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Crises and Hysteresis in Coupled Logistic Maps
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A new type of "crisis" is found in coupled logistic maps. In this crisis several chaotic
attractors undergo cyclic collisions with their basin boundaries and merge into a bigger
one, whose chaotic dynamical behavior exhibits cyclic transitions among its components
with a well defined overall period.

PACS numbers: 02.10.+w, 03.20.+i, 05.40.+j

The sudden qualitative change in chaotic dynam-
ical behavior induced by the col.l.ision of a strange
attractor with an unstabl. e fixed point has been
called crisis of the chaotic attractor by Grebogi,
Ott, and Yorke." Crises of two kinds have been
identified: (i) a boundary crisis, where a strange
attractor collides with an unstable fixed point on
the boundary of the basin of attraction, causing
the disappearence of both basin and chaotic at-
tractor; and (ii) an interior crisis, where the
collision occurs within the basin of attraction,
and produces almost always a sudden expansion
of the attractor itself.

Ig. this paper, we present evidence for the exis-
tence of a new type of crisis, characterized by the
simultaneous cyclic collision of several. coexist-
ing chaotic attractors with the boundaries that
separate the respective basins of attraction. This
situation is illustrated schematically in Fig. 1.
Immediately after collision, as the control pa-
rameter is continuously varied, all the attractors
that take part in the cyclic collision merge into a
single larger attractor. Its dynamical behavior
is characterized by cyclic transitions of the phase-
space trajectory from one to the other of the ori-
ginal attractors in a fixed order, but with seem-
ingly random residence times on each of them.

Examples of this type of crisis are provided by
the symmetric two-dimensional logistic map with

FIG. 1. Illustration of a cyclic crisis encountered by
three chaotic attractors (Al, A2, A3) with separate
basins of attraction (B1, B2, B3).

a bilinear coupling term:

x„„=F(x„,y„)=4xx„(1-x„)+yx„y„,

y„„=&(y„,x„)= 4&y.(1 y„-)+ry. x.
A mapping of the type given by Eqs. (1) and the
corresponding one with a linear coupling term' '
have been shown to exhibit complicated dynamical
behavior, including quasiperiodicity, phase lock-
ing, intermittency, period adding, long-lived
chaotic transients, etc. In this paper, we con-
centrate only on the dynamical. behavior associat-
ed with the crisis of Eqs. (1) by selecting y =O.l
and varying X. In addition to the cyclic crisis
mentioned above, we have al.so found evidence for
a boundary crisis of a type similar (but not iden-
tical) to the one found in Henon's map by Grebogi,
Ott, and Yorke. ' A boundary crisis occurs in our
case through the collision of a chaotic attractor
with the basin boundaries that separate it from
several other coexistent periodic or quasiper-
iodic attractors (another chaotic attractor, in
their case). Upon an increase of X beyond its
critical value for the onset of a crisis, the chao-
tic attractor and its basin disappear while the
basins of the remaining attractors undergo a sud-
den expansion. This, in turn, produces hystere-
sis effects' in the dynamics as X decreases through
its critical. value.

The Lyapunov exponents provide a convenient
way to characterize quantitatively the thresholds
of the various dynamical behaviors and to meas-
ure the randomness of the chaotic, quasiperiodic,
and periodic attractors. In particular, with the
help of the largest two Lyapunov exponents, we
have traced out the route to chaos of a single at-
tractor by selecting as the starting point of a giv-
en iteration the final condition corresponding to
the previous values of ) . On observing a sudden
change in dynamical behavior, as revealed by the
Lyapunov exponents or by the phase protrait, we
have reversed the direction of variation of X and
searched for the existence of hysteretic behavior.
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FIG, 2. Bifurcation scheme of the map (1) with y =0.1. The attractors are denoted by P (periodic), PD (periodic
attractor located on the diagonal}, Q (quasiperiodic), C (chaotic), and ESC (escape to infinity). The integer ~ that
preceeds the symbols indicates that the attractor can be divided at most into pg separate parts such that each part
is an attractor of the map E&"& [E&"&(~,y) =—E(E&" '&(~, y), Fi" '&(y, ~)), Ht& —= Ej. We use multiple horizontal
lines to represent several coexisting attractors with their own basins. Double lines under an attractor symbol de-
note coexisting attractors which are mirror images of each other. Frequency locking and windows within the quasi-
periodic and chaotic regions are not indicated.

With this procedure, we have obtained the sta-
bil. ity domain in the space of the control param-
eter X (see Fig. 2).8 As shown, in particular, in
Fig. 2(a), the entire stability domain can be sep-
arated into three main branches, each with its
own bifurcation route to chaos. There are clear
similarities between the bifurcation routes of the
upper and lower branches. The middle branch,
on the contrary, contains more complicated sub-
structures as shown in Fig. 2(b). Details of the
various bifurcation schemes will. be discussed
elsewhere. Here we focus, instead, on the nine
cases of crises resulting from this map.

These nine crises can be divided into two groups:
The first (boundary crises) consists of five cases
which are indicated in Fig. 2 by downward ar-
rows. As an exampl. e, we discuss in some detail
the crisis occurring at Xc, =0.8782. Figure 2(a)
shows the existence of a region with X ~ XQy where
three attractors coexist (these are labeled 2C,
4PD, and 4P fol.lowing a nomenclature that is ex-
plained in the caption to Fig. 2). We have identi-
fied their respective basins of attraction and dis-
played them in Fig. 3. Also shown in this figure
is the phase portrait of the 2C attractor which
almost touches its basin boundary. %e note that
the 2C attractor seems to approach its basin
boundaries with the 4P and with the 4PD attrac-
tors at the same time. Above the threshold value
1cy the 2C attractor and its basin suddenl y d isap-
pear while the basins of the 4P and 4PD expand
to fill the domain previously occupied by the 2C
basin. This expansion occurs in a highly inter-
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FIG. 3. Basin structure and 2C attractor for y=0.1,
and ~ =0.8782. 'The blank region represents the basin
of 2C; vertical lines denote the basin of 4P; horizontal
lines the basin of 4PD.

laced fashion. ' The best way to il.lustrate this
point is to examine the behavior of the maximal
Lyapunov exponent (MLE) in the range 0.84& X

& 0.9, as shown in Fig. 4. The MLE's in this
case are all calculated by selecting a fixed initial
point for the iteration (x,= 0.3, y, = 0.4) which is
located in the 2C basin when X = Xc,. Our re-
sults show that, after the destruction of the 2C
attractor, the plot of the Lyapunov exponent ap-
pears to split into two curves. A closer examina-
tion shows that the values of the MLE's undergo
frequent jumps as X varies in this region. This
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FIG. 4. Maximal Lyapunov exponents for y=0.1 and

A. in the range 0.84~ ~ 0.9. The initial conditions are
fixed at go ——0.3, yo =0.4.
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FIG. 5. One of the eight chaotic attractors of the map
~ at y = 0.1 and ~ = 0.884 868 3.

phenomenon arises from the highly interlaced na-
ture of the 4P and 4PD basin boundaries which
move past the point (x»y, ) many times upon sl.ight
variations of the control parameter X. On rever-
sal of the direction of the variation of .X through
Xc and tracing of the path of either the 4PD or
4P attraetors, the system does not return to the
upper branch as shown in Fig. 2(a); we conclude
that hysteresis is always associated with such
crises.

The remaining four crises which are located at
the right ends of the horizontal, double lines in
Fig. 2 belong to the second category (cyclic cris-
es) as mentioned in the introductory paragraphs. "
In all these four cases, and when' is smal. ler
than, but close to, the critical crisis value, we
always find two coexistent chaotic attractors
which are mirror images of each other. To be
more specific, we shall focus on the crisis oc-
curring at A. c, = 0.8848680 which can be found
on the middle subbranch of Fig. 2(b). The en-
tire interval corresponding to the horizontal.
double lines consists of two coexisting attractors
which are mirror images of each other. This in-
terval begins with two 64P attractors which bi-
furcate via a Hopf bifurcation into two 64Q attrac-
tors. The quasiperiodic attractors then evolve
into two sets of 64 chaotic islands (64C) through
frequency locking and intermittency. Perhaps
the best way to describe this crisis is to consider
the F "~'(x„,y„) map. (F'"' is defined in the cap-
tion of Fig. 2.) When X is slightly smaller than

X&» I'""generates 128 chaotic attractors, each
with its own basin of attraction. At the threshol. d

value, X = Xc» sets of sixteen chaotic attractors
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FIG. 6. Time record of the y coordinate of the at-
tractor shown in Fig. 5. The horizontal axis is labeled
by the number of iterations of F'&64~.

coalesce into one, leading to only eight final. at-
tractors. The collisions between the sixteen at-
tractors and the respective basin boundaries take
place simultaneously in a cyclic fashion as illus-
trated in Fig. 1. An example of the outcome of
these col.lisions is shown in Fig. 5, which dis-
plays sixteen rings linked together. Immediatel. y
after the crisis (X ~ Xc,) the system trajectory of
the I "~' map moves around the sixteen linked
rings in a cycl. ie order. This is il.tustrated in
Fig. 6 by the temporal record of the y coordinate
for one of the eight chaotic attractors. The resi-
dence time on each of the rings appears to be
random, but the travel time (or period) T re-
quired to go through a complete cycle, when av-
veraged over many cycles, is a constant that
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does not seem to depend on the initial conditions.
We find empirically that the averaged period (T)
scales as (X —Xc) in the vicinity of a cyclic
crisis. More specifically, around X~, the k value
is approximately 0.53 which is probably a conse-
quence of the fact that the overl. apping region be-
tween the original. attractor and the basin of the
other attractor is a one-dimensional curve. '"
In contrast, around A. c,=0.8588, k is close to
1.0, corresponding to a two-dimensional. region
of overlap. These resul. ts are consistent with
our observation that onl.y the maximal Lyapunov
exponent is positive for the chaotic attractor
around Xc„but both the largest two Lyapunov
exponents are positive around Xc,. As X approach-
es X&, from above, the average period increases
indefinitely, and the system trajectory settles
down in one of the sixteen attractors when X be-
comes smal. ler than Xc,. No hysteresis exists
for a cyclic crisis.
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An initial point on the diagonal necessarily reduces

Eq. (1) into a small one-dimensional map, whose at-
tractors may not be stable against small perturbations
in a two-dimensional space. Only stable kinds are en-
tered in Fig. 2.

9Chaotic transients always exist for this kind of crisis.
This is intimately related to the highly interlaced na-
ture of the basin structure.

Cyclic crises have also been observed for cases
where the two ~'s in Eqs. (1) are taken to be different.
Their occurrence in these cases can be related to the
existence of a chaotic- transient.
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