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Breakdown of Dynamic Scaling Analysis in Isotroyic Ferromagnets
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The predictions of dynamic scaling theory are shown to be in disagreement with the
observed wave-vector and temperature dependence of the inelastic neutron scattering
from iron and nickel above 7', outside the region of small wave vectors. This break-
down becomes particularly severe when the characteristic energy of the fluctuations be-
comes comparable to k7', which occurs at considerably smaller reduced wave vectors
for metallic ferromagnets such as I e, Co, and Ni than for Heisenberg insulators such
as EuO.

PACS numbers: 75.40.8w, 61.12.Fy, 64.60,Ht, 75,50.-y

Early inelastic neutron- scattering experiments
on paramagnetic iron' and nickel' at small wave
vectors q were found to be in general agreement
with dynamic scaling theory, ' with subsequent
theoretical developments' resolving' most remain-
ing difficulties. At larger wave vectors the scat-
tering above the Curie temperature Tc was found"
to evolve from the small-g regime in a continuous
fashion into a very energy-dispersive "ridge" of
intensity, whose width in q was considerably nar-
rower than expected on the basis of hydrodynamic
(spin-diffusion) theory. Shirane and co-work-
ers' "have recently confirmed this general ex-
perimental picture, "but came to the conclu-
sion'" that spin diffusion provides a full expla-
nation" for all the neutron data. ' " In this note
we show that this conclusion is incorrect, and
that in fact the diffusive form of dynamic scaling
theory fails when the characteristic energy E, of
the fluctuations becomes comparable with kT, as
expected. ' We use this physical criterion to show
that the region in the Brillouin zone where diffu-
sion dominates the spin dynamics is much small-
er for the band ferromagnets Fe, Co, ' and Ni
than for Heisenberg insulators such as EuO. "

We start with the general form for the scatter-
mg function &(q,E) which governs the wave-vector
and energy dependence of the neutron scattering:"

~(q, E) = X(q) + (q, E) 1,„EhT, (1)
E/hT

where the system is assumed isotropic above T„
and we drop overall multiplicative constants for
simplicity. At small {q,E) the wave-vector-de-
pendent susceptibility y(q) is usually taken to
be' '*' ' "of the Ornstein-Zernike form while
the spectral weight function E(q, E) is taken to

be a simple Lorentzian in energy. " Thus

E/I T
1 —exp(- E/hT )

If I (q) «kT then the thermal factor (in brackets)
is close to unity over the energy range of inter-
est, and its variation with energy can be neglect-
ed. However, this is not an appropriate assump-
tion in the present case." Dynamic scaling the-
ory' introduces" a characteristic energy E, [E,
= I"(q) in this case] by which the dynamics of the
system are scaled, in analogy with the role the
correlation range g ($ =1/~) plays in providing a
characteristic length scale for the statics. For
an isotropic ferromagnet the characteristic en-
ergy should scale as'

I'(q) = Aq'l'f(~/q), (3)

where A is a materials-dependent constant and

f(u/q) is the scaling function. Both A and f(x)
must be obtained from microscopic theory, or
measured experimentally. However, the limiting
forms for f(x) are known: For x = ~/q-0, f(x)
-1, while for x- ~, f(x) ccx' '. Note in partic-
ular that at T = T„~=0 and thus f(x) = 1. Con-
sequently if I'(q) is known at T, then Eq. (3)
scales the characteristic energy for all K/q above
T, through the function f(~/q). Equations (2) and

(3) have been reported to provide a good quantita-
tive description of the spin dynamics at small
(q, E) for Fe,"¹,"Co,"and EuO." The ex-
perimentally determined values of 4 are given in
Table I.

Outside the small-wave-vector region direct
measurements of the energy dependence of &(q,E)
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TABLE I. Comparison of parameters for the isotropic ferromagnets.

(mey-A&~2)
Tc

(mev)
I (Z.B.)
(meV)

Fea
Cob
Ni~

EuOd

130
300
350
3.3

89.8
119.6
54.4
5.9

2.88
3.61
3.54
5.13

914
1199
1469
5.5

1.45
2.51
6.43
0.56

0.25
0.25
0.17
0.67

'Ref. 1.
beef. 14.

~Ref. 2.
dRef. 15.

are difficult since the scattering in Fe and ¹iis
highly dispersive (i.e., the absolute values of A
are large). Thus experimentally it was advanta-
geous" to make measurements at fixed energy
transfer E as a function of q (so-called constant-
E scans), whereby a peak position q, (E) and a
width q (&) were obtained directly from the data
at each energy. These experimentally determined
values then can be compared with theoretical
predictions. For Eqs. (2) and (3) the calculations
can be done analytically at T =1', since the scal-
ing function is unity and thus &(q) = Aq' '. Taking
the derivative of Eq. (2) with respect to q yields
the theoretical relation

(4)

Comparing with the measurements" at larger
q then uniquely determines the required value of
A. There are systematic discrepancies between
Eq. (4) and the data,"but a best-fit representa-
tion yields values of A. -142 meV-A~ ' for Ni and
A = 62 meV-A' ' for Fe. These values are less
than half the values obtained from the analysis
at small q (Table I). Thus Egs. (2) and (3) can-
not explain the observed peak positions unless
A is assumed to be strongly q dependent. Such
an assumption contradicts the sealing hypotheses.

A full comparison of theory and experiment is
shown in Fig. 1, where we have plotted the peak
positions. It is important to note that for the
theory both of these quantities are controlled by
the single parameter A. The utility of this partic-
ular method of comparison is that the parameter
A in fact drops out of the problem so that we ob-
tain a unique theoretical prediction, which is a
straight line with slope 1.573. For iron (solid
circles) we see that there are discrepancies
even at quite modest values of q and E, -and the
disagreement becomes larger with increasing
q. Similar results are obtained for Ni (open cir-
cles); a complete analysis for nickel will be
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FIG. 1. Comparison of the predicted (solid curve)
widths and positions in q with the experimentally de-
termined values for iron (Ref. 7) (solid circles) and
nickel (Ref. 6) {open circles). All adjustable paramet-
ers drop out of the theory, so that a unique and un-
ambiguous comparison can be made.

given elsewhere. At smaller q the data are ex-
pected to fall on the theoretical curve, but un-
fortunately there are no constant-E measure-
ments in this regime. Clearly this is a region
where further work would be desirable.

To calculate the temperature dependence of
the scattering we need to know the temperature
dependence of & as well as the scaling function
f{&/q) in Eq. (3). For this purpose we used the
measured"' temperature dependence of &,
along with the calculated scaling function of
Besibois and Piette' which is in good agreement
with the small-q data. ' The detailed results
clearly depend on the particular choices of param-
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eters and functions, but there are two theoretical
results of general validity which disagree in a
qualitative manner with the experimental observa-
tions under consideration. The first result is
that the calculated peak positions qo(E) are
strongly dependent on temperature; typically the
values of q, (E) increase by -40lo in going from
T, to 1.4T, for both nickel and iron. Experimen-
tally no temperature dependence is observed in
either system. The second result is that for in-
creasing T above T, the calculated widths q (E)
initially decxease as a result of the deep mini-
mum in the scaling function f(&/q). This mini-
mum was an essential theoretical property need-
ed to understand the small-q data, ' but was
neglected in the recent work. ' ""' Experimen-
tally for iron' the wi.dths above 1', are not sensi-
tive to temperature, while for nickel' they mono-
tonically increase as the temperature passes
through 1',.

Thus our overall conclusion is that the agree-
ment between the theory as given by Eqs. (2) and
(3) and the measurements at larger q is rather
poor, with the discrepancies becoming systemat-
ically larger with increasing wave vector. Th'is
failure of the theory is expected' since the dy-
namic scaling assumptions should be valid only
for macroscopic distances and times. In. partic-
ular for Eq. (3) to be valid we require the char-
acteristic energy I' to be small compared to any
other characteristic energy in the problem, such
as k1'. The dynamics are related to the spatial
coordinates through relations such as Eqs. (3)
and (4), so that if the parameters have been meas-
ured we can then utilize these relations to com-
pare equivalent regions in q over which the scal-
ing assumptions should be valid. For this pur-
pose we define" q', to be the characteristic wave
vector at which the dispersion relation reaches
kT:

behavior is to compare the characteristic ener-
gies predicted by Eq. (3) at the zone boundaries
(Z.B.). For the band ferromagnets we find
(Table I) that I'(Z.B.) is of the order of band en-
ergies (in electronvolts), while for EuO we find
I'(Z.B.) -kT, . This result emphasizes the fact
that the microscopic physics (contained in A and
kT, ) underlying the magnetism in these two
classes of systems is of course different. It
also implies that the sharp "ridge" of scattering
above T, observed in iron and nickel is intimate-
ly related to the band properties of these itinerant
magnets.

One important assumption in the above analysis
is the Lorentzian form for the spectral weight
function E(q, E). Scaling theory does not specify
I', but it does demand that the shape be the same
for any particular value of tc/q. In particular at
T„E(q, E/E, ) must be the same function for all
q, so that any observed change in shape would
also indicate a breakdown of the scaling assump-
tions. Substantial deviations from the Lorentzian
form have in fact already been observed near T,
for the Sd magnets"' at quite small q, while
for EuO" and EuS" the data reveal a qualitative
change in the shape of E(q, E) at large q. In the
latter case the maximum in E(q, E) shifts to
finite energy halfway to the zone boundary, with
relatively well defined spin waves persisting
above T, for q ~q, . If we use Eq. (5) to scale
this observed behavior to the M ferromagnets,
we might then expect structure to develop in the
spectral weight function at considerably smaller
reduced wave vectors, as reported originally. "
The details of the shape of +(q, E) for iron and
nickel, however, have not been satisfactorily
resolved experimentally

Finally we comment on the shape of the spectral
weight function in the (small-q) scaling region.
At T„ the theoretical prediction for Fig. 1 will
aluays be a straight line passing through the ori=
gin, with only the slope of the line depending on
the detailed shape of +(q, E). This is a general
result which follows from the fact that at T, the
correlation length drops out of the problem, "
so that dimensionally the only way to construct
a length is through the quantity energy/&. Thus
scaling demands that Eqs. (3), (4), and (5) all
have the same form at T,. The q widths must
also obey an equation of the same form, which
then necessitates a linear relationship for the
theory. Certainly a spectral function different
from a Lorentzian, which gives a smaller slope,
would be in better agreement with the data in

q, = (kr, /3~)". (5)
The values (in reduced units) are given in the
table, where we see that the characteristic wave
vectors are much smaller for the M magnets.
Thus spin diffusion can be expected to describe
the dynamics properly over a more restricted
fraction of the Brillouin zone for the (high-T, )
metallic ferromagnets relative to the (low T,)-
Heisenberg insulators such as EuO, as found
experimentally. " This difference in behavior is
due to the larger values of A/kT, for the 3d mag-
nets, which ratio may be useful as a criterion for
distinguishing itinerant" from localized" spin
systems. Another way to view the same basic
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Fig. 1 {presumably at the expense of the small-q
data). It is clear, however, that the data in this
region of q disagree with the scaling predictions
in a fundamental way.
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