '.
We estimate these frequencies to be considerably
greater than the Debye frequency ~D [for EF T

-O(1)). Consequently the electron-phonon inter-
actions, which are dominated by & &D, are not
expected to be as strongly effected by localiza-
tion as is p *, which contains frequency contribu-
tions from 0 to &F. For this reason and as in
Ref. (5), we will ignore localization and its re-
lated field-dependent effects on V~h. We have
calculated explicitly the changes in N(0) arising
from localization. These lead to extremely weak
field variations which can be neglected in obtain-
ing the T dependence of H„.

It is useful to consider the quantity

With these reduced units the WHH curve plotted
versus T/T, is a universal function, i.e., inde-
pendent of disorder. Observed deviations of

h„(T) from this universal curve cannot be attribu-
ted to changes in the simple electronic proper-
ties [such as' iV(0)] of the system. We discussed
earlier the physical mechanism for the enhance-
ment of H„(T) over the (nonuniversal) WHH

curve, for a fixed T,. This mechanism also
gives rise to an enhancement in h„(T) with re-
spect to the universal WHH curve. The curves
for h„(T) shown in Fig. 1 correspond to varying
degrees of disorder. For definiteness we chose
V(0)Vugh=0. 59, h&D/EF =10, Ep7. =1.0, and Hn

=300 K. These are fairly typical numbers for
strongly disordered transition-metal alloys such
as amorphous MoRe.' With this parametrization
we find that the curve p„/p, = 2.0 corresponds to
a sample with T, =8.4 K, H„(0) =197 kG, and D
=0.88 cm'/see, for II =0, which appears to be ap-
propriate for amorphous MoRe. ' While the 1' =0
and T =Z, limits are unaffected, the intermedi-
ate temperature dependence of H„(T) depends on
the inelastic mean free path ~;. We found we
could get a reasonable fit to the MoRe data of
Ref. 1 by choosing l, =5 x 10'l,/T' '. These data
are indicated in the figure. We stress that our
theory is only qualitative so that quantitative
agreement with experiment is not very meaning-
ful. As shown in the inset of Fig. 1, for higher
values of p„/p, we find a small upward curvature
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FIG. 1. Calculated temperature dependence of upper
critical field (in reduced units) for various pz/p
=1.5 (curve A) and 2.0 (curve B) and in the inset ps/p
=2.9 (curve C} and 3.2 (curve D}. The standard dirty-
superconductor result (labeled WHH) and experimental
data (circles) from Ref. 1 are shown for comparison.
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in H~(T). This curvature has been reported in

MO75Si» . Qur numerical studie s indicate that
the smaller the ratio 1;/t, the more pronounced
the upward curvature.

In WHH theory h„(0) is independent of p„. By
contrast we find that because the effect of a mag-
netic field on p * is larger for larger resistivity,
h„(0) increases with p„/p, . These features have
also been observed experimentally in Ref. 1 and
should be tested more systematically. It may be
possible to use h„(0)-vs-p~ measurements as a
means of distinguishing between localization and
in homogeneity contributions to H„. However, it
should be noted that unlike the T dependence of
H„(f rofixed p„) the variations of H„with dis-
order may contain significant contributions other
than those deriving from localization.

Our work suggests that systematic measure-
ments of T„H„, and the magnetoresistance in

highly disordered super conductors will clarify
the effects of localization on superconductivity
as well as help further elucidate the effects of
magnetic fields on localization phenomena.
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