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Sliding Dynamics of the Incommensurate Chain
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The dc dynamics of the sliding incommensurate chain is reduced to a purely static prob-
lem. The sliding system is described by a static hull function which becomes singular,
above the critical pinning strength, as the velocity approaches zero. Both ac and dc
sliding dynamics are determined numerically for the cases of weak and strong pinning
and short- and long-range interactions. Excellent agreement is obtained with experiments
on sliding charge-density waves near threshold, both in NbSes and in TaS3.

PACS numbers: 72.15.Nj, 72.15.Eb, 72.20.Ht

Incommensurate structures, such as charge-
density waves (CDW's) and adsorbed monolayers,
are now familiar in solid-state physics. ' The dis-
covery' of electrical conduction due to sliding
CDW's raised a wide range of questions concern-
ing the dynamics of sliding incommensurate struc-
tures. This article reports progress in the ana-
lytic study of such dynamics and in the under-
standing of related experimental results.

The incommensurate system studied here is a
simple extension of the model of Frenkel and
Kontorova, ' and the dimensionless equations of
motion can be written

M~ + Qp Kp (2Q) —Qg p
—Q)+ p )

= f+PcosFI(j + u,. ),
where j=1, 2, . .. , N, P is the strength of the pin-
ning force, and 2w/H its wavelength. The case of

v =f+ PFolw
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for 1 =- p & N/2, where

N- ~ and H/2w equal to an irrational, p, was
studied by considering 8'/211 =llf„/N, where M„
is an integer, having no common factor with N,
and M„/N- p as N- ~.

Equation (1) was Fourier transformed to re-
place the u j's by phase-shifted Fourier compo-
nents w =a exp(in ):

=exp(-imtJu, )N ' P exp(- imHj}&q

for m=0, 1, 2, . . . , N-1. Using Bessel functions
to expand the cosine in (1) gives terms with an
explicit N dependence. As N- ~ for a bulk veloc-
ity v & 0, these terms can be shown to vanish
to every finite order of perturbation in P and
oscillate at arbitrarily high frequencies about
zero. To treat the limit N- ~, only those terms
with no explicit X dependence were retained.
This gives

(3a)

(3b)
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1. ~ m&P/2
(3c)

indePendent of mo.

For constant o, static solutions, with ie„=O
for p. ~l, were found. A finite number,
of the u „were retained and the corresponding
coupled equations (3b) were solved numerically,
treating the retained se„ to all orders. The coup-
lings in (3c) were computed with N large enough
that increasing it had no significant effect. These
solutions were tested in two ways. Firstly, the
dc characteristic was calculated. With weak pin-
ning, clear convergence, with increasing p
to a linear response at f =0 was found, with no

threshold. For strong pinning the emergence of
a threshold singularity, with increasing p

! was clearly indicated. The results thus agree
with present knowledge4 at low velocities and are
also correct to all orders in perturbation theory
at moderate and high velocities. Secondly, the
solutions were tested for stability to small per-
turbations and were found to be dynamically
stable.

Since these solutions are static, exploiting,
translational invariance has transformed the de
sliding dynamics of the infinite incommensurate
chain to a purely static problem.

From (2), the Fourier components, y„, of the
distortions then have a simple time dependence:
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g„(x)=2 Q g cos(mHx+ o. ).
m&X i2

(5)

Much attention has been given'' to the way, at
f=v=0, g„changes from being analytic, for weak
pinning, to singular, for strong pinning. The
present studies showed the amplitudes a de-
caying exponentially with m when v &0, even with
strong pinning. The function g„ is then analytic
for v & 0. Thus for strong pinning a breaking-of-
analyticity transition occurs in the new hull func-
tion, as the velocity approaches zero at thresh-
old. The complicated time dependence of the
u~(t) near threshold is expressed, by (4), com-
pletely in terms of the emergence of singulari-
ties in this new hull function.

Linear ac response, in the presence of a dc
field, has been studied experimentally' in the
CDW systems NbSe, and TaS,. At fields a few
times threshold low-order perturbation theory'
is not useful; but this region is the most common-
ly studied experimentally because the nonlinear
effects are larger than in the high-field region,
and sample heating is not a problem. The pres-

y =constx e' ""'. (A corresponding result for
excitations about the v =0 limit was obtained by
Novaco. ') Further, there is a static hull function
describing dc sliding solutions with v & 0. That
is, u~ —vt is a function of a single variable:

u, —vt =g„(j+vt),

where the periodic function g„ is given by

ent techniques were therefore used to determine
the ac response of the sliding incommensurate
chain near threshold. Having reduced the dc
dynamics to a static problem is very useful. The
ac response of a time-dependent solution is much
more difficult to obtain than that of a static solu-
tion, for which the ac response, like the dc char-
acteristics, can be determined without numerical
integration.

The CDW's in NbSe, and TaS, are three-dimen-
sionally coherent. ' One effect of higher dimen-
sionality is to increase the coordination of the
system. To mimic this increased coordination
crudely, a sixfold-coordinated chain was con-
sidered with tf, =K, =K, =z, tf~ =0, p & 3.

By considering in (3) a small perturbation about
a static dc solution, the ac response, a(&u) =o'
+ to" was determined, for" p = (5'~'+ 1)/2 a,nd

HE=3.0. The results (with p. ,„=15)for v' and
the dielectric response —cr"/cv are shown in Fig.
1. The basic features in Figs. 1, 3, and 5 are
preserved with increasing p, „.The threshold
force was estimated from the dc results.

Figure 2 shows experimental results' for
Res(u&) and e(&u) of the sliding charge-density
wave in NbSe, . Figure 1 is seen to account well
for the voltage and frequency dependence of both
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FIG. 2. ac response (Ref. 7) of NbSes.
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infinite-range interactions; c.f. Fig. 4 and text.
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components of the ac response. This may not
have been expected since CDW dynamics are
dominated by randomly positioned defects" while
the chain is in a periodic potential.

In experiments' performed on TaS, at 130 K,
the sharp interference features seen'with NbSe3
(Figs. l and 2) were not observed. TaS, becomes
a semiconductor" below the CDW transition,
while NbSe, is metallic. ' At 130 K the conductivi-
ty of TaS, has fallen two orders of magnitude
from its value at the transition. As discussed
earlier, "this reduces the screening capacity
of the normal electrons and can allow long-range
Coulomb interactions of the CDW with itself.

The sliding dynamics of Eq. (l) with long-range
interactions, K~ =2/N for all P, was therefore
determined. The results (with p, „=20) are
shown in Fig. 3, and can be compared with the
experimental results in Fig. 4. Not only does
including long-range interactions account for the
absence of interference features, but the proper-
ties of the incommensurate chain are seen to
match those of TaS, extremely well. The dif
ference between the ac properties of NbSe, and
TaS, can now be understood for the first time as
being due to the presence in TaS„as suggested
earlier, "of long-range Coulomb interactions
of the CDW with itself.

The ac response was also determined with f
=0, and compared to the dc conductivity v/f.
The results (with p „=20)are shown in Fig. 5

for long-range interactions. Similar results
were obtained for the sixfold-coordinated chain.
The experimentally observed' " scaling, of
field- and frequency-dependent conductivities,

bias voltage Vd, {mVj

FIG. 4. ac response (Ref. 7) of Ta83.
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FIG. 5. Scaling of field-dependent (crosses) and
frequency-dependent (circles) conductivities in the
classical chain.

is thus exhibited by this classical model, and can
no longer be regarded" as evidence for a quantum
mechanical theory of CDW conductivity.

Although these calculations do not probe asymp-
totic low-frequency threshold properties it is
interesting to speculate that the detailed form of
the potential becomes less important as one ap-
proaches threshold. In any case, the comparison
of theory with experiment seen in Figs. 1-5 shows
that, in fields comparable to threshold, the in-
commensurate chain gives a much better pic-
ture of CDW dynamics than might have been sus-
pected.
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