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Equilibrium crystals of Pb in the temperature range 200- 300 C exhibit facets and curved
surfaces which are joined at "smooth" edges (no slope discontinuity). Recent theoretical in-
terpretation has suggested that the crystal shape near such edges should show interfacial criti-
cal anomalies. Observation via scanning electron microscopy of 2-10-p,m Pb crystals reveals
a critical exponent which is consistent with theoretical identification as belonging to the
Pokrovsky-Talapov universality class.

PACS numbers: 61.50.Jr, 05.70.Jk, 68.40.+e, 81.30.Bx

Although the experimental situation for quantum
crystals remains controversial, ' it is generally be-
lieved that macroscopic equilibrium crystals at tem-
perature T =0 are completely faceted (polyhedral).
The theoretical picture of the thermal evolution of
the equilibrium crystal shape (ECS) of a typical
crystal is as follows: At nonzero temperatures
curved interfacial regions may appear in addition to
planar facets. As T increases, facets shrink and
eventually disappear, 4 each facet at its own charac-
teristic roughening ("faceting") temperatures

Trt (m ) (m is the facet orientation relative to crystal
axes), until at sufficiently high temperature the
ECS becomes everywhere smoothly rounded (un-
less, of course, the system first undergoes a bulk
phase change, such as melting). This scenario
seems consistent with the present experimental sit-
uation, although the difficulty of achieving equi-
librium on a laboratory-feasible time scale imposes
severe restrictions on the ranges of crystal size and
temperature which can be investigated. Indeed, hcp
He at 0.2—1.5 K is the only system which has been

studied through a sequence of faceting transitions
and into the everywhere-rounded regime.

This Letter focuses on the ECS in the intermedi-
ate regime, where both facets and curved interfacial
regions are present. Facets and curved regions then
meet at edges, which may be either sharp (slope
discontinuity) or smooth (no slope discontinuity).
Near a smooth edge the shape of the curved inter-
face varies as [see Fig. 1(a)]

y = 2 (x —x, )~ +higher-order terms.

The position of the edge is given by x, . The ex-
ponent 0 is a critical index (see below). Its mean-
field value is

~MF

On the other hand, theoretical approaches
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FIG. 1. Sketches of (a) ideal and (b) actual crystal
profiles through a smooth edge. Ideally (R ~), the
edge is perfectly sharp and Eq. (1) holds precisely inside
the "critical region" (x —x, small). Actually, the edge is

rounded because of finite crystal size, x, becomes a fit
parameter, and only data from the "window" can be
used in estimating the index H.
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which include fluctuations have recently led to the
prediction

3
~theory (3)
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The value 0= —, is characteristic of the so-called
Pokrovsky- Talapov' (or Gruber-Mullins" '2)

universality class and should be independent of
temperature and facet orientation, provided always
that T ( T„(m).

This Letter reports direct measurement of the ex-
ponent 8 via scanning electron microscopy (SEM)
of 2-10-p,m Pb crystals grown, as previously report-
ed, ' ' on a graphite substrate. ' We find values of
8 which are distinctly below the mean-field predic-
tion (2) and consistent with the theoretical predic-
tions (3). This observation is the first of its kind
and the third reported instance' '8 of the
Pokrovsky- Talapov'0 (Gruber-Mullins") universali-

ty class. It also provides confirmation of the con-
nection between interfacial phase transitions and
the ECS, which we now review.

The ECS is a geometrical expression of interfacial
thermodynamics. Wulff' and Herring showed
how the dependence of the interfacial free energy
per unit area f, (T,m ) on the interfacial orientation
m determines the ECS r (T,h ) (r is the radius to the
interface from the center of the crystal in the direc-
tion h) of a macroscopic crystalline inclusion in
two-phase coexistence. Andreev recently made
explicit the sense in which Wulff's construction is
simply a Legendre transform, 20 so that f;,I and r, h

are thermodynamically conjugate pairs and the rela-
tion m (T,h), defined by the Wulff construction, is
an equation of state. From this perspective r(T, h)
is a free energy and its singularities, which at fixed
T are just the crystal edges discussed above, define
an interfacial phase diagram. Sharp edges corre-
spond to first-order phase transitions and smooth
edges, to second-order phase transitions. Behavior
near a smooth edge, as in Eq. (1), is critical
behavior& and 0 is a critical exponent. The predic-
tion li = —, rests on the propositions2 3 s 9 that (a) as

long as the bulk correlation length is small, the in-
terface can be modeled as a two-dimensional sur-
face and (b) the dominant excitations of this sur-
face are "steps" or "ledges. " ' The dynamics of
this step/ledge system was first studied by Gruber
and Mullins. "' Pokrovsky and Talapov' studied
the corresponding excitations (domain walls) in the
commensurate-incommensurate transition.

Equilibrium lead crystals in the range 2-10 p, m
were grown on a single-crystal graphite substrate by
a method described in detail elsewhere. '3 '5 The

process is carried out under ultrahigh vacuum22

(UHV) and involves (i) in situ cleavage of the gra-
phite crystal, (ii) room-temperature deposition of a
3000-A film of 99.999+%-pure lead from a
molybdenum crucible, (iii) melting of the lead film
(during which it breaks up into 2—10-p,m liquid
droplets), (iv) cooling to at least 75'C below the
melting temperature of lead (327'C) to solidify,
(v) annealing at a fixed temperature (200—300'C)
until the equilibrium crystal shape is reached, and,
finally, (vi) rapid cooling to room temperature.
Step (iv) is required to overcome the tendency of
liquid Pb to supercool, which would otherwise
prevent direct crystallization of the higher-
temperature (275—300'C) crystals. ' 2 Annealing
times in step (v) necessary to achieve equilibrium
vary in the range 1-10 h but are always long with
respect to the cooling time in step (vi) (typically
less than 30 s to cool to 120'C), so the final shape
achieved is that characteristic of the annealing tem-
perature in step (v). Equilibrium during step (v)
takes place via surface self-diffusion. ' The evi-
dence that the final forms attain are, indeed, equi-
librium shapes is that (a) no further time evolution
is detectable, (b) different thermal histories lead to
the same final shape, ' '4 (c) crystals of different
sizes have identical shapes, and (d) the observed
ECS exhibits the lattice point-group symmetry (ex-
cept, of course, that part of the complete ECS is
truncated by the substrate' ). Gravitational effects
are expected to be negligible for small crystals,
which is consistent with point (d).

Once grown, the equilibrium crystals were ob-
served by SEM. In the temperature range stu-
died, they are cubo-octahedra exhibiting clearly de-
fined (111}and (100} planar facets, separated by
curved surfaces with smooth edges. They sit epi-
taxially on the substrate with (111}PbII (001}Grand

(110)Pb II (010)Gr. The facets shrink with in-

creasing temperature, and at 300'C the (100} facet
is hardly visible. In order to see edge profiles, it is
necessary to align the direction of observation accu-
rately parallel to the plane of the facet. When this
is done, the facet appears strikingly linear
(straight), 24 except for small 1/8 effects near the
edges (see below). The pictures were originally tak-
en with other purposes in mind. "" We have stu-
died four photographs with particular care. Our
best data are from a single 9-p, m crystal annealed at
300'C for 4 h and viewed along the (110)Pb direc-
tion, which sets the (111} facets in profile. This
presents (111}/curved edges, which we analyze in

detail below. To provide the raw data, a photo-
graphic enlargement ( —3x 10"x from the original
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crystal) of the SEM picture was digitized on an
Auto-trol digitizer. The approximately fifty digi-
tized data pointsz5 (Fig. 2) cover an angular range
of roughly + 18' about the edge studied.

Analysis of crystal-shape data near a smooth edge
is similar to that of thermal phase-transition data
near a critical point. Data points far from the edge
cannot be expected to be fitted by the form of Eq.
(1), because higher-order (correction-to-scaling)
terms become important. Similarly, data very close
to the edge are contaminated by finite-size or
"1/R" effects due to atomic-scale rounding of the
ideally singular edge structure. 6 This has two
consequences: First, the actual position of the edge
(x, ) becomes fuzzy and must be treated as a fitting
parameter; second, there is at best a window of data
[Fig. 1(b)] which should be fitted by Eq. (1). Our
procedure is to choose a window and then deter-
mine 0 by a three-parameter (A,x„H) least-squares
fit. Figure 2 illustrates the sensitivity of 8 to the
choice of window. Notice that the effective value
of 0 increases at both ends: Windows that extend
to small x —x, see 1/R rounding of the singularity;
those that extend to large x —x, begin to see the
macroscopic closure of the crystal outline. Between
these extremes is a region of low effective 0 (ex-

~ ~ ~ ~ ~ ~ ~ ~ ~
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FIG. 2. Data for our best crystal. Dots are digitized
data points from photograph. Least-squares fits by Eq.
(1), performed over the ranges shown by the arrows (ap-
proximately 0.8 p,m), produced the values of tl indicated.
The solid line plots the best-fit function or the 8=1.53
window. The corresponding nominal edge is at x„as
shown. The best-fit function lies slightly outside the
crystal profile both at x =x, (1/R rounding) and far
from the edge (corrections to scaling). Best-fit functions
for nearby "windows" also produce good fits to the data,
provided 6 lies in the range (4).

tending in angular measure between 4' and 13'
from the edge) which we interpret as the true criti-
cal region. Figure 2 shows the fit to the data points
provided by least-squares analysis of the H,rr= 1.53
window.

Without better control of the correction terms, it
is impossible t'o make a precise estimate of H. On
the basis of Fig. 2 and additional supporting
analysis, we quote rather conservatively

0 = 1.60 + 0.15. (4)

This is consistent with the theoretical prediction (3)
[but difficult to reconcile with the mean-field result
(2)]. Analysis of other crystals and at other anneal-
ing temperatures continues to show a region of
lower effective 0 (as in Fig. 2) and gives results
consistent with (4) but with wider uncertainties.

Better control of correction terms would allow a
more precise estimate than Eq. (4). Experimental-
ly, this would call for analysis of identically
prepared crystals of different sizes to pick up the
1/R corrections. In practice this will be limited by
the long equilibration times necessary for large crys-
tals. '3 '5 Theoretical estimates for 1/R corrections
are not to the best of our knowledge now available.
Similarly, at large x —x„ it would be useful to know
the correction-to-scaling exponent for the
Pokrovsy-Talapov (Gruber-Mullins) universality
class. Additional observations of other facets, tem-
peratures, and materials seem called for. We note
in closing that not all observed edges are of the
smooth type studied here. Gold, in particular,
shows sharp edges, which have only very recently
begun to receive theoretical attention.
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