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By minimization of a Hamiltonian with respect to its interaction parameters, new
Hamiltonians are generated. The same minimization procedure is carried out with the
free energy of the initial Hamiltonian, and it is proven that in the thermodynamic limit
the minimized free energy is the free energy of the minimized Hamiltonian. This method
is illustrated with two-dimensional Ising models generalized to include both nearest-
neighbor bonds and infinite-range bond-bond interactions. New critical behavior is ob-

served.
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There are only a limited number of phase-
transition problems, such as the two-dimensional
Ising and vertex models, for which exact solu-
tions to the free energy are known,! In this pa-
per, a method is proposed for obtaining new solv-
able Hamiltonians by generalizing Hamiltonians
that are solvable. As an application of this meth-
od, the nearest-neighbor Ising model is general-
ized to also include infinite-range bond-bond in-
teractions. Similar Hamiltonians have been en-
countered in the context of compressible Ising
models.?* New critical behavior is observed in
the vicinity of the Ising critical point. A general
feature of this procedure is that the new interac-
tions generated are of infinite range, and thus it
is particularly suitable to the study of competing
short-range and long-range interactions.

The interaction parameters of a Hamiltonian
can be made functions of a set of variables. A
formal minimization of the Hamiltonian with re-
spect to these variables generates new Hamil-
tonians in which the operators are functions of
the operators in the initial Hamiltonian, It is
proven that in the thermodynamic limit the oper-
ations of taking the thermodynamic trace and
maximizing the partition function commute. Thus,
the free energy of the new (minimized) Hamil-

tonians is simply obtained by minimizing the free
energy of the initial Hamiltonian with respect to
the same set of variables. Manipulating the free
energy close to a critical point can change the
nature of the phase transition.’® For example,
hidden variables that put constraints on a Hamil-
tonian can cause renormalization of exponents.’
Minimizing the free energy can result in similar
changes. However, the minimized free energy
now corresponds to a real Hamiltonian,

Consider a Hamiltonian @o(x),’ describing a
system of N discrete classical spins, in which
the energy levels E (x) are functions of a varia-
ble x. Such a variation in energy levels can be
obtained by making the interaction parameters
dependent on x. The partition function obtained
by summing over all possible spin configurations
will also depend on x,

Z (x) = Tr{exp[-#,(x)] }=27 &, exp[~- E, (x)], (1)

where{g,} are the degeneracies of the energy
levels (a factor of 8=1/FT is absorbed into ).
For the simple discrete-spin systems considered
in this paper, such as Ising and Potts models in
a uniform field, the degeneracies g, are inde-
pendent of x (apart from the trivial cases of en-
ergy crossing). Also, we consider only cases
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where each energy level E (x) is minimized for

a single value x,, such that 8E,/3x=0at x=x,.
The set of minimized energy levels {E (x,)} de-
scribe a new Hamiltonian ffC, which will be re-
ferred to as the minimized Hamiltonian. The
{x,} can be regarded as the values of an opera-
tor % that minimizes % (x), i.e., the solution to
33¢,/0x|,.2 =0. The minimized Hamiltonian is ob-
tained by substituting the operator % in the origi-
nal Hamiltonian, % =3 (x). This operation sim-
ply puts together the minimization of the individu-
al levels, and will be clarified by actual exam-
ples further on. The partition function of the
minimized Hamiltonian is

Z=Tr{e %}
= ?gn eXp[—E"(X,,)]N;N‘wga exp[_Ea(xa)] b (2)

where the subscript ¢ denotes the dominant term
in the sum. Indeed, in the thermodynamic limit
(N — =) this largest term is sufficient to describe
the partition function.” This result is valid as
long as limy_.,(InM)/N =0, where M is the number
of energy levels. The original partition function
Z(x), on the other hand, is maximized for a par-
ticular value x:

Z(X)= Ly & nexpl-E(X)] = Zyx). (3)

Since each x, minimizes E, (x), each term in the
sum in Eq. (2) is larger than or equal to the cor-
responding term in Eq. (3), and hence Z=>Z (X).
But ¥ maximizes Z,(x) and hence

Z>Z\(%X)=Z,x,) =g, expl-E,(x,)]. (4)

In the thermodynamic limit, Z = g, exp[- E,(x,)].
Hence, it is proven that in this limit Z = Z (x');
that is, the partition function (or free energy) of
the minimized Hamiltonian % is given by the max-
imized partition function (or minimized free en-
ergy) of the original Hamiltonian Z%O(x). In other
words, in the thermodynamic limit the operations
of taking the trace and maximizing with respect

to x commute with each other:

Z= Tr(max{exp[—&r(’,o(x)]}x)
= max(Tr{ exp[-3,(x)]}), . (5)

This result reflects the fact that taking the ther-
modynamic trace is just another maximization of
g,expl-E,(x)] with respect to n, which obviously
commutes with the other maximization with re-
spect to x. The value of ¥ that maximizes Z(x)
is the expectation value of the operator X in the
Hamiltonian #. With some modifications these
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results can be generalized to a set of variables
{xi} , and to continuous-spin systems. A number
of examples will now be considered in order to
illustrate this method and its applications.

The simplest example of this method is the
derivation of the familiar equations of mean-field
theory starting with a Hamiltonian fCO(x) =Nx2/2J
~(h+x)25;0,, describing a set of N decoupled
Ising spins. The Hamiltonian has N +1 energy
levels depending on the magnetization m=33,0;.
The energy levels E, (x) = Nx2/2J — (h+x)m each
have a minimum at x,=(J/N)m, and the corre-
sponding degeneracies

En= ((N —Nm)/2>

are manifestly independent of x. The minimized
energy levels are E, (x,,) =~ (J/2N)m? -hm, The
minimized Hamiltonian is obtained by setting
83C,/0x|,- 7 equal to zero as

J

*=N 03

(6)
A A A J
3c=3co(x)=_—2ﬁzjoicj-h? 0.
1y

The Hamiltonian % describes an Ising model sub-
ject to equivalent-neighbor interactions (J /N)oy0;.
The free energy for 3Cy(x) is

Fy(x)=N[x2/2J - In2 cosh(h +x)],
and hence the free energy for % is given by
F =N min[x2/2J ~ In2 cosh(n +x)], , (@)

which is clearly the mean-field—theory expres-
sion for the free energy of the Ising model. The
relation between the equivalent-neighbor Ising
model and mean-field theory is well known.®

In the above example the initial Hamiltonian in-
volved an operator (~A)=Eioi, while the minimized
Hamiltonian included the additional operator &?
=21;,;9;9;. This new (equivalent-neighbor) inter-
action can be used in the study of competition be-
tween short-range and long-range forces. Such
competition has been studied in other contexts by
different (and often more cumbersome) meth-
0ds.’'° Similarly, various other powers and
functions of ® can be constructed. The operator
@)3, for example, corresponds to three-point in-
teractions, while |©|¥2 cannot be regarded as a
simple interaction, although it is a legitimate
many-body operator. If the initial Hamiltonian
includes operators @1 and @)2, the minimized Ham-
iltonian can include products of these operators.
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The main difference between this method and J
traditional forms of mean-field theory'! is that
the function to be minimized does not have to be 1
analytic [and indeed will have nonanalytic terms
if %,(x) has phase transitions], and hence new J kY
forms of critical behavior not encountered in \ g) 05
mean-field theory can be observed.'? Also, this 02 i, 04
result provides a clear and direct method for ob- ferromagnetic Ferromagnetic
taining the Hamiltonian, and the free energy that Ferromogrefic Va
describes it exactly. 0.1 0.2
A nontrivial example is provided by the nearest- Paramagnetic o1t
neighbor Ising models generalized in the same L L f’“’“”“qr‘e‘:c
fashion. Starting with a Hamiltonian 02 01 0 o 02 X" 0402 o0 oz o4 "
(©) (b)
SACo(x) = ]\;_32 - (K +x)2; 0,0;, FIG. 1. Phase diagrams for Ising models with near-
i3 est-neighbor interaction K, and infinite-range bond-

the minimized Hamiltonian is given by

SC=—KZoicj—%_'E 0,0,0,0,, (8)
(if) {ij) (k1)
describing the nearest-neighbor Ising model sub-
ject to additional infinite-range bond-bond interac-
tions. Such interactions do arise and have been
studied in the context of compressible Ising mod-
els.!®1* The free energy per spin is

f(J,K)=min[f (K +x)+x2/2J],, (9)

where f, is the free energy of the nearest-neigh-
bor Ising model. The optimal value of x is the
solution of

==Jf/ (K +Xx). (10)
In particular, we consider the cases of the one-
dimensional Ising model,!® and the two-dimen-
sional Ising models on the square'® and triangular
lattices!” for which exact solutions are known,
Phase diagrams are given in Fig. 1. {The one-
dimensional problem can be mapped onto the
Hamiltonian in Eq. (6) by a simple change of var-
iables and is not particularly interesting [Fig.
1(a)].} The phase diagram on the square lattice
[Fig. 1(b)] exhibits a triple point separating the
ferromagnetic, antiferromagnetic, and paramag-
netic phases. The transitions from the disordered
phase to the ordered phases are first order ex-
cept for J=0. The corresponding phase diagram |

f(T,K)=min{-b+[f,(K,)+(K,-K)/J]t - ct?|t] >+ 2/2J },,

bond coupling J/N. Solid lines are first-order transi-
tions terminating at critical points. (a) One-dimen-
sional lattice, (b) square lattice, and (c) triangular
lattice.

for the triangular lattice [Fig. 1(c)] has a differ-
ent structure. This results from frustration in
the triangular antiferromagnetic Ising model,
which stays disordered down to zero temperature.
However, the antiferromagnet undergoes a first-
order transition to a ferromagnetic state for suf-
ficiently large values of the bond-bond interac-
tion term. The gradient of the first-order phase
boundary (PB) is given by

aK/aJIPB = 'lé[fo’(il +K) +fo’(9—52+K)]’

where ¥, and X, are the positions of the two min-
ima that cross causing the phase transition. The
derivatives of the free energy are given by

of ok = ! (x + K),

5 2 SfJ"(X+K)
K = TG B

(11)

(12)

The vicinity of the critical point of the pure Is-
ing model at J=0 and K =K is particularly inter-
esting. An expansion of the free energy around
this point becomes nonanalytic, resulting in new
critical behavior. Infact, an expansion of f (K
+x)+ x%/2J in the small parameter ¢=K + x — K,
gives

(13)

where b and c are constants and a describes the singularity in f,’/(¢). The expression to be minimized
is different from those encountered in mean-field theory in that it is explicitly nonanalytic in £. As the
critical point is approached along the first-order phase boundary the response function 8%f/3K? di-
verges as (1 —a)/ad, and the critical behavior makes a crossover from Ising to first-order behavior

for 6K ~J* 2,

In the case of the two-dimensional Ising models where a =0 (logarithmic divergence),
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FIG. 2. The response function 8% /9K? as a function
of K for J=0, 0.125, and 0.25.

9*f /oK? diverges as 1/J2, and the crossover re-
gion is exponentially small, 6K ~exp(—c/J). Fig-
ure 2 shows 8% /oK? for the square lattice as a
function of K for variousvyorume of J. Note that
maximizing Eas. (9) or (13) for negative J leads
to a continuous transition with renormalized ex-
ponents. However, it is not clear that the maxi-
mized free energy indeed describes any physical
Hamiltonian,”

In summary, I have presented a new result in
statistical mechanics that can be used to general-
ize certain Hamiltonians, and to obtain the cor-
responding free energies. Application of this
method to Ising models results in new critical ex-
ponents describing the crossover between transi-
tions dominated by short-range and infinite-range
interactions. This procedure can describe the
crossover from Ising to mean-field criticality on
Bravais lattices,'® and on the Cayley tree where
the competition between the two types of interac-
tion results in rich new critical behavior resem-
bling a system of variable dimensionality.'? This
type of competition can also be studied in Potts
models and percolation problems.!® There are
also applications of this method in frustrated Is-
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ing systems, and also in applying nonlocal con-
straints to Hamiltonians.'®
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