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Flatness of the Universe: Reconciling Theoretical Prejudices
with Observational Data
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Theoretical prejudices argue strongly for a flat Universe; however, observations do not
support this view. We point out that this apparent conflict could be resolved if the mass den-
sity of the Universe today were dominated by (i) relativistic particles produced by the recent
decay of a massive, relic particle species, or by (ii) a relic cosmological constant. Scenario (i)
has several advantages in the context of galaxy formation, but must confront the problem of
a young Universe.

PACS numbers: 98.80.—k, 12.10.En, 14.60.—z, 98.80.Bp

Theoretical prejudice (specifically, the "natural-
ness" of the k = 0 Einstein —de Sitter model' )
strongly suggests that today 0 should be 1 (more
precisely that k = 0). Inflationary Universe
scenarios' 3 provide a means for ensuring that the
curvature term is negligible today. Although the
observational data on the precise value of 0 are far
from being conclusive, the data suggest that
0 = 0.1—0.3 and none suggest a value as high as 1.
However, all of the methods used are only sensitive
to mass which clumps on scales & 100 Mpc, and
would not have revealed the presence of mass
which is smoothly distributed out to scales » 100
Mpc. s Thus it is possible to reconcile theory and
observation if the matter which clumps (say, e.g. ,
baryons) provides 0 = 0.1—0.3 and the additional
mass density required in a k = 0 cosmology is pro-
vided either by relativistic particles, which by virtue
of their high speeds are necessarily smooth on all

scales up to the present horizon, or by a relic
cosmological term, which by definition is spatially
constant. We shall explore both possibilities, giving
considerably more attention to the former. In fair-
ness we mention that all of the observational tech-
niques for determining 0, rely upon the assumption
that galaxies provide a good tracer of mass. If this
very nontrivial assumption is not valid, then the
discrepancy which we are trying to resolve may not
exist at all!

In a k = 0 Friedmann-Robertson-Walker cosmo-
logical model the evolution of the cosmic scale fac-
tor R (t) (which we normalize so that R«d, v= 1) is

governed by

H =—(R/R) = 8m Gp/3+ A/3,

where H is the expansion rate, p the total energy
density, and A the cosmological term. For conveni-
ence we use 0 R, ONR, and 0 q to refer to the frac-
tion of critical energy density contributed today by
relativistic (R) particles, nonrelativistic (NR) parti-
cles, and the cosmological term; the critical density
is p„;,—= 3Hp/8mG, whe~e Hp=50ht12 km s
Mpc ' is the Hubble parameter. Note that
OR+ ONR+ OA= 1.

(i) Universe dominated by R particless (0 tt=1—fI tvtt » IItvR). —There are two immediate
concerns with such a model: the age of the
Universe, tU = Hp '/2 = 10h t12' Gyr, and the
growth of the density perturbations necessary for
galaxy formation. Determinations of Hp suggest
that h~~2 & 1,' implying that tU could be at most
10 Gyr. Although the ages of globular clusters and
nucleocosmochronology suggest a "best value" for
the age around 15 Gyr, ' it has been argued that tU
could be as low as 10 Gyr. " At present systematic
uncertainties preclude a precise determination of
Ho, the lowest values reported do not exclude a
value for Hp as small as 30 km s ' Mpc ' (when a
3o- uncertainty is taken into account) .s For
tU -0.55Hp ', and H—p=30—45 km s ' Mpc
tU = 18—12 Gyr. The age problem is a serious one,
and this scenario can be falsified if HptU is shown to
be & 0.55.

Now consider the growth of density perturba-
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tions. Perturbations in a NR component do not
grow significantly while the mass density of the
Universe is dominated by R particles. ' To avoid
this difficulty we suppose that the Universe became
radiation dominated only recently, as a result of the
decay of a massive, relic species (denoted by X)
into light (m « 10 eV) particles which are still rel-
ativistic today. Denote the epoch of X decay by
R = RD and t = tD—- ~z (= lifetime of the X); as
we shall see we will be interested in RD —-0.1 —0.5.
In such a scenario, as we shall show, there is no dif-
ficulty with the growth of density perturbations—they grow during the epoch in which the mass
density of the Universe is dominated by NR X's.
In order to avoid the very stringent constraints on
the abundance of a relic species which decays radia-
tively, we will need to insure that the branching ra-
tio to radiative channels is very small ( & 10 6).'3

If we make the simple assumption that the NR
component today is baryons, then through primor-
dial nucleosynthesis' the observed abundances of
the light elements constrain ANR.

n„„=(O.O42-O. 14)hg, 'e', (2)
where 0= T„/(2.7 K) (3.0 K) T~ ) 2.7 K). For
htt2= 1 (0.8), &„a can be as large as 0.19 (0.30)—large enough to account for the dark (and lumi-
nous) matter in galactic haloes, galaxy clusters, etc.4

In this scenario the Universe becomes matter
dominated (by NR X''s; p~ =p~+ p„-„) at the epoch

R,q
——1.4&& 10 RD(Aahtt2 ) '0" and T,„=(1.7

eV) RD '(IItth&'~& )8 ', and radiation dominated
again at the epoch R = RD,

tD=rr =(4.1xlo" sec)R (IIah )

During the time the Universe is matter dominated,
R R pq to R RD density perturbations grow,
5p/per t2t3cc R (t). When the Universe becomes ra-
diation dominated, the growth of those perturba-
tions still in the linear regime effectively ceases, '2

so that the potential "growth factor" is

y = Ro/R, q
——7.3&& 103(Bah&2t2 )0 4. (3)

Note that y is independent of RD —it is the same as
it would have been in a scenario where the
Universe is stilI dominated by relic, NR X s. This is
because although perturbations cease growing when
R = RD, the epoch of matter domination begins
earlier (at a value of R smaller by a factor of RD).

From the standpoint of the growth of density per-
turbations, it appears that RD can take on any
value; however, there are other considerations.
The horizon at the epoch of matter domination to-
day corresponds to a scale A.,q= (64 Mpc)RDH'/

Qtt ht't2, and contains a baryonic mass of

Meq ~0 ~SRD R NR 1/2 ~ (4)
A perturbation which enters the horizon before the
epoch of matter domination, with an amplitude
(5p/p)tt, will grow'2 by about a factor of 2 by
R R zqp from R = R,q until today it will grow by a
factor of about y, so that for scales X &( X,q,

(Sp/p)0 -—2y(8p/p)H. A scale which enters the
horizon after R = R,q will grow by less than this
amount; for P ) X«, (5p/p)0 = y(X/A«)
x (hp/p) tt. Therein lies a potential difficulty;

A.«~ RD and so for RD too small, the scales impor-
tant for galaxy formation will not be able to under-
go sufficient growth.

To be more quantitative, the galaxy-galaxy corre-
lation function $(r) indicates that the scale which is
just entering the nonlinear regime today
[(5p/p)a= 1] has a size" X, = lohg2t Mpc and
contains a baryonic mass of M, = 3.6 x 10'3
x Mohg2 QNa. For an initial spectrum of adiabatic
perturbations [specified by (Bp/p)H] which is con-
sistent with the observed anisotropy of the 3-K
background, a growth factor 0 (2y) is about suffi-
cient for the scale X, to achieve (~p/p)o ——1.'6'7
Since A.,q~ RD, if RD & 0.16h~~qQa& the scale A.,
will enter the horizon after R = R,q and will under-
go less growth than O(2y). For example, for
RD = 0.05, X„=3 Mpc, and the growth factor for
the scale A., is =O.ly. Therefore, we will require
that RD be ) 0.1 or so. '

Now let us discuss some candidates for the X its
mass and abundance (before it decays) must be re-
lated by

my= (6.6 e V)( zn/n) 'RD '(Bah, g/B ) (5).
First consider the possibility that L is a massive
neutrino species. In this case nz/n~= —„and'
m, = (24 eV)RD '(&ah~~2/0 ). The decay cannot
be via the weak interaction, because the branching
ratio to radiative modes would be too large and the
lifetime too long. 2O However, a suitable lifetime
and negligibly small radiative branching ratio can be
obtained if the decay is due to some horizontal in-
teraction (e.g. , as in the familon2' or majoron22
models). For the familon model, 2' we have
v v'+ f (v' a very light neutrino species, f a
massless Nambu-Goldstone boson associated with a
spontaneously broken "family symmetry"), and

r„—- (10 yr) [(100 eV)/m„]3[F/(10 GeV) ]2

(F= scale of spontaneous symmetry breaking). The
symmetry-breaking scale needed for our scenario is

F= (0.5&&10' GeV)R 't'(Bah ) t e

As a result of the neutrino free streaming all pertur-
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bations on scales less than k, = (52 Mpc)
xRo(Qah&i2) '0' will be strongly damped. The
baryonic mass associated with the scale X„ is
M„= 2x IQ'sMoRD(Qahiiz ) QNa/Qtt. As in
the usual neutrino scenario the first structures to
form (pancakes) will have mass of order M„; these
pancakes must then fragment to form galaxies.

In the usual neutrino scenario numerical simula-
tions2~ indicate that it is difficult both to form
galaxies early enough [RGq & 0.25 since quasistellar
objects with red shifts z ——3 are seen; R (z)
= (1+z) '] and to achieve the observed galaxy-
galaxy correlation function. Our scenario may help
to alleviate these difficulties. Since all of the
growth (y) occurs by Ro, galaxies must form early
on (RGF ~ RD); in fact in our scenario the "usable
growth factor" is effectively a factor of 4 or so
larger (compared to the usual scenario), since in

the usual scenario after galaxies form (R = RGz),
linear perturbations could have still grown by an ad-
ditional factor of Rgz' = 4. In the unstable-neutrino
scenario A.„ is smaller (since X„~RD); this may be
beneficial since the difficulty with reproducing ((r)
is in part traceable to the fact that k„ is much larger
than A, More specifically, to achieve galaxy forma-
tion by z=3 and match the observed g(r) the
simulations require 4 Q = (2—3) h '0 . For our
scenario QNa+ Qa/RD is to be identified with Q,
suggesting that with RD =0.2 it might result in
reasonable agreement with the observed structure.

If the Xis heavy (mz~keV), then the damping
scale (MD~ mpi/mz) corresponds to a mass
& 10'zMQ —leading to the so-called "cold dark

mat ter" scenario. With the exception that
QNa ——0.1—0.3, things should proceed as they do in
the usual "cold-dark matter" scenario, where struc-
ture forms on smaller scales first (e.g. , galaxies),
and then develops in a hierarchical fashion on up to
the larger scales.

Finally, let us mention two potential difficulties
with this scenario. When R = RD, the ratio pz/pNa
is = Qtt/QNttRD » 1. Any systems (e.g. , clus-
ters, galactic haloes) that exist then and have their
mass dominated by X's may be disrupted when the
X's decay and the mass in X's disperses. Roughly
speaking, if the dynamical time scale for the system
td„„ is less than or approximately the decay time
scale 7~, the system should respond adiabatically
(increasing in linear size by a factor 6 = 1
+ Qa/QNaRD) and avoid disruption; on the other
hand if td„„& iz, then only a small part of the ori-
ginal system may remain bound. For RL)

———,',
'rz —10 yr, which is much longer than t„„„for a
galaxy ( = 10 yr) and comparable to td„„ for a clus-
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ter of galaxies. Note that for systems less massive
than M„(or Mo), the mass should be dominated
by baryons (since the neutrinos, or X 's, are initially
smooth on these scales), and so systems less mas-
sive than this will not be disrupted in any case. The
second difficulty is the peculiar-velocity field.
Peculiar velocities induced recently (R & Ro) by
the matter distribution will be small and characteris-
tic of an "0= AN&" Universe. ' However, pecu-
liar velocities induced by the perturbed matter dis-
tribution just before the X's decay (which them-
selves subsequently decay ~R ') may today be
large and characteristic of an "0= 1"Universe.

(ii) Universe dominated by a relic cosmological
constant27 One —of the outstanding puzzles in phy-
sics is the smallness of the present cosmological
term (A/mp21 & 10 ' '). Although an understand-
ing of its extreme smallness is still lacking, perhaps
there is a mechanism by which a primordial A re-
laxes to a very small value, which fortuitously hap-
pens to be significant today. In our notation this
corresponds to Qa=0, Q~„+ QA=1. The age of
the Universe is HptU = —', ln[(1 + QA )/Qga]/
Qq ', for QNa = 0.05, 0.1, 0.15, 0.2Q, HprU —1.5,
1.3, 1.2, 1.1. This scenario can easily accommodate
a 15-Gyr-old Universe, and if HprU should be
shown to be & —,', would be the only way to salvage
the k =0 model.

Once pg & pNa [R & RA—= (QNtt/Qg)' ], linear
perturbations in the matter cease growing, i.e,
BpNa/pNtt ——const. [From R = Rz to R )& 1,
BpNa/pNa grows by only a factor = 1.65.] For
QN„) 0.05 the growth only ceased recently
(Rz & 0.4); in the usual QNa (& 1 scenario (i.e. ,
Q g = 0, k ( 0) SpNa/pNtt stops growing when
R = QNtt —thus in the A A 0 scenario there is an
additional growth factor of O(QNa). If we do not
invoke another form of NR matter29 (besides
baryons), then galaxy formation should proceed as
in the original "pancake" picture and must be com-
plete by RGp & 4. Even with OA&0 the pancake
scenario with QNtt &( 1 may already be in conflict
with the anisotropy of the 3-K background. '

To summarize, we have proposed two possibili-
ties for reconciling theory and observation with re-
gard to the value of Q. The more attractive of the
two, that the Universe is today dominated by the
relativistic decay products of a massive relic species
which decayed in the recent past (RD ——Q. l —0.5),
seems to improve the viability of the "neutrino-
dominated" Universe scenario, and makes two po-
tentially testable predictions: that the deceleration
parameter is qp= 1 —QNa/2; and that very interest-
ing events were taking place at a rather modest red
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shift, z ——RD
' —1. This scenario, however, faces

the very formidable difficulty of a youthful
Universe.
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