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A probability distribution has been proposed recently by one of us as an order parameter
for spin-glasses. We show that this probability depends on the particular realization of the
couplings even in the thermodynamic limit, and we study its distribution. We also show that

the space of states has an ultrametric topology.

PACS numbers: 75.50.Kj

A lot of effort has been devoted to the under-
standing of the spin-glasses.!~1° The picture which
has emerged is that the main characteristic of the
glassy phase is the existence of a large number (in-
finite when the number of spins N — oo) of equi-
librium states a=1,2,... (free-energy valleys
separated by free-energy barriers becoming infinite-
ly high in the thermodynamic limit).

In a recent paper!! [to be referred to later as (I)],
one of us has proposed an order parameter for the
spin-glass phase and has shown its interpretation in
terms of the many-valley picture. We have exploit-
ed this interpretation further and in the present
Letter we present our results and their implications.
Their detailed derivation will be- presented else-
where.!?

We may characterize a pure (clustering) state o
of a spin-glass by the magnetization m*= (o;), at
each point i (We denote the thermal averages by
angular brackets and the averages over the coupling
Jy distribution by overbars.) As in (I) we define
the overlap ¢? of two pure states «, 8,

1 N
tu=W1§1 m&mf (1)
(g** is the familiar Edwards-Anderson order
parameter), and the probability P,(g) for a pair of
states (a, ) to have an overlap g,

Pi(q) =3, P,Pgd(q—q*), P;(q)=P(g), (2)
a,B

where P,, Pg are the weights of the pure states a
and 8. [Obviously P;(g)=0forg>1lorg< —1,
f_ldq P(g)=1.] We also consider the probability
Y;(q) for a pair of pure states (a,8) to have an
overlap bigger than g,

Yj(q)=fqldq’P,(q’), Y, (9)=y(q). (3)

The probability function P(gq) was proposed in (I)
as the order parameter for spin-glasses and was
computed in the mean-field approximation by use
of the replica method.

We will show in the present note, by explicit
replica-scheme calculations, that the fluctuations of
P;(gq) with respect to ¢ do not vanish in the ther-
modynamic limit and that the appropriate order
parameter for spin-glasses is the probability distri-
bution of P;(g) [or equivalently of Y;(¢g)]. Fur-
thermore, we will compute the probability distribu-
tion of ¥;(g). In such a way the order parameter of
spin-glasses, far from being a parameter, was shown
to be a function, interpreted as a probability law.
And now, on top of that, there appears a probability
law for this function, i.e., a probability law for a
probability law. We will also show that the space of
pure spin-glass states has an ultrametric topology.
This means that if we take any three pure states and
compute the three overlaps between them, g;, g,,
and g3, we will find that at least two of them (say ¢
and g,) are equal, ¢; = g,, and that the third one is
bigger than or equal to them: ¢g;=gq;=g,. This
has the consequence that for any value of ¢, by
grouping together all the pure states having over-
laps bigger than g, we separate the space of pure
states into disjoint clusters. Each cluster is again di-
vided into smaller clusters by grouping together the
states with overlaps bigger than ¢’ > ¢ and so on.

The mean-field theory approximation for spin-
glasses has been formulated in the context of the
infinite-range model.2 One considers n copies of
the same system, averages over this coupling distri-
bution, and, at the end, takes the limit » — 0. In
this way one computes averages O;(J) of the physi-
cal observables O;(J) over the coupling distribu-
tion, hoping that in the thermodynamic limit,
0,())— 0,()).

In the replica approach, the order parameter is an
n X n matrix Q,. In the limit » — 0, because of
replica symmetry breaking (RSB), the matrix is
characterized by a function Q(x),> where
0<x=<1. It was shown in (I) that Q(x) is identi-
cal to g (x), the inverse function of x(g)=1—y(q)

= fjldq’ P(q'), thus giving a physical interpreta-
tion to replica symmetry breaking.
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We now compute the average (over the J’s) probability P(q;,q,,q3) for any three pure states to have
overlaps ¢, ¢g,, and g;. The method for this computation is a straight generalization of the method in (I).
We consider the generalized Laplace transform

3 3 ’
a2y = J TT darexo( 3, y1a) P (41,42,45)

i=1 i=1
=(exp{N~' 3, 102D a3() + y203() a1 () + y301 (Do (D)5, 4)

where o;(j), i=1,2,3, are the spins of three identical systems and ( ) ; means the thermal average with the
Hamiltonian H = H (o) + H(o,) + H(o3).
We compute g(y1,y,,y3) in the replica scheme by introducing, as usual, the n X n matrix Q,, and taking at

theend n— 0:

=i 1 S
q(y1.y2.53) Jl_r.no n(hn—1)(n-=2) 2

abc=1

a=bb#*cc#*a

from which we get, after some algebra,

P(g1,4293) =5P(q1)x(q)8(q,—q2)8(g,~q3)

exp(y10u+ Y205 + ¥300).

+5{P(q1)P(q,)0(q;— q3)8(g,— g3) + permutations}. (5)

This equation establishes the ultrametric topology
of the space of pure states: Its consequence is the
hierarchical organization of the space of states.
Consider any three pure states «, 8, and vy and their
overlaps ¢;, ¢,, and g;. Let us order them
41= q,= q;. Then from Eq. (5)

91=4q2=43. (6)

Take now any two states « and 8 and consider
1,(q) I[respectively, Ig(g)] the set of pure states
such that their overlaps with a (respectively, with
B) are bigger than or equal to g. It follows from (5)
that 7,(q) and Ig(q) are either identical or disjoint.
It also follows that any pair of states inside 7,(q)
has an overlap ¢'= g and the same is true for
IB(q). So we have proven that for any value g, by
grouping together the states with overlaps g = q,,
we separate the space of pure states into disjoint
clusters. Every cluster is also separated into smaller
disjoint clusters when we repeat the same procedure
with ¢; > go and so on. This hierarchical structure
of the space of states is characteristic of ultrametric
spaces.!3

We can also compute

P;(q,) P;(q3) '—‘f dqy dq4 P(q1,42,93,94) ,

where P(4q1,42.93.94) = P;(41,92,93,q4) is the aver-
age probability for four states «, 8, v, and & to have
an overlap q;=q"%, ¢,=¢P, q3=q"%, q4=q¢"
This computation is very similar to that of

M
P(q;,95,93) and we get, after some algebra,

P;(q,)P,(q,)

=‘;'P(Q1)8(41—42)+%P(Ch)P(Qz), (7

from which it follows that P;(q;)P;(q;)
#= P(q,)P(q,), i.e., P;(q) is fluctuating even after
the thermodynamic limit is taken. We conclude
that the order parameter  for spin-glasses is the
probability distribution of P;(g) rather than its
mean value P(q), i.e., a probability distribution of
a probability.

It turns out that this latter probability distribution
can, in principle, also be computed. For simplicity,
we have calculated the moments w, of tlhe probabil-
ity distribution II( ¥,(q)) of ¥;(q) =fq dg' P,(q"):

1
w (@)= [ d¥; ¥y1(y) (8)

for r=1,...,7. It can be shown that u,(q) are
rth degree polynomials in y(q) = Y;(q) with con-
stant coefficients. This means that TI(Y;) is
universal in the following sense: It depends on all the
physical parameters of the system (the overlap g, the
temperature, the magnetic field, etc.) only through
the function y(q), which in turn can be computed in
replica scheme by minimizing the free energy of the sys-
tem.

As the behavior of T1(Y) for Y — 1 is reflected in
the large-r behavior of w,, we infer that II( ¥) has a
singularity of the form (1—Y) ™% We have recon-
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structed II1(Y) numerically from its moments and
the result is shown in Fig. 1. Because of the
(1—Y)~? singularity, the most probable value of
Y;(g) [different from its mean value y(q)] is 1.
The possibility for certain quantities that their most
probable value is different from their mean value
has been evocated before,!* but to our knowledge,
it is the first time that this is proven in the frame-
work of the replica scheme.

We have also computed the distribution of the
clusters into which the space of the spin-glass pure
states is divided at any scale g. (In order to take ad-
vantage of the universality, we change variables
from g to y.) We define the weight W, of a cluster
I (we remind the reader that all the states o which
belong to I have a mutual overlap ¢** = ¢) by

W= 3, P,
a€l
Obviously > ; W;=3,P,=1.
Let us call f;(W,y)dW the number of clusters

having weights between Wand W+ dW. We found
that

wr—2(1— w)~>
ro)ra-y)

It follows that the average multiplicity of clusters
fo dW f;(W,y) is infinite and this for any value of
y. (We remind the reader that 0<<y =<1.) This in-
finite number of clusters is mostly concentrated
around W =0. The total weight of these W ~0

fi(Wy)= (9)
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FIG. 1. Probability distribution II(Y) as a function of

Y, for the value y=0.7. The dashed curve is the proba-

bility obtained by inverting the first six moments u,,

while the full line is obtained from the first seven mo-
ments.
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clusters is
f; AW WF(Wy) ~ &— 0.

So any particular one of them has an extremely
small weight.

y(q) has an alternative interpretation: The clus-
ters, at the scale g, have an average weight y :

1 R
Jo aw Wi Wyy=y=3, w2 (10)

Choosing g =qg 5, in which case it can be shown
that each cluster contains only one state, one gets

lim y(q)=3 P2 (11

47 qE.A.

It is usually believed that the g (x) function has a
plateau at g =gg,; in this case one has
S, P2 =length of the plateau. As P, <1, a few
states must dominate this sum.

We shall now briefly discuss the physical implica-
tions of our computations. A lot on the nature of
the spin-glass phase has been learned from numeri-
cal simulations. In order to eliminate large fluctua-
tions and improve the accuracy in a reasonable
computer time, the computed quantities have been
averaged over the coupling distribution. We have
shown that the order parameter is a probability over
the coupling distributions. Many numerical simula-
tions will have to be redone in order to compute
probability distributions instead of mean values
only.

The other striking result we have obtained is the
ultrametric topology of the space of pure states. In
mathematics, the simplest example of an ul-
trametric space is shown in Fig. 2 and will be inter-

FIG. 2. Hierarchical structure of the ensemble of
spin-glass states. The end points represent states;
branches (with all their descendents) represent clusters.
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preted here as a genealogical tree. The distance
between two end points is defined as the number of
generations one has to go back in order to find a
common ancestor.

The space of pure spin-glass states can be
represented with such a picture. End points corre-
spond to states. Branches (with all their descen-
dents) represent clusters. By cutting the tree at any
abscissa, one gets a new, shorter genealogical tree.
This picture suggests a succession of phase transi-
tions, represented by the branching points. Heating
up the system would correspond to cutting the tree
at a smaller abscissa: The clusters of low-temper-
ature states become the states of the system at a
higher temperature. We found that this number is
infinite for any y, i.e., at any temperature, below
the spin-glass transition. This means that at least
the initial point of the tree has an infinite number
of descendents. A similar picture of successive
phase transitions has already been proposed.!® In a
recent simulation of a Heisenberg spin-glass at zero
temperature, there is some evidence that the states
are grouped in discrete clusters.!®

Finally, we would like to emphasize that all our
results have been obtained within the framework of
replica symmetry breaking. It would be interesting
to obtain the same results by different methods.
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