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Topological Soliton Bag Model for Baryons
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Furnishing Skyrme's chiral soliton with a quark-bag core appears to generate a qualita-
tive advance in the phenomenology of nucleon structure.

PACS numbers: 12.35.Ht, 11.30.8d, 13.75.Cs, 21.30.+y

More than twenty years ago Skyrme' suggested
a picture of the nucleon as a soliton in the other-
wise uniform vacuum configuration of the non-
linear sigma model. Since the soliton "twist" is
quantized, he suggested identifying this with
baryon number B. Later investigations, includ-
ing some very recent work, ' ' have confirmed
this definition of B, and even the half-integer
spin of the soliton. Other pleasing aspects of
this picture include a strong short-range repul-
sion between nucleons, as indicated by a large
increase in energy per baryon for the spherical
soliton with B=2, and the fact that an underlying
chiral symmetry, implied by many phenomena
of strong interactions at low energy, is automati-
cally incorporated.

In the past decade, a very different view of the
nucleon has received both empirical and theoreti-
cal support —the Massachusetts Institute of Tech-
nology (MIT) bag model' and chiral bag models. ' "
Here, the baryon number is lodged in three near-
ly massless quarks, confined in a bubble of ab-
normal vacuum (v=0, or Wigner mode} floating
in a chiral vacuum (&=const, or Goldstone mode).
For some time there have been discussions about
how the chiral symmetry, unbroken within the
bag, affects the boundary condition on quark
wave functions at the bag surface. ' " Initial
efforts were based on linearized versions of
chiral symmetry and amounted to a lowest-order
contribution from the pion field. ' "

One nonperturbative "hedgehog" solution, "ap-
parently a soliton, seemed to be consistent with
the qualitative baryon structure obtained in the
large N, (N, is the-number of colors) limit of
quantum chromodynamics (QCD)." However, B
(like color) was supposed to be confined within
the bag.

We wish now to propose a hybrid model, in
which the nonlinear, nonperturbative chiral-field
degrees of freedom are treated exactly (but clas-
sically} outside the bag and, as usual, quark de-
grees of freedom are recognized explicitly in-
side. We find that the axial-vector coupling con-
stant g„comes into good agreement with experi-

a, = ——,'e'Tr ([R„,R, ]) ', (2)

then there are solitons. " The term &„also
insures that S, is applied only for wavelengths
above some critical value. The resulting dynam-
ics corresponds to a vacuum with constant U,

e.g. , U= -I, and thus spontaneous breaking of
chiral symmetry resulting in a triplet of mass-
less Goldstone bosons, the pseudoscalar isovec-
tor pion. =, +L'4+. . . is an effective Lagrang-
ian of SU(N, ) quantum chromodynamics valid in
the large-N, limit, with I"„'O-X,.

The baryon current postulated by Skyrme and
confirmed by Witten' is

B& = (24w2) 'e &„&~Tr(R „R &R pj

with

B = J Bo(x)d'x.

This B is the winding number of the third homo-
topy group v, (SU(2)) ~ ~,(S') =Z, the additive
group of integers.

Take the hedgehog Anselme for the soliton

ment. Skyrme's result that nucleons have short-
range repulsion is maintained as a nonperturba-
tive effect, even taking account of quark degrees
of freedom. The bag may be small, but baryon
number leaks out into the chiral field region, so
that both charge and baryon radii are bigger than
the bag radius.

Let us begin with the pure soliton picture, and
imagine describing the nucleon with an effective
Lagrangian obtained by integrating out quark and
gluon fields in favor of effective fields. Such a
theory corresponds to the standard current-
algebra Lagrangian, namely the nonlinear o

model. In terms of the quaternion U(x) = F, '
x [ o(x) +is. ~ v(x) ], where & is a scalar field and
& is a triplet of pseudoscalar fields, the usual
nonlinear 0-model Lagrangian density is

2, = —~F„'Tr(R „R„},
with R„=(&„U}U and U U=1. It is known that
S, cannot support a stable soliton for space di-
mension D=3, but if one adds a term
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U(&)&
i& ' r &(r) (5)

with 6 tending to nv as
~
r

~

- ~ or 0, as required
for finite energy. Choose 9(r) —ii as v- ~, u(r)- 0 as r - 0. Equation (5) implies

B= & '[ &(~) - 8(0) ——,
' {sin20(~) -sin29(0)) ],

The principle which determines the dependence
of internal B on 6, is that B(r & R} for the nega-
tive-energy sea changes by a finite amount as 6,
varies. For any fixed Fermi momentum 0 F,
=B(8) —B(0) (summed over quark colors) is an
integer, but the average value of this difference
approaches a constant value as k F- ~,

(6)
n.B = o ~ i T ~ r9,/2'. (10)

giving B=1. Topology has produced a fermion
out of Bose fields, a miracle predicted and veri-
fied by several workers. ' ' When quantized, the
soliton exhibits correct spin and isospin proper-
ties."

Imagine inserting into the soliton configuration
a bubble or bag of radius R within which quarks
may propagate freely. Since by assumption"
the chiral field U cannot penetrate into the bag,
one might expect the defect to alter the topolog-
ical structure: The bubble with three valence
quarks carries unit baryonic charge in the MIT
bag model, which has constant 0= & outside.
What happens to the baryonic charge distribution
as 9(R) departs from the asymptotic value ii'?

Since at this stage we neglect interactions
among quarks and gluons, the only parameter
which could influence the baryon number con-
tained in the bag is the boundary condition on the
Dirac wave functions of the massless quarks at
r =R. The external soliton field is rotationally
symmetric under the action of the generator

K=J+T) (7)

where J is ordinary angular momentum and T is
isospin. Thus we would like our boundary condi-
tion to commute with K. In the linearized chiral
bag model, the natural choice is

g c&(cos ~0, —iy, 7 .r sin-, u, )g,„, (8)

Boundary conditions of this precise sort have
been studied by Yamagishi" and by Gross man"
for the lowest-partial-wave Dirac electrons inter-
acting with a point magnetic monopole. Their
formalism may be translated to our case, if we
take care to note several technical distinctions.
Their condition is applied at v=0 to a wave func-
tion defined for all v. Ours is at v=R for a func-
tion whose behavior at r = 0 is determined entire-
ly by kinematics. Unlike them, we must examine
the effect on all partial waves. Finally, we have
an extra degree of freedom, the quark isospin,
with associated Pauli matrices T.

For K =0 there are two parities, both with S
—= o.P T f.=-1, yielding a total

For higher E, states with 8 =+1 pair off, so that
they make no net contribution to ~. This might
have been expected to result from the spherical
bag boundary conditions, since the higher partial
waves would automatically have vanishing radial
baryon currents when averaged over all angles.

Comparing (ll) with (6), with 9(0) replaced by
0(R), we find that if B(v &R) +B(»R) is to be
conserved as &(R) varies, then we must fix

&, = ii —&(R) + —,
' sin29(R) .

The nonlinear relation between S, and &(R} shows
that the boundary condition (8) is too rigid to pre-
serve chiral symmetry. A better calculation yet
to be done is to make the quark mass outside the
bag large but finite, M = M, exp(iT ~ vy, 9). Mean-
while, (12) should be a qualitative indicator,
exact for 8, = ii/2.

For Yamagishi's case, " the total energy of the
negative-energy sea includes a 0, -dependent
term diverging logarithmically with k &. For us,
the divergent part cancels between the positive
and negative parity channels, letting 9(r) be a
well-behaved dynamical variable.

With H, tied to ti(R) by B conservation, our hy-
brid object is still a soliton. What does the frac-
tional B(r & R) signify'? Nothing more nor less
than the fractional electron number carried by
either half of a hydrogen molecular ion. " In
both cases, the number distribution is an expect-
ed-value or probability distribution. Neverthe-
less, conservation of B as an operator implies
conservation of its expectation value, justifying
our link between 0 and 0, . In other words, for
an eigenstate of total B, the sum of the expecta-
tion values of B in all different regions must be
equal to the eigenvalue.

The Skyrme picture' gives, as an estimate of
the repulsion between nucleons, the difference
between the mass of a B=2 soliton and twice the
mass of a nucleon (B=1 soliton). As confirmed
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by a recent study of Jackson and Rho, "this dif-
ference is itself one nucleon mass. We now have
a second way to make B = 2, putting six valence
quarks into the bag. If H, has about the value sug-
gested by a previous investigation, " 8, = —,'&, then
the first three quarks fill zero-energy levels,
each therefore several hundred megaelectron-
volts lower than they would have been for 0, =0,
while the second three are several hundred mega-
electronvolts higher. Once again, the result is
an energy cost of at least one nucleon mass. "'"
For smaller 9, (larger R) the energy will be
smaller.

Of course, in a fully quantized theory the B=2
system would be a superposition of many differ-
ent configurations, but it is likely that the repul-
sion would persist, since the phenomenon con-
sidered here is a leading O(N, ) effect in the
large-N, expansion of QCD. This is satisfying
in terms of phenomenology derived from nucleon-
nucleon scattering, and also seems better than
the (periurbative) color-magnetic hyperfine inter-
action, an O(l!N, ) effect which was used to ac-
count for short-range repulsion in the case 8,
=0." This latter effect may reinforce the O(N, )

repulsion.
The "magic angle" 9(R) = 2& is particularly

interesting for several reasons. The nonlinear
term in Eq. (12) vanishes, so that 9, = 9(R). The
quark frequency co for the A =0 mode vanishes as
tan9, (R) =(1-y') j2y, with y =j,(&uR)/j, (~R) ~ su R.
There is thus a zero mode, and the baryon
charge is shared equally between the bag interior
and the soliton sector. The situation is quite
analogous to that considered by Jackiw and Rebbi"
and Goldstone and Wilczek" in condensed matter
and field theories. Furthermore, the lower com-
ponent of the quark wave function vanishes, yield-
ing formulas of the nonrelativistic quark model,
as noted in Ref. 12, but with quark normalization
changed by 0, .

As an illustration of this change, consider the
axial-vector coupling constant gA ~1.25. For
9(R) = —,'v the quark wave function is constant with-
in the bag, and the axial charge for N, quarks
in the K=0 orbit is directly related to the net
baryon charge inside the bag. We find for this
conf iguration

(13)

To obtain gA for the neutron p decay, projections
in angular momentum and isospin must be made.
The required operation, "which amounts to "first

quantizing" the hybrid theory, multiplies gA" by

9 s

gA 9 gA 4 (14)

This is exactly half of what was found in Ref. 12,
the crucial factor coming from the leakage of
baryon charge. The result (14), however, is not
exact, as the projection procedure used in Ref.
12 is strictly valid just for large bag radii, and
contributions from the quartic term are ignored.
Values of gA have not yet been computed for inter-
mediate O„but presumably they change smoothly
to the value gA= 1.635 calculated by Jaffe' for
large bag radii.

The chiral soliton with quark-bag core repre-
sents a satisfying advance and a significant chal-
lenge for theory. It gives a starting point or
"background field" which incorporates both an
underlying chiral invariance and its spontaneous
breakdown. There is a precise connection be-
tween long-wavelength soft-pion physics and
short-wavelength QCD with its beautiful property
of asymptotic freedom. All the apparatus of bag
models may be applied to the quark and gluon
degrees of freedom inside the bag, while chiral
dynamics govern outside. Consequently, baryon
number, but not color, leaks out of the bag.
Nucleon-nucleon repulsion is understood as a
nonperturbative effect, while earlier bag-model
results on mass splittings, magnetic moments,
etc. , should more or less be preserved with
modifications contributed by the chiral fields.

The challenges posed are numerous. While the
hybrid picture is more realistic, it is more in-
tricate and thus harder to quantize. As illustrat-
ed above for g~ it is clearly important to work
out the relation between states of definite K and
states of definite angular momentum and isospin.
For the chiral-field contribution, this requires
quantization. Even without quantization, already
at the leading order in N„baryon-baryon inter-
actions are complex and nonlinear. Thus, for
example, the possibility of a bound AA system
stable against dipion emission should be reexam-
ined.

In summary, we believe that the soliton-bag
hybrid nucleon fits together so much of what is
known that it affords a good foundation for further
studies of nucleon structure and interactions.
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with Andrew Jackson, Steven Kivelson, Vincent
Pasquier, Vicente Vento, and particularly with
David Gross, who gave us useful suggestions and
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Note added T—he standard link of UtR} to the

quark boundary condition does yield shifts of

baryon number inside and outside B which balance
exactly, once a nonvanishing bB from K ~ 0 is
included. " Therefore, baryon conservation is
automatic in the hybrid model.

&'~On leave of absence from Service de Physique
Theorique, Centre d'Etudes Nucleaires de Saclay, F-
91191Gif-sur-Yvette, France.
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