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A nonperturbative theory is developed for free-free transitions of electrons colliding
with atoms in intense high-frequency laser fields. The energy of the incoming electrons
is assumed to be smaller than that of the photons. Rather simple expressions are de-
rived for the multiphoton absorption amplitudes. Large deviations from the laser-free
case are shown to appear in elastic scattering. The theory applies at already existing
laser frequencies but extends beyond, to the extreme ultraviolet range.

PACS numbers: 32.80.Kf, 32.90.+a

Studies of multiphoton free-free transitions of
electron-atom systems in intense laser fields
have been done predominantly at low frequencies,
stimulated by the theory of Kroll and Watson,?
However, lasers of increasingly high frequencies
have become available, some of them operated
at high intensities.® No theory exists so far for
this case. We shall present here a method for
treating free-free transitions specifically adapted
for the high-frequency, high-intensity regime.
The method is nonperturbative with respect to
the coupling of the electron to the radiation field.

A fully realistic description of the target atom,
taking into account its internal degrees of free-
dom, is prohibitively difficult. We shall repre-
sent the atom by a potential model, the merits
and limitations of which are well understood.*
Besides, it is a logical starting point towards a
more complete solution of the problem. The po-
tential will be taken to be of the central self-con-
sistent type: Coulomb-like at the origin [V ()
~ ~Z/7], short range or ionic [V(r)==Z'/r] at
large distances, but unspecified otherwise.

The laser field will be represented by a mon-
ochromatic plane wave, linearly polarized, in
the dipole approximation. The plane-wave as-
sumption is not critical, as the extension to a
laser pulse can subsequently be made.® Linear
polarization is assumed in view of simplifying
the algebra, and the dipole approximation is jus-
tified in the frequency range we are interested in
(from the visible to the extreme ultraviolet).
Consequently, we take the electrodynamic poten-
tials of the wave in the form A =3 cosw? (with &
real) and ¢ =0.°

Application of the space translation transforma-l

tion (Kramers and Henneberger’) to the Schro-
dinger equation gives®

[3B2+vE+ (NP =i(3y/0¢), (1)
where®

&W)=-c [ K(¢)ar = &, sinwt,

@,=-a/wc. (2)

This should be solved by imposing the boundary
conditions of our problem: an incoming current
of particles of energy E =p2/2, and radially out-
going currents of scattered particles of energies
and momenta

E,=E+nw, E,=p,%/2, n=0,£1,22,,... (3)
Equation (1) has periodic time-dependent coef-

ficients. As usual, we seek a quasiperiodic so-
lution of the form

(T, t)=e BT L b (F)e i, (4)
Then, we Fourier analyze the potential:
V(F+8(t) =202 o Vi(@o; T e ™imt, (5)

By some algebraic manipulations the coefficients
can be written as

Vn(Eo; T)= (i"/ﬂ)j::lV(f+ 30u)Tn(u)(1 _u2)-1/2du,
(6)

where Tn(u) are Chebyshev polynomials.,

Insertion of Egs. (4) and (5) into Eq. (1) leads to
a system of coupled differential equations for the
components §,(¥), which we write

BBV (Eeno)dy=m 5 Voedp. (D

The boundary conditions require that our solutions
¥(&,,w; T) behave asymptotically as follows:

Voo, w3 T) = expli[ DT + v, In(p7 = D)} + fo(dy, w; 7) exp[i(pr = ¥, In2p7)] /7, (8)
Vol 03 F) = f (o, w; 7) expli(p, 7 = v,In2p,7)| /v (n#0), (9)
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with y,=-Z'/p, (for a short-range potential Z’ By use of the Green’s operator G(Q) associated
=0). Equation (8) contains the elastic scattering to it, where Q is the energy parameter, Eq. (7)
amplitude f,(a,, w; #), and Eq. (9) that for absorp- may be formally solved as
tion/emission £, (a, w; #). The associated scat- P, =95 8,,—=GCNE,) T Viwd- (12)
tering cross sections are!® (m %n)
do. /a9 Here 5" is the (d,-dependent) solution of the
" . o equation
=(P,./P)|f,,(ao,w§'r)| (n =07i1’i2,"-)- (10) HZ!)E:EZPE) (13)

We shall now describe a method for handling
the system Eq, (7). The left-hand side contains
the Hamiltonian

satisfying the boundary condition Eq. (8) with an
amplitude f,(9(a,; ¥). It then follows from Eq.
(12) that the y, satisfy the boundary condition re-
H=3P%+V,(d,; T). (11), quired by Eqgs. (8) and (9) with the following ex-

| pression for the scattering amplitudes:

- - > A 1 -
Fol@oyw; 7)=fo! P (Eo3 )80 = (1 =8,0) 5 (¥5 |V, [ 45

1
v DD 5,01V G (B Vol 8,00, (14)
(m';ln)(m?;m)

Besides ¢5, Eq. (14) also contains ¥ ‘*’, which is an incoming-wave solution of Eq. (13), as well
as the unknown set of components ¥,,,(r) satisfying Eq. (12).

By repeated insertion of Eq. (12) into Eq. (14) an expansion can be derived for f,. Obviously, the
iteration will have practical significance only if the successive terms decrease sufficiently rapidly.
Since this will not be true in general, it is important to establish the conditions under which the first
nonvanishing term of Eq. (14) represents a good approximation. For (a) w> |E (a,)|, where E (a,)
is the ground-state energy of the Hamiltonian Eq. (11)*2; (b) a2w>1; (c) w>E, it was possible to ex-
tract the exact form of the dominant contribution to the last term of Eq. (14) (denoted below by )
for an arbitrary potential of the type discussed before. In the case of elastic scattering we find

R 1) 72 _ - vy = ~ - N . -1 2,.\2 o(l 2
<I:Jc:m ((;))> = W[%O‘ (@) Y5 (o) + U5 TH(= @)Y (- ao)]< 1511220:))++0(((a2:3):;)>’ (15)

where P,=p7 is the final momentum [see Eq. (3) |
for n=0], and the corrective terms O also de-

Vo(@,; T) is simply the potential created by a lin-

pend on a,, E, 6. Thus at given a,,'® and suffi- ear “charge” distribution of density 7~*(1 —u2)™1/2
ciently high w [obeying conditions (a), (b), and (c) extending from — @, (u=1) to & =-1), the po-
and the dipole-approximation assumption] it is tential generated by the unit of “charge” being
possible to satisfy the inequality (d) |f,’(a,,w; V(). This behavior appears natural due to the
E,0)|<|f,®(ay; E,0)]. Whereas this holds in rapid oscillations of the center of force in Eq.
general over wide ranges of parameter values, it (1).11
should nevertheless be checked for each case For the absorption amplitude (2> 0) we get to
separately because f,{°> may become exceptional- lowest order from Eq. (14)
ly small for certain angles (e.g., see Fig. 2). 1
Conditions (a)-(d) together ensure the dominance flay,w; 7)== 5 (zp;n"’|Vn| vz (16)
of the first term in Eq. (14). However, this may 4
hold under wider conditions than we were able to Thus, the Fourier component V, acts in our re-
prove. gime as a transition operator between scattering
Thus, the elastic amplitude f, reduces, to low- states zba(*’ of the dressed potential V,. The am-
est order (in the sense discussed above), to £, plitude f, depends on w via the final momentum
which is that calculated from the time-independ- D, [see Eq. (3)]. Because w was assumed to be
ent Schrodinger equation Eq. (13). This shows large at given a,,'® all f, will be small with re-
that in the high-frequency, high-intensity regime spect to f,. (This contrasts with the low-fre-
the incoming electron feels only the static dis- quency case where many f, may be larger than
torted potential V (&,; T), the “dressed” potential fo-) Note that the condition (c) above precludes
associated to V(r). From Eq. (7) it follows that free-free emission (n< 0).
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Since the original potential V(r) is spherically symmetric, Vy(a,;r) and all V, (d,; r) have axial sym-
metry around 50 (we have assumed linear polarization). For example, in the case of pure Coulomb
potential V(r)= - Z/7, Eq. (6) yields

Volo; F) == (2Z/7)(v,7r ) Y2K(27Y2(1 = 7,7 )2, 17)

where ¥,=T + &, and K is a complete elliptic integral of the first kind. V, has a logarithmic singularity
along the distribution of charges, and 7, -1/2 singularities at its end points (all weaker than the original
Coulomb singularity). The dressed Coulomb potential Eq. (17) is represented graphically in Fig. 1.

The axial symmetry of the elastic scattering problem Eq. (13) makes it resemble the electron-dia-
tomic-molecule and the proton—-deformed-nucleus scattering (both in the static approximation with the
internal degrees of freedom neglected). The powerful computer programs developed for these cases
can be adapted to our needs.* However, for the time being, one may get an idea of the magnitude of
the effects involved by considering a simplified problem, in which the dressed potential Vy(d,; T) is
simulated by its spherical average V,(r).!s

We shall illustrate the simplified version on the elastic scattering from a pure Coulomb potential.
In this case, from Eq. (17),

1= pn2l1/2

- (Z/waop)lrz arcsinp—pln %4_—%——_—2%172—] , p<1,
o) =1 P (18)
- (Z/aop), P 21,

where p=7/a,. Since V,(r) can be regarded as a |
Coulomb potential modified by a short-range dis-

tortion, the scattering amplitude can be calculat-
ed by the two-potential formalism.! The total,
modified amplitude f,(#) is then the sum of the
Coulomb amplitude f°(#) and of a short-range
contribution f'(#), which can be obtained from a
phase-shift calculation, In Fig. 2 we give the ra-
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FIG. 1. Values of the dressed Coulomb potential V;
in a plane passing through the symmetry axis defined
& i i 0.0+ + v
by é&. In this plane, taken as the hc»_rlzox}tal base of o 20 40 o 80 100 120
the figure, distances are measured in units of qq. SCATTERING ANGLE
Along the vertical we represent (— ogVy/Z) in atomic

T

e e B
140 160 180

units, up to the value 10. The saddle of the figure re- FIG. 2. Ratio of differential cross section for elastic
flects the rise in V; near the line of singularities (ex- scattering from the averaged dressed Coulomb potential
tending from — &, to &) and their increasing strength Eq. (18), to the Rutherford cross section, Nuclear

towards the end points. At radial distances larger than charge Z=1; electron energy E =0.05 Ry; «y=1, solid
oy in the horizontal plane, the distortion of the Coulomb line, and a(=3, dashed line [for the definition of ¢,
potential fades away (the level lines become circular). see Eq. (2) and Ref. 9].
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tio of the modified to the original (Rutherford)
cross sections for two cases within the validity
of our theory, and accessible experimentally.®
It is apparent that the modified cross section
(for V,) can differ considerably from that of the
laser-free case.'”

We conclude that electron-atom free-free tran-
sitions in the intense, high-frequency laser fields
now becoming available for experiments reveal
new features, contrasting with those known at
low frequencies.” A detailed numerical inves-
tigation is in progress (see Ref. 14). We are ap-
plying similar methods to multiphoton ionization.
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sity and 7,=38.51x 10 W/cm?, The values of o of
present interest lie somewhere between 0 and 100.

For w=0.23 a.u. and 7=~10® W/em?, which correspond
to the conditions of Ref. 3 (under somewhat stronger
focusing), ag=3.1.

Opor a laser pulse with slowly varying amplitude on
the atomic scale, Eq. (10) should be time averaged ap-
propriately; see Ref. 5.

The energy eigenvalue equation Eqs. (11) and (13)
was considered before for bound states in a high~
frequency laser field by J. I, Gersten and M. H. Mittle~
man, J. Phys. B 9, 2561 (1976).

21 follows from Eq. (6) that by éncreasing o, V, be-
comes shallower, and therefore |E(ay) | decreases in
general from its unperturbed value at ¢=0. This
trend is confirmed by the calculation of Gersten and
Mittleman, Ref, 11, Fig, 1,

1BThe low-frequency result of Kroll and Watson is
derived under the same constraint (see Ref. 1, and
also Mittleman, Ref, 2, Sec. 6.4).

14A computation along these lines for several model
potentials is now being carried out in collaboration
with Dr. J. van de Ree,

5This should give the right order of magnitude for
elastic scattering, especially when the de Broglie wave-
length of the electron is larger than the extension of
the “charge” distribution (pag=<1). On the other hand,
interesting features related to the dependence on the
direction of the polarization vector will be washed out.

65ee the book of Joachain, Ref. 2, Chap. 17.

The ratio is equal to 1 for vanishing § because f¢
tends to infinity, whereas s’ stays finite.



