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Unitarity in Higher-Derivative Quantum Gravity
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A Euclidean lattice formulation is presented of the general fourth-order gravitational ac-
tion involving R„„ terms. This lattice theory is bounded and reflection positive. The ex-
istence of a positive Hilbert space and Hamiltonian, and hence unitarity, follow then from
the standard nonperturbative Osterwalder-Schrader construction.
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It is well known that the general fourth-order gravitational Lagrangian'

W= ( —g)' {—A~ +y~ R —n (R„„——,R ) PR +—(topological terms)}

defines a renormalizable theory. 2 Even more im-
portant is perhaps the fact that the theory is asymp-
totically free, 3 so that it may actually exist as a truly
cutoff-independent, interacting continuum field
theory in d=4. On the other hand, (1) has tradi-
tionally been rejected, because the fourth-order de-
rivatives lead to ghosts in the perturbation series
about the linearized theory. However, more recent
work has given a number of indications that this
may be misleading. These come first from the 1/N
expansion, 4 N being the number of matter fields,
where the theory is unitary in the N ~ limit5; a
Hamiltonian quantization of the conformal version
of (1),6 where no ghosts are seen to leading order
in a strong coupling expansion; and, at the classical
level, the zero —total-energy theorem of Boulware,
Horowitz, and Strominger7 for (1) without the
Hilbert-Einstein terms.

It would seem that the unitarity picture presented
by the linearized theory is simply too naive, and is
substantially modified by nonperturbative effects.
This is not surprising in an asymptotically free
theory, where the actual physical, asymptotic states
have, in general, nothing to do with the excitations
seen in perturbation theory. The dynamical ques-
tion of unitarity needs then to be examined at a
nonperturbative level. To do so, we will write (1)
as a lattice gauge theory of the Lorentz group
which, after the Euclidean rotation, has become the
compact group O(4). Our formalism is close in

~

spirit to Utiyama s original work (in the continu-
um), 8 where the connections are the gauge fields of
the Lorentz group, and the vierbeins are coupled as
additional "matter" fields. 9

Let us define the theory on a regular hypercubic
lattice A with spacing a, in d~ 4 Euclidean dimen-
sions. On every bond b = (n, p, ) originating at site
n and extending in the positive p, direction, I in-
troduce the variable Ub = U„(n) C O(4), with
U „(n+p, ) = U„' (n). I will use the four-
dimensional spinorial representation constructed, in
the familiar manner, from the Clifford algebra gen-
erated by the (Euclidean) Dirac matrices y' satisfy-
ing y'y~ +y~y'=25'~, y' =y', a =1, . . . , 4. We
then have M'~= 4i [y', y~) =M'b for the group
generators, and for elements continuously connect-
ed to the identity, we can write U„(n)
= exp [iacu„'b(n)M'~/2]. co„are the connections.
The vierbein fields are introduced via the d vari-
ables H„(n) —= exp[iah„'y, ] which are taken to re-
side on sites, with H „(n) —= H~

' (n). The index p,
is then a label that introduces one of these variables
for every space-time direction p, . Note that H„(n)
are unitary matrices. To obtain the general fourth-
order Lagrangian, it is convenient to employ auxili-
ary fields f„' (n) and b(n) which are introduced as
site variables in exactly the same way, i.e.,
F„(n)=exp[iaf„'y'], F =F„'(n), and B„(n)
=exp[tab(n)h„'y'], 8 „(n)=8„'(n). I then
define the quantities

g~ »(n) —= —, {H„(n)U»(n)F„(n)+H „(n) U„„(n)F „(n)),

g2 „„(n)—= —,
' {H„(n)U„„(n)8„(n)+H „(n)U„„(n)B „(n)),

g3 „„—= —, {H„(n)U„„(n)H„(n)+H „(n) U „H „(n)),

g4»=——, {H„(n)H„(n)+H ~(n)H „(n)},

(2)
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with

U~„—= U„(n) U„(n + p ) U „(n + p, + v ) U „( n+ i )

the product of Ub's around the plaquette p = (n, p, v), and

4

Qk(n) —= e """(Xckl[gl „(n)QI „(n)—cl U„„(n)U„k(n)]),
I 1

kl=1, . . . , 4, (4)

with ck= I if k A 4, c4=0, and ckk= I, ct2= —4, c3q= —8, all other ckI =0. Now let r„denote a reflection
about the (d —1)-dimensional plane through a given site n, and perpendicular to the p, direction. For every
pair of directions [p,v], p, ( v, consider the set (rt ~) o. =0, . . . , 3, of possible such reflections: r =—1 (no
reflection), rt'~ = r„, rt2l =—r„, rt3) =—r„r„. Let us then define

4

Qk
' {n}=—e""" (Xckfr r [QI~ (n}gkz(,n) —cia {n)U x(n)]).

I 1

t

In (5), rt ) and rt ) refer to the (p, v) and (vA. ) pairs of indices, respectively. r, r act on gk„„gk„k
modifying the definitions (2)—(4) by geometrical reflection in the obvious way. The lattice action is now tak-
en to be

X X—,', P '
—,'tr[g„t " (n)]2 ——,

' [trg (n)]2+C.C.)'i .
nEA~ ~' k

It is perhaps worth noting that one is led naturally to this summation over reflections in order to preserve

discrete rotation and reflection invariances on the lattice, which are broken by the dual plaquette interaction

jn (4). This interaction form occurs quite generally in lattice gravitational actions, ' since e""""is the only

constant tensor available for contracting space-time indices. Also, following the suggestion in Ref. 11, squar-

ing and later taking the square root ensures scalar rather than pseudoscalar properties in the continuum limit.

Equation (6) is invariant under local O(4) gauge transformations, where U~(n) V(n)
x U„(n) V '(n+ p, ), V C O(4), whereas h„', f„' transform as "isovector matter" fields in the defining real

four-dimensional vector representation, and b(n) transforms as a singlet. This is simply the transformation

H„(n) V{n)H„(n) V '(n), F„(n) V(n}F„(n)V '(n), 8 (n) V{n)8„(n)V '(n). This follows

from the well-known fact that y' transforms like a vector operator under the group, i.e., Vy'V '=D'blab,
where Vis the spinorial and D the defining four-dimensional representation of some element of O(4).

In Einstein gravity, the equations of motion constrain the connection to be the usual function of the vier-

beins. For the general fourth-order theory (1), this is not true even at the classical level, so that if the usual

relation (i.e. , zero torsion) is to hold, it must be imposed by hand. An appropriate constraint is

&„„(n)—= Re tr(iy' —,
'

[ W„„(n)+ W„„(n)]) =0, {7)

where W„„(n), W„„(n) denote the product of

W (n) =—H (n) U (n), W —= U (n)H (n+p, ),

respectively, around the plaquette p = (n, p, v }.
We may now write down the partition function ZA and the corresponding measure dp&.

]Q dUQ d&( )Qdh„( )df ( ) II8[x ] „[—A ].1

A bEA nGA p pEA

(8)

ZA is defined by fdp, A
= 1. In (9), dUdenotes the invariant IIaar measure over the group, and dh, etc. , the

invariant Lebesgue measure over the site variables. From (7), we see that the effect of a gauge transforma-
tion on the constraint is to simply rotate the y"s among themselves. Hence, the measure (9) is indeed
gauge invariant.

In the naive continuum limit, the Qt part of (6), for example, reduces to

(~~b @cd 4~ah ~ cd + 3gab lcd )abed 1@v 1K), 2@v 2K' jtl V KA,
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with

and

Afb„„—= R„ab —2b(n) (h'„hb —hbh„'),

gab g ~ah+ g ab+ ac cb ac cb
p, p, v v p, ~

the usual Riemann curvature. The remaining terms in (6) reduce to similar expressions. The auxiliary fields

f„, »«nonp«pagating, and can be eliminated. This step imitates the procedure in Ref. 12. The, constraint
X~ reduces to the usual zero-torsion condition. The classical Lagrangian (1) is then reproduced'3 with

Plt P 3 (Pl +
4 P2+ 2P3) 7 4P3 ~ (24P3+ 12P4)

rb= (rn, rm) = (rn, rp, ).
Then it can be verified that

(a, (e~, )) ~0 (10)

for arbitrary~+, with the expectation ( ) calcu-
lated in the measure (9). Now there is a standard
construction'4 that leads from (10) to the definition
of a physical Hilbert

spaces'

with positive norm,
and the demonstration that the transfer matrix T~
acting on P'is a positive' self-adjoint operator of

We have produced a locally O(4) -invariant
theory, which reproduces (1) in the naive continu-
um limit. As always, such a construction is not
unique, and, indeed, various alternative actions can
be given, all differing by terms which vanish as
a 0. The particular choice (9) was dictated by re-
lative simplicity, and, most importantly, by the fact
that, at least for a ) 0, it satisfies certain axioms of
Euclidean field theory. '4 Indeed, first note that (6),
being constructed out of unitary matrices, is bound-
ed. Hence the expectation of any bounded observ-
able calculated in the measure (9) is regular and
bounded. Also, with appropriate, e.g. , periodic,
boundary conditions, the theory is obviously
translation invariant. Furthermore, and this is the
crucial property for our purposes, (9) satisfies re-
flection positivity about (d —1)-dimensional planes
~ith sites. Indeed, let A+ denote the part of A to
the "right" or "left, " respectively, of such a plane
m. , and let Ao= A g m. Let &+ be any function of
the field variables with support only in A+ U Ao,
and 0 the reflection about 7r, defined by

0& (UH, . . .) =~ ~ (OU, OH, . . .),

where the bar denotes complex conjugation, and

0 Ub
——U,b, &H„(n) = H„„(rn),

and similarly for F„(n), B„(n). Here r denotes
geometrical reflection about m, and for a bond
b = (n, m) = (n, p, ) along p, between nearest-
neighbor sites n and m let us write

norm less than 1, i.e., T~= e ', t C Z, with
H=H ~0. His then the (positive) Hamiltonian.
These properties hold for arbitrary lattice spacing
a ) 0, and, therefore, should also persist in the
limit a 0, if it exists.

Gauge-invariant Green's functions computed in
the measure (9) will consist of loops formed out of
U, H. Green's functions such as those considered
in the usual continuum perturbation theory, e.g. ,
strings of h„'h„5,b=—g„„'s, can also be computed.
Note that both kinds are group singlets. For any
such n-point function G„=G„(xt,tt, . . . , x„,t„),
then, the customary analytic continuation t~ it~

defines a Minkowski function W„. The Minkowski
theory is defined by the set (W„). The Hilbert
space 4 defined directly from (10) is the Hilbert
space of the Minkowski theory, and the spectrum
positivity condition is satisfied. '4

We have constructed a lattice theory with postive
transfer matrix acting on a Hilbert space of positive
norm, i.e., a unitary theory. The argument, relying
as it does on a property of the complete measure,
given in closed, regularized form on the lattice, is
completely nonperturbative. Furthermore, it is in-
dependent of the values of the couplings in (6), and
hence of any phase transitions that may occur in the
system, i.e. , it holds in all phases. By the same to-
ken, however, it provides no information about the
actual structure of the physical states. In particular,
the mechanism by which the negative-energy exci-
tations of the short-distance regime, described by
perturbation theory, must disappear in the physical,
asymptotic states remains obscure.

Equation (9) possesses (1) as its naive continu-
um limit. Does this persist in the renormalized lim-
it t Though, of course, an actual construction of
the continuum in d = 4 is beyond present tech-
niques, a lot can be learned about this issue in an
asymptotically free theory by comparing the lattice
weak coupling perturbation series as tt 0 to that
in the continuum theory. Such a comparison will
allow one to pick a specific renormalization-group
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trajectory in the coupling-constant space of O(4)
gauge theories that leads to the four-parameter sub-
space of Eq. (6). As we saw above, this is the sub-
space containing the generally covariant, attractive
fixed point in the ultraviolet that leads to the
correct continuum limit as tt 0. In this connec-
tion it need hardly be pointed out that the lattice
was introduced as a convenient regulator that allows
precise statement and rigorous demonstration of
certain nonperturbative assertions; it is, however,
rather awkward when it comes to recovering general
covariance in the continuum.

Another interesting question concerns the in-
clusion of the Einstein-Hilbert terms in (1) or (6).
Note that the argument in this paper goes through
with or without these terms in (6). It would be at-
tractive not to include them, and to hope that they
will be induced in the effective action as a long-
distance effect. '6 Lattice nonperturbative tech-
niques such as mean-field theory, approximate re-
cursion relations, and Monte Carlo computations
may be useful in investigating this possibility, and,
more generally, exploring the phase structure of
this theory.
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