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Laser with a Fluctuating Pump: Intensity Correlations of a Dye Laser

R. F. Fox, G. E. James, and R. Roy
School of Physics, Georgia Institute of Technology, Atlanta, Georgia 30332
(Received 14 November 1983)

A new, first-principles derivation of the equations for a quantized single-mode laser field
pumped by a semiclassical stochastic field in a four-level molecular pumping scheme is
presented. Computer simulations are used to generate fits to measured correlation functions

for a single-mode dye laser.

PACS numbers: 42.50.+q, 05.40.+j, 42.55.Mv

Striking differences in the noise properties of dye
lasers as compared to helium-neon lasers were re-
cently revealed in measurements of the photon
statistics and intensity correlation functions of a
single-mode dye laser, performed by Kaminishi
et al! These measurements, and subsequent theo-
retical analyses,>* have shown the importance of
incorporating fluctuations in the pump source. The
inclusion of pump fluctuations has been shown to
introduce vastly different behavior of the laser out-
put from what would be expected from the conven-
tional quantum theory of the laser.’® The inade-
quacy of the theoretical approaches?™* taken till now
arises from the ad hoc inclusion of noise terms in
the semiclassical equations of motion for the laser
intensity. A consistent, comprehensive theory is
clearly required to understand the correct form of
the noise sources, and to derive their effects on the
intensity fluctuations of the laser. It is the purpose
of this note to report a new, first-principles theory
for a laser pumped by a stochastic source.

Kaminishi et al.! attempted to apply Risken’s
theory”-® for single-mode, conventional lasers near
threshold to their measurements on the dye laser.
The theory is a Langevin approach to laser noise,
governed by the Lamb semiclassical equation en-
hanced with an additive noise source:

E=[a—A|EPIE+¢£(0) 1)

in which E is the complex amplitude of the laser
field, a and A4 are the pump parameter and satura-
tion coefficient for the laser medium, and £(¢) is a
Gaussian, white-noise source. Since the Risken
theory does not explain the measured variations of
the relative intensity fluctuations [((AT)?)/(I)?]
with pumping, or the observed correlation func-
tions [N(7)=(AI()AI(t+7))/{I)?], Kaminishi
et al. proposed that the pump parameter was not a
constant but a fluctuating quantity. Their efforts
were confined to fitting the ((AI)2)/(I)? vs a
curve.

Graham, Hoéhnerbach, and Schenzle? pursued
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this idea further by assuming
a=ao+§(t), (2)

where ag is an average pump parameter. £(¢) was
taken to be Gaussian, white noise. Neglecting the
additive spontaneous-emission noise term, and the
fact that A should also contain pump fluctuations,
they obtained analytic solutions'®!! of the Langevin
equation with multiplicative noise.!? They fitted
the data concerning the relative intensity fluctua-
tions as well as one correlation function of the dye-
laser intensity. Unfortunately, this analysis did not
fit some unpublished data, for other operating
points of the laser, as was pointed out by Short,
Mandel, and Roy in a more recent paper,® who also
suggested the use of colored noise.

With colored noise, the equation

E=lag—A|E1Y1E+E£(1) (3)

is no longer analytically solvable. A simulation of
(3) with a stochastic pump parameter a was per-
formed by Dixit and Sahni.* They achieved some
success in explaining the observed data of Kami-
nishi et al.! and Short, Mandel, and Roy? by using
colored noise for the pump. The results of our
new, first-principles theory for lasers with fluctuat-
ing pumps unambiguously determines the location
of noise terms as well as their detailed structure.
Moreover, the theory contains spontaneous-emis-
sion contributions.

We use a density-matrix description of the active
molecular energy levels and the quantum state of
the laser field. The pump field is treated semiclassi-
cally. The active molecule is treated as a four-level
system, with decay rates y ;.

The density-matrix equation of motion is

it 3p/9t=1[H,pl, 4)

where p is the density matrix for both the molecu-
lar levels and the photon states and H is the total
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Hamiltonian,

4
H=fwpa'a+ Ji)e; (il +ucos(wiat) [14)E, (1) (1] + 1) E; (1) (4]

i=1
+g(a+a")(13) (21 +12) (31) + Hyecayr ()

with H e,y denoting Hamiltonians for decays.

The first term is the Hamiltonian for the quantized single-mode laser field with frequency w,3. The second
term is the Hamiltonian for the molecular energy levels with energy €;. The third term is for the pump field
Ep(t) interacting resonantly with levels 1 and 4. The electric dipole coupling strength is u. Ep(t) is a possi-
bly stochastic, semiclassical field, allowing for noisy fluctuations in the pump laser source. The fourth term
is for the interaction between the lasing energy levels (2 and 3) and the quantized laser field (single mode).
The coupling coefficient is g The remaining terms are stochastic Hamiltonians representing nonradiative
transitions and cavity decay.

The method devised by Fox!? has been used to obtain the equations of motion for the total system
density-matrix elements. A contraction of this description is now possible which utilizes adiabatic elimina-
tion of off-diagonal molecular level matrix elements. We obtain, with p=exp{(i/it)[Hy, - 1}p and w=pu/%,
g=g/k,

0p11/0t= —ﬁ2j;tds expl —y14 (1 —5)/21E,(D E; (s) + E; () E,(5)1p1;(s)

+ (y12022+ v13P33) +Z P11, (6)
0022/ 0t = —y12022+ v23P33
t
+§2f0 ds expl —y3(t—s)/2] [an)33(s)a —pypa‘a— aTaf)zz(s) —d'py(s)al +Dpyy, @)

6[)33/6t= - (y13+723)f)33+ﬁ2ﬂ)'ds exp[ —y14(l— S)/2] [Ep(t)Ep*(S) +E;(t)Ep(S) ]ﬁu(S)

+ §2j;)'ds expl —ya3(t—5)/21lapna’ —p33(s)aa’ — aa'py;(s) + apy(s)a' 1+ P P33 (8)
The equation for the field density matrix (6= pq;+ py+ p33) is
96/9t=9 6+ §2Ltds expl —yp3(t—5)/2112a"p33(5)a — p33(s)aa’ — aa’py3(s)
+2app(s)a’—py(s)a’a—a'py(s)]. 9
Here & represents the cavity decay with

D=3, (—nxln){(nl-|n){nl+(n+DAn)(n+1]-|n+1)(n]), (10)

where |n) is the n-photon state of the laser field and X is the cavity decay rate. Taking photon state matrix
elements of these equations and performing the trace of them yields, after adiabatic elimination of the popu-
lation in level 2, a much reduced description given by the pair of equations

Ny=— (713+723)N3+,‘72‘£)tds expl—y14(t—5)/21E, (1) E*(5) + ES (D E,(s) ][N — N3(s)]
—ZEZLtdsexp[—st(t—s)/les(S)[l(s)‘*'1]’ an

I= —)\1+2§2‘£)tdsexp[ —yu(t—9)/2IN3(s)[1(s) +1], 12)

where we have defined 3., N (n|p33|n) = N; and S, (n la'ap|n) = I'in which Iis the laser intensity and N;
is the population of the excited lasing level of the molecule.
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If the pump field fluctuations are very fast, one
may make the instantaneous approximation,!® and
replace the memory integrals by instantaneous
terms, to obtain

N3=G(t) =\ ()N3— BN;(1+1), (13)
I=—N+BN;(I1+1). (14)
in which

G(l‘)= (4;72/714)]\’11,([),
N(D= (713+y23) + (4/.72/’)/14)11,(13),
B=22"/yx.

L= [Ipl({2 +£(0]? is the quantity which may
fluctuate. I, is the average pump intensity; £(r) is
Gaussian, white noise. Adiabatic elimination of N;
by

G

M= TEBGUTD (19
leads to
j—_ G( BU+1) 16)

N()+B(I+1)

which represents the strong-signal version of Eq.
(3). We should note several important differences
at this point. Both G(#) and \'(#) contain Z,(1),
which is stochastic. The 1 in the I+1 terms is a
result of including spontaneous emission in a sys-
tematic manner in our equations. If one contem-
plates using colored noise for Ip(t), one should ac-
tually use Egs. (11) and (12) with the correct form
of the memory integrals. Moreover, the decay rate
v14 must be compared with the decay rate of
the autocorrelation function for E, to determine
which dominates the value of the integral over the
past in Eq. (11).

From a stochastic point of view, Egs. (13) and
(14) are more easily studied than Eq. (16), because
the pump fluctuations enter both G and M\’ in Eq.
(16).

We have carried out computer simulations of
Egs. (11) and (12) with the assumption that the
fluctuations of the multimode pump laser (which
may have well over 50 axial modes) are very fast
compared to other time scales of the molecular
processes. Correlation functions A(7) = (AI(¢)
XAI(t+7))/(I)? have been obtained from the
simulations, in which the pump field is assumed to
contain Gaussian, white noise. A large number of
parameters occur in Egs. (11) and (12). We have
made plausible estimates for the parameters of the
dye molecule (Rhodamine 6G) and obtained fits for
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the three intensity correlation functions of which
two are shown here [Figs. 1(a) and 1(b)]. These
were experimentally measured for different operat-
ing points of a single-mode dye laser.> The fits
have been obtained by varying the average pump
intensity and the coefficient B, i.e., three curves have
been fitted by varying two parameters. The time step
size taken was 1 ns and 300 realizations of 40000
steps each were computed. Other parameters are

(a)

TIME SCALE IN MICROSECONDOS

CORRELATION FUNCTION A(T)

@, O 10 20 30
TIME DIFFERENCE

(b)

TIME SCALE IN MICROSECONDS

CORRELATION FUNCTION A(T)

G, O 10 20
TIME DIFFERENCE

30

FIG. 1. A(7) vs 7. Solid line, experimental data from
Ref. 3; asterisks, simulation results. The error bars are
estimated from the scatter of the experimental points and
the results of the simulation for different realizations.
(@) M(0)exp=0.98; I,0=2.0x10% B=0.0033 sec™!. (b)
A0)exp=0.57; I,0=2.4x10% B=0.0037 sec™'. The
other parameters are common to both figures: 84/
y1a=10"%*sec™!, y;4=1.4x10% sec™!, A=5%x 105 sec™!,
Q0 =17.0x10%, N=10'" molecules, 13+ y,3=107 sec™?,
single integration time step = 1077 sec.
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stated in the figure captions, and the estimated errors in the experimental and simulation results are shown
in the figures. No ‘‘subtraction’’ procedures have been used.>

It is also easy to see the effect of the pump fluctuations on the quantum mechanical equations of motion
for the reduced field density matrix. On taking (z|-|n) matrix elements of Egs. (6)-(9), neglecting the
population of level 2, and adiabatically eliminating p33(n) (= (nl|ps;|n)), we obtain

6(n)=—ng(n)+(n+1Dr6(n+1)

g nG(6(n—1) (n+1)G)&(n)
Tyn(yuntyn) [ 1+807 Tynlyn+yn)  1+22(+ 1D/ 3yulyn+yy)

(17

Here

G ()= ds explyrs(t ~ /2B, (D E5 (5) + B} (D By (5)]. (18)

This equation has nearly the same form as the !
Scully-Lamb master equation.!4
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