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A covariant, symplectic, classical dynamical system is presented whose quantization, by re-
placement of the Poisson brackets with commutators, gives precisely the Dirac electron
theory. For the classical system the velocity and momentum are independent dynamical
variables, as in Dirac electron; it undergoes a real Zitterbewegung so that the spin is the orbital
angular momentum of the Zitterbewegung. Thus the longstanding problem of representing
the configuration space of quantum spin by a classical model is solved. Three different forms

of the dynamical equations are given.

PACS numbers: 03.20.+i, 11.10.Qr, 14.60.Cd

Historically quantum spin was introduced as a
‘‘classically nondescribable two-valuedness,”” as
Pauli described it in connection with his exclusion
principle.! Ever since, many attempts to model the
electron as some kind of spinning top failed, simply
because the configuration space of the quantum
spin is quite different from that of a top.? We
present here a classical relativistic model of an elec-
tron with internal degrees of freedom which are dif-
ferent than those of a top but in precise correspon-
dence with the quantum system, and whose quan-
tization exactly gives the Dirac electron. In the
process we verify for the classical model the intui-
tive picture of the quantum spin proposed by
Schrodinger a long time ago,® called ‘Zitterbe-
wegung.’”’

It is well known that the Dirac equation in
Heisenberg representation has three sets of indepen-
dent dynamical variables: position of the charge X,
velocity of the charge X=ca, and momentum P.
Position and velocity, or momentum and velocity,
can be specified simultaneously, they commute, but
position X and momentum p do not. This gives
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rise to the remarkable phenomenon of Zitter-
bewegung,® which is the rapid oscillatory motion of
the charge with velocity ¢ around a center of mass
that is moving like a relativistic particle with veloci-
ty P/m. The new center of mass and relative coor-
dinates are defined in terms of the above three sets
of dynamical variables, and one can separate the
internal and external algebras and obtain a new type
of geometry of the phase space.* A third way of ex-
pressing dynamical variables is via the spin vari-
ables, and the spin appears as the orbital angular
momentum of the Zitterbewegung.’

All of these statements are made, however, in
terms of Heisenberg operators. In order to really
visualize Zitterbewegung one has to take expectation
values with wave packets. And if one takes expec-
tation values between purely positive energy states
it is well known that Zitterbewegung disappears.

But the Dirac particle is a rather different kind of
dynamical system than a point particle with an (x,p)
phase space only, because of the additional dynami-
cal variables; in fact it is more like the radiating
classical Lorentz-Dirac electron including radiation
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reaction.® Therefore, it is important to find the

classical symplectic system corresponding to it.
Some time ago, Grossmann and Peres’ went back-
wards, turning the Dirac commutators into Poisson
brackets. They had some difficulties with manifest
covariance and the physical interpretation of the
proper time and of some of the dynamical variables.
In this work, we start directly with the Lagrangian
and Hamiltonian of the classical system in manifest-
ly covariant form and derive the different forms of
the dynamical equations. The invariant time vari-
able turns out to be the proper time of the center of
mass, and not of the charge, which removes the
previous difficulties. The set of dynamical variables
can be choosen both in classical and in quantum
theory in three different ways: (i) the center of
mass and relative coordinates and momentum; (ii)
the coordinates of the charge x, momentum p, and
spin variables; or (iii) the coordinates and momen-
tum of the charge, and the internal oscillating de-
grees of freedom.

Furthermore, we shall also show that the Dirac
electron in Heisenberg representation, the classical
model, and the classical Lorentz-Dirac radiating
electron all satisfy a third-order equation in x of ex-
actly the same form; this is a fourth way of
representing the additional spin degrees of motion.

The classical system is characterized by the usual
pair of conjugate variables (x,,p,) and by another
pair of conjugate classical spinor variables (z, —iz)
representing internal degrees of freedom. The con-
figuration space is thus M,Xx C,. We shall use an
invariant time variable 7. The motion in My;xCy
when projected down to M4 will look like a particle
with internal spin degrees of freedom. Here z € C,
is a Dirac spinor and z = z'y°.

The Lagrangian is given by

L=5\i(zz—22) +p,(x*—Zy#z)
+ed, (x)zy*z, (1)

where \ is a constant with the dimension of action
(c=1). We can view here p, as Lagrange multi-
pliers when the velocities x, are represented by
zy*z. This representation of velocities was first
used by Proca®® who considered, however, only
solutions of (1) corresponding to spinless particles.
The structure of the system (1) is much richer, as
we shall see. The dynamical variables are (z,z,
p“,x“) and the Euler-Lagrange equations corre-
sponding to (1) are as follows (I):
s=imwz, = —izm,
2)

Tp=eF,v7, vo=ZY,7=Xg,
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with
m=yhtm,, ﬂ',L=p,L—eA“,
(3)
Fo=A4,,—4,,.

We note right away that x,x* = 1. Thus the invari-
ant parameter 7 cannot be interpreted as the proper
time of the charge. We shall later see that 7 is pre-
cisely the proper time of a ‘‘center of mass’ which
will be defined.

For a free particle the solutions of Egs. (2) can be
found easily. They are (with A=1)

z(7)=Ilcosmt + (y*p,/m)sinmr]z(0),

z(1)=z(0) [cosmr —i(y*p,/m)sinmr],

Dy . p
v#=x“=‘r?H+ x“(O)—ﬁchoﬂmT (4)
x,(0)

+ £ sin2mr,
pu=const, p’=m? H=x,p".

Quite generally, for the system (2), # = x*m, is a
constant of motion. For a free particle, = H = m
defines the parameter m which we can identify with
mass m [which does not enter Eqs. (2)]. In the
solutions (4) we already see the classical analog of
the phenomenon of Zitterbewegung. With H =m,
the velocity x,=v, has a term p,/m as it should,
plus an oscillating motion with the characteristic
frequency o = 2m.

Instead of the variables z and z we can work in
terms of the spin variables. The set (2) is equiv-
alent to the following closed set of dynamical equa-
tions (ID):
v,=4S  7°,

Xpy=V n up

w= Y

)
C = p = -
ma=ef P, S,,=mv,—mu

n u

for the set of dynamical variables (x,,v,, 7,,5,,).
The connection between z, z, and S, is

Spw=5izlyu, v,z (6)

The Hamiltonian form of the equation of motion
and the Poisson brackets are defined with respect to
the constant of motion % =w,zy*z which is the
‘“‘Hamiltonian’’ with respect to the invariant param-
eter 7. In terms of the conjugate pairs of variables
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(x,p) and (z,i z), the basic Poisson brackets are

—;| 8 3s _38s df
Viel=i 0z 9z 0z 9§z
+ghv 9/ 08¢ _ 8/ dg| ™
ox* dp*  op* ox”
Xwx, =0, I, 7)=gu, 7, m}=eF,,.

We then obtain the Poisson brackets for v,,,S,,, as
follows:

{v,,,: vv} = 4Sp,w {Sap: vy} = ga'yvﬁ - gﬁyvay
(SapSys) = 8aySas— 8pySas (8
_gaSSﬁy+gBBSay'

Clearly, the set (5) is equivalent to the Poisson
bracket of y=(x,,v,p.S,) with &, ie., y
= o).

In order to study the structure of the internal
dynamics of the particle, we split x,, and x,=v, as
follows:

X=X, +0, v,=V,+U, 9
in such a way that by definition, VE=X* For a
free particle, V,.=0 and V“=p“/m. We can inter-
pret X, and p, as the center-of-mass coordinates
and Q, and P,=mU, as the relative position and
momentum. For a free particle, again, the dynami-

cal system in terms of this new set is as follows
(I1Dn:

X,=V, V,=0,
Q,=m~'P,, P,=—4m’Q,.

In particular, the last two equations show that the
internal variables are oscillator coordinates,

(10)

Q,+4m?Q,=0, P,+4m?P,=0, (C8))

with a frequency 2m.

The orbital angular momentum L,,=x,p,
—Xx,p, is not a constant of motion, but
L,,=v,p,—v,p,=—S,,. Hencethesum

Juv=Lyv+Suv (12)

is a constant of motion, the total angular momen-
tum, with S, being the spin variables. From (5),

S:,“,= - (l}p,pv_i’vpp.) =4pp(pvspu—py.spv)'

The quantity E,,,=p,S,, +p,S,,. +p,S,, is a con-
stant of motion, E=0. Defining 4p,E**"
= —4m?23*, we can write

S, +4m?S,,=4m’s,,, (13)

where X, is a constant. Consequently we have

Su=(4m?) ", p,—V,p,) +%,,, (14)
or, in terms of the internal coordinates,

Su=(0up,—0up,) +3,,. 15
Hence

Juw=Xupy= X+ 30, =5 0y +3,, (16)

with.Z,,=0, 3,,=0.

Thus there are two different decompositions of
the total angular momentum, Egs. (12) and (16).
In the second one we have the orbital angular
momentum of the center of mass .£ plus the orbi-
tal angular momentum of the relative motion,
which are separately conserved. We can write

2“,,=fﬂv +Ay,y= Q;;,Pv"— QVPH.+A;LV;

both . ,, and A,, are constants of motions; A,,
(which may be zero) can be interpreted as an intrin-
sic angular momentum in the internal motion.

The symplectic algebra of the representation III
[Egs. (10)] is given by

{X,,,;Xy} =m" lzy,w {prv} = 8uv

17
{pu’pv} =0,
0.0,)=m~%%,,, |{P,P)=4m’3,,

(18)
{Q“)Pv}=_g[l,l)%/m; guv=gyv_m_2pupy-

Note that Egs. (10), form III, are again of the form
y=,J}). From these we derive the following
remaining brackets:

{X,u Eaﬁ} =m _2(py.pﬂQa_p/.LpaQﬁ
_Saﬂpﬁ +SB#pa)'

{pp,: Zaﬁ} = O;

{Saﬁ’ Zyﬁ} =g aySBS - gﬁysaﬁ_ gaﬁsﬁy

+gﬁ8Say +gayQBp8_gﬁyQap8
—8a50pPy + 8550 Py-

Note that the internal
(QuPpur 2,0,9¢ ) is closed:

{Q;u 2oz[i} = g~p,ﬁQa - gan}S:

{P“, Eap}=§pBPa_g~paPB’

aigebra generated by

19
{Zap, Eys} = ga'yzﬁs - gﬁyzas

—8as2gy + &ps2ay-
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Further,

(0 X,) = —m %S, —3,), 10,p,)=0,
(20)

{PM-’Xv}=ma1pﬂpv+m—3py,pl/%: {P,,,,Pu}=0.

The algebras (17)-(20) have their exact counter-
part in the proper-time formulation of the quantum
Dirac electron.!® Note, however, that the commu-
tators in (8), and (17)-(20), are independent of the
four-dimensional y matrices;, hence they have in
quantum theory, in addition to the Dirac represen-
tation, more-dimensional representations, which
would involve other fermion states, besides the
electron and positron.

Our dynamical system characterized by Egs. (5)
has a more natural form in a five-dimensional

space-time. We define a five-velocity by
vo= (v, vs), v,=Zy,z
vs=izysz; a=0,1,23,5. 21

We omit the index 4 and use 5 instead to avoid con-
fusion. Now v, is a unit five-vector, although v, is

not, i.e., v%,=1. The metricis (+ — — — —).
The extension of S¥” is
Ssu= _%aV.E —%Ey“'yg, Sss=0. (22)

Further with ps=0, w5=0, Fs5,=0, Fss=0, our
system in form II [Egs. (5)] becomes the following

(Ir):

Xo=Vg, Vga=4Sum? w,=eF,v°

. (23)

Sab=TaVp— TpVya,
with constraints

vul=1, S,vb=0 (24)
and the constant of motion

K =vim,=m. (25)
The four first-order equations (23) can be

transformed into a single third-order equation in x.
First, from (23), S,v?=m,— mv,, and differen-
tiating this, we have

» miza +§abvb+.§abvb= eFa,,vb. (26)

But, using (23) and (24), we can eliminate S,S in

2012

terms of S, and obtain finally (IV)

mX, = eFpxb+ Sy AL 27
It is interesting that in this form our system is in
correspondence with the Lorentz-Dirac equation
which describes a spinless particle (i.e., no internal
degrees of freedom) but includes radiation reaction.
This is in agreement with the one-to-one correspon-
dence between the quantum Dirac equation and the
classical Lorentz-Dirac equation found earlier.!!
The Lorentz-Dirac equation (¢ =1),

mx, = el x"+ 1e?[ Xt ()'c'z))'c#],
can be written as

mx,=eF X" +5e2% %", (28)
with

G v =8uy ~ Vuly,

because of the identity (¥)?= —x, x"*. The
difference between (27) and (28) is that S, is an-
tisymmetric, whereas ¥ ,, is symmetric.
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