
VOLUME 52, NUMBER 12 PHYSICAL REVIEW LETTERS 19 MARCH 1984

Observation of Chaotic Behavior in an Electron-Hole Plasma in Ge
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Spontaneous current oscillations which develop chaotic behavior are reported for an
electron-hole plasma in a crystal of Ge at 77 K in parallel electric and magnetic fields. The
observed behavior includes a period-doubling route to chaos with increasing applied electric
field, regions of broadband noise which contain noise-free periodic windows, and bifurca-
tions from quasiperiodic states to turbulence. A rate-equation model, which includes non-
linear coupling between unstable and damped plasma density waves, is presented.

PACS numbers: 72.30.+q, 05.40.+j, 47.25.-c, 52.35.-g

Semiconductor plasmas are of interest both as a
medium for wave propagation in solids and as rela-
tively simple models for some gas plasmas. The
possibility that plasmas could exhibit chaotic
behavior has been discussed theoretically, ' but as
yet no clear data for gaseous or solid-state plasmas
has been given. We report here such behavior in an
electron-hole (e-h) plasma in a crystal of Ge in ap-
plied dc electric and magnetic fields. Our system is
a continuum (with many degrees of freedom), yet it
exhibits low-dimensional behavior such as the
period-doubling and the Ruelle-Takens-Newhouse
(quasiperiodic) routes to chaos. 3 Chaotic behavior
has been observed in many physical systems,
but prior to this work, the only experimental sys-
tems known to follow the Ruelle- Takens-Newhouse
route to chaos were hydrodynamic: Couette-Taylor
flows and Rayleigh-Benard convection. 4

Ivanov and Ryvkin7 reported the onset of spon-
taneous coherent current oscillations in a Ge crystal
placed in parallel electric and magnetic fields. This
instability, the so-called "oscillistor" effect, was
subsequently studied in other semiconductors;
spontaneous oscillations were only observed in the
presence of both electrons and holes. Theoretical
models ' attributing these oscillations to a screw-
shaped helical instability within the e-h plasma were
developed and confirmed experimentally. " To
study the possible chaotic dynamics of this system,
we cut 1x1X10-mm samples from a large single
crystal of Ge with a net donor concentration of
3.7x10'2 cm 3. A Li-diffused n+ contact (elec-
tron injecting) and a B-implanted p+ contact (hole

injecting) were formed on opposite 1 x 1-mm2 ends.
The sample was lapped, etched, and then stored for
72 h in dry air to allow the surfaces to passivate.

Our experiments are performed by cooling the
sample to 77 K in liquid N2 and connecting it in
series with a 100-0 resistance R and a variable dc
voltage Vo. A 4-kG magnetic field Bo is applied
parallel (+3') to the length of the sample and
hence parallel to the applied electric field Eo. Data
are taken by increasing the control parameter Vo
from 0 to —25 V and recording the current I(t)
through the sample and the voltage V(t) across it.
The overall behavior of I is found to be as follows:
For Vo(6 V, I has only a dc component. At
V0=6 V, I spontaneously becomes periodic. Re-
gions of chaotic dynamics occur in the intervals
7.0~ Vs~7.4 V; 10.06 V0~10.7 V; and 14.9
~ Vo ~ 18 V; otherwise, I is periodic.

The clearest chaotic sequence is shown starting in
Fig. 1(a) at V0=10.0 V: I(t) is oscillating at a fun-
damental frequency fo= 118 kHz, i.e., at period l.
The phase portrait, I (r) vs V(t), in Fig. 1(a),
shows that the oscillation has a small spectral com-
ponent at a harmonic of fo. However, there is no
subharmonic component, as seen in the power spec-
trum of I(t) of Fig. 1(a). As Vo is increased, I(t)
shows a period-doubling bifurcation; the data
shown in Fig. 1(b) display the emergence of a spec-
tral component at fo/2. At larger Vo, another
period-doubling bifurcation occurs [Fig. 1(c)] with
new spectral components at fo/4, 3fo/4, Sfo/4, . . . .
At slightly larger Vo, I (t) becomes nonperiodic
[Fig. 1(d)], and its power spectrum enters a region
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FIG. 1. Oscillatory current, 1(t); phase portrait, I (t) vs V (t); and power spectra of I (t) for 1 x 1 & 10-mm' Ge crys-
tal. Applied voltage, Vo, increasing from (a) to (e) (see Fig. 3). 1(t) scales are g sec/div and 0.05 mA/div. Power spec-
tra measured with scanning spectrum analyzer with 60-dB rejection. I(r) in this and all subsequent figures (except
phase portraits) is ac coupled and filtered to remove harmonic distortion.

of broadband noise. For further increases of Vp

there appear noise-free windows of periods
3, 4, 5, . . . , within this region of broadband noise;
see Fig. 1(e) for period 3. This sequence ends at
Vo ——10.7 V with a return to period-1 oscillations.

Figure 2 is a bifurcation diagram, a plot of the lo-
cal current maxima I,„vs Vp. The period-
doubling route to chaos as well as the noise-free
windows can be clearly seen. A similar sequence of
windows has been observed in chemical oscillators4
and driven p-n junctions. ' We have found a
finite-difference equation of the form I„+i
=F(Vo,I„)that also yields such a sequence. We
note that the above data are representative and that
although spontaneous oscillations and chaotic
behavior were observed over a wide range of
parameter values, the value of fo and the order of a
specific sequence is sensitive to the value of the
magnetic field and its orientation.

The regions of chaos correspond to motion on a
strange attractor in phase space. Figure 3(a) is an
observed return map, a plot of all pairs of points
(I„,I„it) where (I„Iis the set of local current max-
ima, taken in the chaotic region just beyond the
period 3 window. That this map does not fill an en-
tire area in two-dimensional space indicates that the
motion is on an attractor of low ( ( 3) dimension. '3

Another Ge sample, similar to the first, but with
dimensions 3x1&10mm, was observed to exhibit
the Ruelle- Takens-Newhouse route to chaos.
When it was placed in a 4.3-kG magnetic field ap-
proximately parallel to the applied electric field,
with Vp set at 58 V, the current oscillated at a fun-
damental frequency, fo 50 kHz, ' with subharmon-—-

ics fo/3 and 2fc/3. When Vc was increased slightly,
the system bifurcated to a quasiperiodic state: oscil-

1038

lation at two incommensurate frequencies, in this
case fo= 50 kHz and fc= 3.4 kHz. Sums and
differences of the form mfa/3+ nft (m and n in-

tegers) were observed in the power spectrum. As

Vp was increased still further, the power spectrum
exhibited broadband noise. Return maps of the
system in the quasiperiodic and subsequent non-
periodic states are shown in Figs. 3(b) and 3(c).
The latter can be seen to fill an entire region of the
two-dimensional phase space. This behavior is
similar to that of a Couette-Taylor flow at the onset
of high () 3) dimensional turbulence. '4 Measure-
ments of the attractor dimensions' are in progress.

An experiment similar to the above was done on
a 1 x 1 x 10-mm sample with Ohmic contacts

(0.0 Vo (VOLTS) (0.7
FIG. 2. Bifurcation diagram of local current maxima,I,„,vs applied voltage, Vo, for same sample as in Fig. 1.

Labels (1), (2), (4), (Cl), and (W3) refer to regions
displayed in Figs. 1(a) to l(e), respectively. Labels
(W4), (WS), and (W6) refer to noise-free windows of
periods 4, 5, and 6, respectively.
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FIG. 3. (a) Return map, I„+tvs I„,where (I„]is the
set of local current maxima, for same sample as in Fig. 1.
Return map is shown for region C2 in Fig. 2. Also
shown is the line I„=I„+t. (b) Return map for
1 x 3 x 10-mm Ge cyrstal with applied voltage Vo= 58.6
V. (c) Same as (b) except V0=58.7 V, after onset of
turbulence.

Bn, h/Bt = + (1/q)'7 Jeh+7,
'vr E= —q (n, —nh)/e

(2)

(3)

(which inject only electrons) on both ends; no os-
cillations or chaotic dynamics were observed. How-
ever, when this sample is optically pumped with a
10-mW He-Ne laser at 6328 A (creating both elec-
trons and holes), current oscillations and period
doubling to chaos are observed. This indicates that
the observed behavior is a property of the e-h plas-
ma and not dependent on the specifics of carrier
production; this is consistent with oscillistor experi-
ments and theory.

For times and distances of interest, the following
partial differential equations describe the motion of
conduction electrons and holes in the presence of
applied electric and magnetic fields

J e, h ne, hq Pe, h + eDe, h 7 ne, h + P'e, h J e, h

and

nh t = n, t = N t (r) exp [i tot —ikz —im $ ]

Qt = Pt(f) exp[jlfdt Ikz lm @],

as a solution to (1)-(3); m is an integer. Further,
beyond certain thresholds of the applied electric and
magnetic fields, this helical density wave is abso-
lutely unstable [Im(cd) ( 0] and spontaneous oscil-
lations occur. Using microwave probes, Misawa
and Yamada" have observed this helical density
wave in an oscillistor. Hurwitz and Mc%horter'0
observed experimentally that the onset of spontane-
ous oscillations coincided with the onset of non-
linear behavior.

To incorporate this nonlinear behavior more
readily into a model which explains the observed
chaotic dynamics, we consider a superposition of
waves in which the time dependence is not assumed
to be periodic. That is, we assume a solution of the
form

The subscript e (h) and the upper (lower) signs
refer to electrons (holes); n is the carrier density, q
is the magnitude of the electronic charge, p, is the
mobility, D is the diffusion constant, e is the dielec-
tric constant of the sample, y is the net generation
rate (including bulk recombination), J is the
current density, and E and 8 are the electric and
magnetic fields, respectively. At surfaces perpen-
dicular to the applied electric field, these equations
are subject to the boundary condition J,~
= Jl, ~ = qsn„where s is the surface recombination
rate.

By expansion of the carrier densities and the elec-
tric field about their equilibrium values

[n, = n, o+ ,n(tt), n„=nho+ nht(t),

E =Eo 7gt(t—)],
and subsitution of these expressions into (1)—(3), it
has been shown ' that the first-order terms lead to
a helical density wave,

nht =n, t= XC» (t)N» (r) exp( —ikz —imp) +c.c.,
k, m

Qt= XC» (t)%»~(r) exp( —ikz —imp) +c.c.
k, m

Substituting (4) and (5) into (1)—(3) results in a partial differential equation,

(4)

QC»~/rit =I» C» +
k1,k2'. k1+ k2

m], m2.'m1+ m2 m

M'
k]k2m1m2 k]m1 k2m2

k1,k2'.k1 —k2 k

m1, m 2'. m1 —m 2

t
k lk2 1 2 k 1m1 k2m 2'

where M and M' are independent of time, and only M is complex.
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Equation (6) describes a wave-wave's interaction
in which a wave with wave vector k can couple non-
linearly to many different pairs of waves (kt, mt),
(k 2 m 2) . Wersinger, Finn, and Ott' numerically
studied the evolution of an undamped wave, which
is coupled to two damped waves (with equal damp-
ing constants I'), by equations similar to (6). As I
is increased, the amplitude of the undamped wave
undergoes a period-doubling cascade to a two-
dimensional chaotic attractor. Within the chaotic
regime a period-3 window is found.

We propose that the chaotic behavior in our sys-
tem is due to a similar coupling, with the unstable
"oscillistor" wave coupling to pairs of damped
waves. If one assumes a wave vector on the order
of I cm ' (as was experimentally observed for os-
cillistors with dimensions comparable to our sam-
ples'2) and considers only the first-order terms in

(6), then our fundamental frequency is on the or-

der of (li2n ) Im(M„)= p, ,Eok/2m = 70 kHz.
Further, our observation of attractors of dimension

& 2 indicates a possible coupling between a large()3) number of waves. Information about the
spatial distribution of free carriers in the sample will

be essential in determining the validity of this
model.

In conclu'sion, we have observed chaotic behavior
in an electron-hole plasma in a Ge crystal. This
behavior includes spontaneous current oscillations
which exhibit a period-doubling route to chaos,
broadband noise, noise-free periodic windows, and
bifurcations from quasiperiodic states to turbulence.
We have proposed a nonlinear wave-wave coupling
model to explain the observed behavior.
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