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Observation of a Nonpropagating Hydrodynamic Soliton
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When a trough resonator partially filled with water is parametrically driven at an appropri-
ate frequency and amplitude, one or more surface-wave solitons with polaronlike behavior
are created. Their properties and interactions are described.

PACS numbers: 47.35+i

k =k +k =(2%v) /c . (3)

The case q = 0 is the plane-wave mode, q = 1 has
one velocity antinode between the side walls, q = 2
has 2, etc. If v ( v, t ff qc/2l» then k„ is imag-
inary, the amplitude down the waveguide decays
exponentially, and energy will not propagate, but is
instead reflected back. For a finite waveguide of
length I„,

2 = zpcos(k„x)cos(k»y)cos(2trvt)

where k„l„=pm and p =0, 1, 2, 3,... . Resonances
are given by
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We report on the experimental discovery of a
nonpropagating hydrodynamic soliton, and describe
its properties including the interaction between soli-
tons. It is a surface wave in water contained in a
trough resonator undergoing continuous excitation.

The apparatus is quite simple. We use a Plexiglas
channel 38 cm long and 2.54 cm wide filled with
water to a depth of 2 cm. Several drops of the wet-
ting agent Kodak Photo-Flo are added to minimize
surface pinning at the walls. Waves are generated
by placing the horizontal trough on a loudspeaker
whose cone is driven at a frequency 2v of about 10
Hz in the vertical direction. Below a certain thresh-
old there is little or no significant wave generation.
Above the threshold there is a parametrically excit-
ed wave' at half the drive frequency.

Suppose the trough were very long so that it can
be regarded as a waveguide with width coordinate y
and length coordinate x. The depth h controls the
gravity wave phase velocity c given by

c = (g/k)tanh(kh).

The surface height is given by

2 = zpcos(k»y )exp[i (k„x + 2'trvt ) ]

where k„l» = q n, l» is the width, q = 1, 2, 3, ..., and

The (p, q) = (0, 1) mode is the equivalent of being
at the first cutoff for the infinite waveguide.

We find that we can observe all the low-lying

(p, 0) modes with the parametric drive. If instead
of the vertical parametric excitation we excite the
resonator by oscillating it horizontally in the y direc-
tion, we find that vo i is a function of the response
amplitude, being lower the higher the amplitude. It
decreases by 20'/o when the peak height increases
from a very small value to 2 cm. When we para-
metrically excite the (0,1) mode, however, it ap-
pears to be unstable.

What we observe instead of the (0,1) mode are
one or more excitations highly localized in the x
direction, "sloshing" in the y direction. It is supris-
ing and intriguing that while all parts of the trough
are oscillated with equal amplitude, the vigorous
wave motion occurs in a space of only a few centi-
meters long while the rest of the water remains
quiet. The phase shift along x given by Eq. (2) for
v t ff 5.1 Hz and v = 5.4 Hz is 90' in a distance of
6 cm. Yet, within our resolution of 3', we find no
measurable phase difference between any two
points in the wave. We believe that this absence of
a phase difference is of fundamental importance;
the wave is not simply a waveguide mode occurring
slightly above the cutoff frequency but a new type
of nonpropagating solitary wave. As we continue
we shall see that it has properties usually associated
with solitons and shall, accordingly, use this term in
describing its behavior. Figure 1 is a computer-
generated profile of the soliton based on measure-
ments taken from photographs, when it is at its
peak on the far side of the trough. Half a period
later the wave peak will have the same height on
the near side of the trough. The wave frequency
here is 5.1 Hz.

Essentially identical phenomena have been ob-
served in an annular resonator 72 cm in mean cir-
cumference and 2.2 cm wide, and in a straight reso-
nator 19 cm long. With a horizontal drive on a
linear resonator we have also seen the soliton, ac-
companied, however, by a low-amplitude (0,1)
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FIG. 1. A plot of

z = sech (x/1. 12) [2.8 exp ( —1.1y) —0.70]

~ cos(2~ x 5.1 t) cm,

at t = 0, which is a profile of the soliton based on curve
fits to measurements taken from photographs.
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FIG. 2. The height of the soliton as a function of x.
The points are experimental data, and the solid curve is
z = 2.1 sech(x/1. 12) cm.

mode. All this suggests that neither the parametric
drive nor the resonator ends are central to under-
standing the phenomena.

We understand the localization of the soliton as
the soliton "digging its own hole. " Because
v t ff vo ] is depressed at higher amplitudes,
v ) v t ff in the center of the soliton but v & v, t ff
in the wings. Energy cannot escape from the
center; it is reflected back at its evanescent wings.
This self-trapping is reminiscent of polaron
behavior. Dr. L. A. Turkevich called the soliton a
hydrodynamic polaron. We have also trapped soli-
tons by placing a mound on the bottom of the
trough so that there is a localized shallow.

Figure 2 is a plot of the height z of the soliton as
a function of X. The points are experimental and
the curve is z = 2.1sech(x/1. 12) cm, a functional
dependence which characterizes some solitions. 5 At
the tail of the hyperbolic secant the decay length,
1.12 cm, is equal to the low-amplitude waveguide
evanescence length y, and this is just the magni-
tude of k„'. Thus we can determine the phase
velocity of this wave from

(k2+ k 2) /

2~(5.1)
,/z

= 37.7 cm/sec.
I( //, )' —1/~']'"

Using Eq. (1) with a correction for surface tension
we find the value 33.7 cm/sec.

The dependence of z on y when the wave is at its

peak was found to be far from a cosine function. A
best-fit curve is z = 2.8 exp( —l.ly ) —0.70 cm.

If we slightly tilt the trough the soliton slowly
moves toward the shallow end. For a slope of 0.05,

for instance, the soliton's average speed is 0.0S
cm/sec. When the trough and loudspeaker are ac-
curately horizontal the soliton maintains its x posi-
tion in the trough for times the order of an hour or
more. We hypothesize that this stability is due to
pinning effects at the walls.

There is generally some degree of competition
between the various modes of the trough. We have
devised ways to selectively encourage the appear-
ance of the solitons to the exclusion of competitive
modes. One obvious way is to choose trough
dimensions which separate in frequency the
unwanted modes from the soliton mode. Another
very successful procedure is to nucleate. the soliton
mode by producing a disturbance which is compati-
ble with it. Thus sloshing motion across the width
can be produced by rocking the resonator or with
the help of a hand-held paddle. This can be very
effective if it is done when the drive is first turned
on.

Since the frequency of the wave is half that of the
drive, the phase of the drive is repeated every 180'
of the wave. Consequently solitons which are 0' or
180' apart in phase are compatible and equally
driven. Solitons which are 180' out of phase can be
generated by sharply twisting the trough about a
central vertical axis, so that the sloshing in the left
half has the opposite direction of that in the right
half. Alternatively an inverted T-shaped paddle im-
mersed in the water can be twisted to achieve the
same result.

Solitons can be moved in various ways. We have
already mentioned tilting the trough. They move in
response to gentle jets of air. They can also be
nudged by rods of soft sponge plastic. Unwanted
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solitons are killed by stabbing them with such rods.
The dashed lines of Fig. 3 describe the range of

drive amplitude and drive frequency in which indi-
vidual solitons are observed without hysteresis.
The eight full-line curves are equal-wave-response
curves. The number on each is the peak height in
centimeters of the soliton above the equilibrium
level of the water. Note that at 0.7 and 2.1 cm the
curves are so short that they are only represented
by points. Outside the dashed boundary, changes in
drive amplitude and/or frequency are generally hys-
teretic. If it exists, the soliton may be unstable,
there may be appreciable x-dependent phase shifts,
and there may be a mixture of modes. At a drive
amplitude exceeding 0.081 cm (peak to peak),
characteristically a competing mode rather than a
soliton appears.

As pointed out earlier, we can generate more
than a single soliton in the resonator with the same
or opposite polarity. We want now to describe the
interaction of two such solitons. Two solitons of
the same polarity attract each other, but only weak-

ly if the distance between them is significantly
larger (say a factor of 3) than their effective length.
Two solitons which start out 20 cm apart center to
center, for example, take about 15 min to reach a

separation where they strongly overlap. When this
happens their attractive speed greatly increases.

If the frequency is substantially lower than the
small amplitude vo &, the two solitons combine; the
end result is a single soliton having the amplitude
of each of the initial solitons. If the frequency is
closer to the small amplitude vo ~, the solitons oscil-
late about each other. Figure 4 is a schematic of the
stages of oscillation. In the first stage, 4(a), there is
significant overlap. In Fig. 4(b) the overlap is suffi-
cient to create an amplitude at the center which is
comparable with the amplitudes of solitons 1 and 2.
In Fig. 4(c) the solitons completely overlap. In Fig.
4(d) apparently solitons 1 and 2 have passed
through each other and exchanged places while in
Fig. 4(e) the configuration is the original one. Left
undisturbed this sequence repeats indefinitely. We
have observed it for periods of more than an hour.
We have never seen the oscillation interrupted ex-
cept by accident or design.

A simple transducer which responds to wave
heights is a pair of vertical wire electrodes that dip
into the water. At a constant-voltage drive (ac or
dc) the current due to the conductance of the water
is proportional to the wave height at the electrodes.
Figure 5 shows the response of such a transducer
placed at the midpoint of the oscillating solitons of
Fig. 4. In the lowest trace, which covers the com-
plete sequence of Fig. 4, the paper speed was great
enough so that the individual oscillations are seen
(v=5.32 Hz). The frequency of the envelope,
which is much deeper than the drive, is 2v/
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FIG. 3. The range of drive amplitude and drive fre-
quency in which individual solitons are observed without
hysteresis. The dashed lines are the boundaries of this
region. The eight full-line curves are equal —wave-
response curves. The number associated with each curve
is the peak height in centimeters of the solitons above
the equilibrium level of the water.

—(e)

FIG. 4. A schematic of stages in the resulting oscilla-
tion of two like-phase solitons. (a) Significant overlap
between soliton 1 and soliton 2. (b) Sufficient overlap to
create an amplitude at the center comparable to the am-
plitude of solitons 1 and 2. (c) The solitons completely
overlap. (d) Solitons 1 and 2 have passed through each
other and exchanged places. (e) The original configura-
tion. Solitons 1 and 2 have exchanged places.
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FIG. 5. The response of a height transducer placed at
the midpoint of the oscillating solitons of Fig. 4. The
lowest trace covers the complete sequence of Fig. 4. The
frequency of the envelope is 2v/(156+0. 5) =0.068 Hz.
The upper traces are recorded at successively slower pa-

per speeds.

ly, the pressure between them.
By introducing tracers (eccospheres) into the wa-

ter we have been able to establish that the motion
of solitons is one in which there is a transport of ex-
citation with negligible transport of mass.

We wish to acknowledge informative conversa-
tions with John Miles, Joseph Rudnick, and L. A.
Turkevich. We especially benefitted from interac-
tion with Andres Larraza and Seth Putterman who
will shortly submit for publication a paper on the
theory of such a soliton. This work was supported
in part by the U. S. Office of Naval Research.

(156 + 0.5) = 0.068 Hz. The upper traces are
recorded at successively slower paper speeds.

A pair of solitons of opposite polarity in close
proximity to each other repel each other and slowly
move until they are approximately 12 cm apart, and
then maintain this separation indefinitely. Again
we have never seen this state to be interrupted ex-
cept by accident or design. We understand the at-
traction and repulsion of solitons in terms of the
Bernoulli effect. In the overlap region the particle
velocity increases for the like pair and decreases for
the unlike pair, decreasing or increasing, respective-
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